AUSTRALASIAN JOURNAL OF COMBINATORICS
Volume 40 (2008), Pages 161-166

Trees whose domination subdivision number is one
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Abstract

A set S of vertices of a graph G = (V, E) is a dominating setif every vertex
of V(G)\ S is adjacent to some vertex in S. The domination number v(G)
is the minimum cardinality of a dominating set of G. The domination
subdivision number sd.,(G) is the minimum number of edges that must be
subdivided (each edge in G can be subdivided at most once) in order to
increase the domination number. Velammal in his Ph.D. thesis [Manon-
maniam Sundaranar University, Tirunelveli, 1997] showed that for any
tree T' of order at least 3, 1 < sd,(7T") < 3. Furthermore, Aram, Favaron
and Sheikholeslami, recently, in their paper entitled “Trees with domina-
tion subdivision number three,” gave two characterizations of trees whose
domination subdivision number is three. In this paper we characterize
all trees whose domination subdivision number is one.

1 Introduction

Let G be a graph with vertex set V(G) and edge set E(G). We use [16] for terminol-
ogy and notation which are not defined here. For every vertex v € V(G), the open
neighborhood N (v) is the set {u € V(G) | wv € E(G)} and the open neighborhood
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of a set S C V is the set N(S) = UyesN(v). A set S of vertices is a dominating
set if (V'\S) C N(S), or equivalently, every vertex in V' \ S has a neighbor in S.
The domination number of G, denoted by v(G), is the minimum cardinality of a
dominating set of GG, and a dominating set of minimum cardinality is called a 7-set.

The domination subdivision number sd,(G) of a graph G is the minimum num-
ber of edges that must be subdivided (where each edge in G can be subdivided
at most once) in order to increase the domination number. (An edge wv € E(G)
is subdivided if the edge uv is deleted, but a new vertex w is added, along with
two new edges uw and vw.) Since the domination number of the graph K, does
not change when its only edge is subdivided, we assume that the graph is of order
n > 3. Similar definitions exist for the connected domination number 7.(G) and
the connected domination subdivision number sd, (G) if G is connected and, when
G has no isolated vertex, for the double domination number dd(G) and the double
domination subdivision number sdgq(G) and for the total domination number v;(G)
and the total domination subdivision number sd,,(G). The domination subdivision
number was first introduced in Velammal’s thesis [15] and since then many results
have also been obtained on the parameters sd,, sdad, sd,,, and sd,, (see for instance
[1,2,3,4,5,6,7,8,9, 10, 11, 13, 14]). In particular, Velamma [15] showed that:

Theorem A For any tree T of order n >3, 1 <sd,(T) < 3.
Similarly, Haynes et al. [10] showed that:
Theorem B For any tree T' of order n >3, 1 <sd,,(T) < 3.

Hence, trees can be classified as Class 1, Class 2, or Class 3 depending on whether
their (total) domination subdivision numbers are 1, 2, or 3, respectively. Haynes et
al. [10], posed the following questions.

Question 2 of [10] Characterize the trees achieving the lower (respectively, upper)
bound of Theorem A.

Question 3 of [10] Characterize the trees whose total domination subdivision
number is 4 for ¢ = 1,2, 3.

Haynes et al. [11] give a constructive characterization of trees whose total domina-
tion subdivision number is 3. Karami et al. [14] characterized the trees whose total
domination subdivision number is one. Aram et al. [1] give a constructive charac-
terization and a structural one of trees whose domination subdivision number is 3.
Our purpose in this paper is to characterize all trees T with sd,(T) = 1.

2 Trees with domination subdivision number 1

In this section we characterize trees of order n > 3 whose domination subdivision
number is 1 which gives a solution to Question 2 for the lower bound. For a tree
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T define L(T) = {v € V(T) | deg(v) = 1} (the leaves) and £/(T) = {u € V(T |
T + uw has a ~v-set containing w}, where uw is a pendant edge added at w. It is
useful to partition the vertices of T in two ways according to how deleting a vertex
or adding a pendant edge affects v(G). Define

() = {oe V(D) [T —v) =~}
Vi(T) = {veV(T) [T —v) >~(T)};
VA(T) = {veV(D) [T —v) <A(D)};
Wo(T) = {veV(T) [T +vw) =y(T)};

W) = {ve V(D) [T +vw) > (D)}

where vw is a pendant edge at v. Let 77 and T, be two trees, one of which is of order
at least two and w; € V(T;) for i = 1,2. Let B be the collection of trees T of order
at least 3, such that each T' € B satisfies one of the following properties:

Property 1: T = T1UTy+{ujus}, where u; € (Vo(T;) UV (T)))NW(T;) for i = 1, 2;
Property 2: T = T1UTo+{ujus}, where us € L'(T1), us € Wo(Th) and ug € V_(Ts);

Property 3: There exists a vertex « in £(T') such that u is a bad vertex; that is,
there is no v-set of T’ containing u.

Lemma 1 IfT € B, then sd,(T) = 1.

Proof. It T has Property 3, then obviously sd,(T) = 1. Now let T satisfy one of
the Properties 1,2. Then v(T) < v(T1) + v(T2). Let T" = (T — wyuz) + {wqw, usw},
where w ¢ V(T'); that is, T" is the graph obtained by subdividing the edge ujus. We
show that v(T") > ~(T'), which implies that sd,(7") = 1. Let D be a y-set of T".
Consider two cases.

Case 1 T has Property 1. We consider two subcases.

Subcase 1.1 w e D. If uy € D or us € D, then D\ {w} is a dominating set of T'
which implies ¥(T") > (T). Now let uj,ug ¢ D. Then DNV (T}) and D NV (T3)
are dominating sets for 77 — u; and Ty — us, respectively. Thus, by assumption,

ID| > (Th —ur) + (T2 —uz) + 1 > y(T1) +v(T2) = +(T).

Subcase 1.2 w & D. Then uy € D or us € D. Let u; € D (the case ug € D
is similar). Then D N V(T3) is a dominating set of 71 + u;w and D NV (T3) is a
dominating set of T5. Hence, by assumption,

|D| > (T + ww) +v(T2) > v(T1) +v(T2) = (7).
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Case 2 T has Property 2. First we show that v(T) < v(T1) + v(Ty — ug). Let D
and Dy be y-sets of T} + uyw and Ty — us, respectively. Obviously, u; € Dy and by
assumption ¥(71) = v(71 + uyw). This implies that Dy U Dy is a dominating set of
T which implies that v(T') < v(T1) + v(T» — ug). We consider two subcases.

Subcase 2.1 w € D. If up € D, then D \ {w} is a dominating set of T" which
implies y(T") > ~(T). Now let us ¢ D. Then D N V(T + wyw) is a dominating
set of Ty 4+ ujw containing w and D NV (T3) is a dominating set of Ty — uy. Since
w & L'(Th), |IDNV(T1 +wjw)| > v(T1). Now it follows that

YT") = |D| > y(Th) + (T2 — ug) > (7).

Subcase 2.2 w ¢ D. Then D NV(T}) is a dominating set of 77 and D NV (T3) is
a dominating set of T;. This implies that

V(T) = D] 2 A(Th) +1(T2) > v(Th) + (T2 — uz) = (T).

Now we are ready to prove the main theorem of this paper.
Theorem 1 Let T be a tree of order n > 3. Then sd,(T) =1 if and only if T € B.

Proof. If T € B, then sd,(T) = 1 by Lemma 1. Now let sd, (7)) = 1. Then there
exists an edge e = ujus such that subdividing e increases the domination number of
T. Let T" = (T — e) + {uqw, usw} be obtained from T by subdividing e. First let e
be a pendant edge and deg(u;) = 1. We claim that u; is a bad vertex. Let, to the
contrary, D be a y-set of T containing u;. Then (D \ {u1}) U {w} is a dominating
set of T" of size ¥(T), a contradiction. Therefore, u; € L(T) is a bad vertex and,
hence, T has Property 3.

Now let e be a non-pendant edge. Let T} and T, be the components of T — e
containing u; and wus, respectively. Obviously the order of T7 or T5 is greater than
1. Let D be a vy-set of T such that |D N {u1, us}| is minimum. If |D N {uy, us}| = 2,
then D is a dominating set of T which is a contradiction. Now consider two cases.

Case 1 |D N {ug,uz}| =0. It is easy to see that y(T) = v(T1) + v(T3). We claim
that y(7; + u;w) > y(T;) for i = 1,2. Let, to the contrary, v(T7 + wyw) = y(T1) (the
case y(Ty + usw) = v(T) is similar). Let D; and Dy be 7-sets of T} + ujw and Ty,
respectively. Then Dy U D, is a dominating set of 7”. This leads to

Y(T') < [DyU Dy| < 4(Th) +~(T2) = (T),

which is a contradiction. Hence, v(T; + u;w) > (T;) for i = 1,2. On the other
hand, D NV(T;) is a y-set of T; and a dominating set of T; — u; for ¢ = 1,2. This
implies that v(T; — u;) < y(T;) for ¢ = 1,2. Now we claim that v(T; — u;) = v(T3)
for i = 1,2. Let, to the contrary, v(Ty — u2) < (T2) (the case y(T1 —u1) < v(T1) is
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similar). If Dy is a y-set of T} + ujw containing w and Dy is a vy-set of Ty — us, then
D1 U D, is a dominating set of T of size less than (7"), a contradiction. Therefore,
Y(T; — u;) = y(T;) for i = 1,2. and, hence, T' has Property 1.

Case 2 |DnN{uj,us}| =1. Let uy € D and us & D (the case uy ¢ D and us € D
is similar). We claim that v(T') = y(T1 + wyw) + y(T2 — ug). Obviously D NV (T1)
is a dominating set of 7} + wyw and D N V(Ty) is a dominating set of Ty — ug. It
follows that v(T) < y(T1 + urw) + ¥(T2 — u2). Now let Dy be a ~y-set of Ty + ujw
containing uy and let Dy be a y-set of T5 —us. Then Dy U D is a dominating set of T'
which implies that v(T') = v(T1 + wyw) + v(T2 — ug). Now we have DN Ny, (ug) = 0,
for otherwise D is a ~-set of T", a contradiction. If v(T3) < ~(Ty — ug), then for
any y-set of Ty, say S, (D NV (T1)) U S is a dominating set for 7" of size at most
~(T), which is a contradiction. Therefore, v(T3) > (T — u2). We claim that
Y(Ty + wyw) = y(T1). Let, to the contrary, (T} + uwyw) > v(T1). Let Dy and Dy be
~v-sets of T and Ty — s, respectively, and = € Nr,(ug). Then obviously u; ¢ Ds,
and hence, D' = D; U Dy U {z} is a vy-set of T in which D' N {uy,us} = 0, which
is a contradiction. Thus, y(T} + uwyw) = v(11). Finally, we show that u; & £'(T1).
Let, to the contrary, u; € £'(T1). Let Dy be a y-set of T} + wjw containing w and
let Do be a y-set of Ty — up. Then Dy U Dy is a dominating set of 7" of size v(T'), a
contradiction. Hence, T has Property 2. This completes the proof. O
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