




















The only possible I-operations on the edges incident with vag, are Case (i) [-operations
which have the effect of moving v341 across one of the edges of the northernmost latitude
into an adjacent face. The vertex still has degree 3 and hence the only I'-operations
available are Case (ii) which have the effect of moving iz into an adjacent face. The
length of the shortest path of adjacent faces from the northernmost latitude to the
southernmost latitude is 2k-2. Hence transforming A into B requires 2k-1 Case (ii) T-
operations. U

Theorem 1 has important implications for layout heuristics. Consider that graph ® of
Theorem 1 is the optimal solution to an adjacency problem, and that graph  is the
current best known solution. As ¢ and ® have all but three edges in common graph &
will also be high in weight. The operations required to transform this solution into the
optimal are likely to produce a decrease in the total weight of the graph in the intermediate
stages. In other words, graph € is likely 1o be a local optimurn, and it may be many steps
away from the global optimum graph .

Hence any heuristic which usss I-operations must have some facility for negative steps,
to overcome the difficulties caused by local optima.

Graph A of Theorem 1 can be transformed into graph B by one 3-operation (see [7]). Use
of the P-operation in conjunction with the I'-operation may not remove the possibility of

an arbitrarilv long seaquence. Similar pairs of graphs can be constructed with a common
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Figure 2.1. Only the first two levels of the decision tree are described here. Full details of
the proof can be obtained from the author.

Let the two maximal planar graphs be & and ®. Let oy and o, be the edges of Q which
are not in 3. Embed the graph ¢ on a sphere. Call this embedding A.

Case 1. Edges o and ¢; have & common vertex, say vertex a.
Suppose o is ab and o 1s ac.

Case 1.1 The edge bc exists in ¢

Locate the vertices p and ¢ such that p # ¢, g # b and abp and acq are faces of A. Form
A' by re-embedding A on the sphere with equator apbcga and edges a; and o in the
northern hemisphere, as shown in Figure 2.2. The edge pq may or may not be in Q. In
either case, neither or one (but not both) of the edges pc or gb may be in €. Assume
WLOG that if one of these edges exists in €1 that it is pc. Consider the four subcases,
where neither edge, pq only, pc only or both of the edges are in C1. It can now be shown
directly that the only possible embeddings of B can be obtained by two or three I'-

operations on A'.

Figure 2.2 The northern hemisphere of A’

Case 1.2 Edges o and o have a common vertex but the edge bc does not exist in
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Form A' by embedding A on the sphere with vertex a as the north pole, all vertices which
are connected to 4 on the equator, and only edges incident with g in the northern
hemisphere, as shown in Figure 2.3. Neither, one or both of the edges 51, 7 and 5, 7,
may be in A'. If one or both of these edges are in A' a new embedding A" is formed. In
each of the three subcases it can be shown directly that two or three operations will
transform A’ (or A") into any embedding of %3.

Figure 2.3 The northern hemisphere of A' when bc is not in A.

Case 2. Edges o; and o have no common vertex.

Assume oy = ab and oy = cd . Locate vertices p, ¢, r, and s such that p # g and 7 # s and
abp and abq and cdr and cds are faces of A. There are three subcases to consider, when p,
q, r and s represent four, three or two distinct vertices.

Case 2.1 Vertices p, g, r and s are all distinct.

Form A' by re-embedding A on the sphere with edges ab and cd on the equator, none of
P, q, 7, s on the equator, and p in the northern hemisphere. Then either r or s is in the
northern hemisphere. Assume WLOG that it is ». Form A" by re-embedding A' on the
sphere with equator agbtity...tycsdiiUy...upya and vertices p and r in the northern
hemisphere. The northern hemisphere of A" is shown in Figure 2.4. Form B by
embedding % on a sphere with the same equator and southern hemisphere as A". There is
only one configuration of the northern hemisphere of B, which can be obtained from A"
by the Case (i) I'-operations ab — pg and cd - rs.
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Figure 2.4 The northern hemispheres of A" and B when p, ¢, r and s are all distinct.

Case 2.2 Three of p, g, r and s are distinct vertices.
Assume WLOG that p = r. There are three subcases, when neither, one or both of the
edges pq and ps are in ¢

When neither of the edges are in A’ there is only one possible embedding B of B, The
Case (i) T-operations ab — pg and cd ~ ps will transform A' into this embedding, as
shown in Figure 2.5.

Figure 2.5 The northern hemispheres of A" (left) and B (right) when p = r and
neither pg nor ps are in A.
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If one or both of the edges pg and ps are in A' then further consider the relative positions
of vertices 4, b, ¢, d, p, g, r and 5. This leads to eight new embeddings A", which are
represented in Figure 2.1 by subcases 2.2.1, 2.2.2.1, 2.2.2.2, 2.2.3.1.1, 2.2.3.1.2.1,
2.2.3.1.2.2,2.2.3.2 and 2.2.3.3. The numerous possible embeddings of B can all be
obtained from the corresponding A" by two or three I'-operations. Case 2.2.3.3 is
interesting in that for this configuration of & the MPG ® does not exist. Figure 2.6
shows such an MPG. The external face adp could also contain common edges. It is not

possible to construct an MPG % with all the edges of this € except ab and cd.

Figure 2.6 An MPG Q for which no ® exists.

Case 2.3 Only two of p, g, r and 5 are distinct vertices.
Assume WLOG that p =r and g = 5. There are two subcases, when pq is not an edge of
A and when it is. In each of these there is a number of possible embeddings of . It can

be shown directly that all of these can be obtained from the corresponding A by two or
three F~operations.D

This result confirms that an edge-difference of three is a necessary condition for Theorem
1 to hold.

THEOREM 3
(Stated without proof in [1])

If two maximal planar graphs have edge-differénce one then one can be transformed into
the other by a single I'-operation.



PROOF

Let the two maximal planar graphs be € and ®. Let o be the edge of & which is not in
. Label the vertices of ¢ in such a way that o connects vertices a and b. Embed the
graph € on a sphere. Call this embedding A. Label the vertices of A in such a way that
abs and abr are faces of A.

Case 1 The edge st is not an edge of A.

Form A' by re-embedding A or: the sphere so that the equator is asbza and the edge ab is
alone in the northern hemisphere. Form B by embedding % on a sphere such that the
equator is asbta and the southern hemisphere is the same as that of A'. The northern
hemisphere of B does not contain ab but B is maximal planar so B must contain the edge
st, as shown in Figure 3.1. Hence U can be transformed into 3 by the Case (i) I'-

operation ab — st. ¢

a b_)a b

Al B
! t

Figure 3.1 The northern hemispheres of A' and B.

Case 2 The edge st is an edge of A.

Locate the vertices p and g such that stp and stq are faces of A. If {p, g}={qa, b} then Q is
the complete graph on four vertices as shown in Figure 3.2. Hence it is not possible for
this to occur as € and ® have edge-difference one.

Figure 3.2 A plane embedding of the complete graph on four vertices.
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It is possible that one of the vertices p or g is one of the vertices ¢ or b. In this case
assume without loss of generality(WLOG) that p = b. If a, b, p and ¢ are all distinct,
assume WLOG that there is a path between p and b which does not pass through b, s, ¢,
or g. In either case, formn A' by re-embedding A on the sphere with asqra as the equator
and p and b in the northern hemisphere. Form B by embedding 93 with the same equator
and southern hemisphere as A'. Figure 3.3 shows the northern hemisphere of A and the
three possible northern hemispheres of B for the case when p # b. Each of these can be
obtained from A by the one of the three Case (iii) I'-operations ab — ap or byg or pq.
Figure 3.4 shows the northern hemisphere of A and the only possible northern

hemisphere of B for the case when p = b. In this case A can be transformed into B by the
Case (ii) I'operation ab — bg.

Figure 3.3 When p # b, the three configurations of B can be obtained by
the three Case (iil) I-operations ab — ap or bqg or pq.
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Figure 3.4 When p = b, A' is transformed into B by the Case (ii) I'-operation ab — bq.D

Take an MPG Q say, and select cne of its edges. We can generate all possible MPG's
with all the edges of ¢ except the one we have specified by applying the appropriate I'-
operation to that edge. Hence any MPG has one or three neighbours with edge-difference
one for each of its edges.

THEOREM 4

For any positive integer &, there exists a pair of maximal planar graphs, on the same set of
2k+6 vertices, with edge-difference one, such that to transform one into the other requires
more than £ diagonal operations.

PROOF

The maximal planar graphs A and B shown in Figures 4.1 and 4.2 have edge-difference
one, as EpA\Eg = {ab} and Eg\E4 = {af}. Each of A and B has 2k+6 vertices.
Transforming A into B requires more than £ diagonal operations.

If the edge af is added to A (destroying its planarity) it must cross at least & + 1 edges of
A. Re-embedding the graph A cannot reduce this crossing number.

The process of re-embedding corresponds to the stereographic projection of the plane
onto a sphere (points "at infinity" are projected onto the north pole). Thé north pole is
then positioned in another face of the graph and the graph is stereographically projected
once more onto the plane. Hence if a different embedding exists, say A', which when af
is added has a crossing number less than £+1, the graph A'+{af} can be stereographically
projected onto the sphere and the north pole repositioned in face dg,g3 and then projected
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onto the embedding of A as shown in Figure 4.1. If af crosses the face dg,g; then the
north pole can be positioned on either side of it, and af will pass through the external face
of A. The edge af retains its crossings throughout the process of stereographic projection.
But no path for af exists in A with less then k+1 crossings, hence no other embedding A’
has less than k+1 crossings.

Figure 4.2 The graph B with exactly one edge af, not in graph A.
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If af is to be introduced by a diagonal operation then k of the edges crossed by af must be
moved out of the way first. One such sequence of moves is

Looge = gf
2. 82 — g_;f
k. ST bf
k+1. bc -y af

Further diagonal operations are then required to remove ab and replace the edges g;c for
1<i<k.

Thus for any positive integer &, a pair of MPG's with edge-difference one can be

constructed such that more than k diagonal operations are required to transform one into
the other. D

The graph A of Theorem 4 can be transformed into graph B by one Case (iii) [-operation,
but requires many diagonai operations. Hence the rotational features of the I'-operation
are worth the small amount of additional time and space required in an improvement
heuristic.

CONCLUSIONS

The 3-edge-connected nature of MPG's explains the contrast between cases of edge-
difference one or two (Theorems 2 and 3) and cases of edge-difference three or more
(Theorem 1) as in the latter the subgraph of common edges may be disconnected. The
components may then be arranged differently in the two MPG's, so that the
transformation may involve the rearrangement of large components.

The properties of the [Moperation identified in the four theorems are relevant to its use in
facilities layout planning. Theorem 3 shows that the [™-operation is the best possible way

of moving toward an optimal graph by replacing only one edge at each step. Theorem 4
illustrates the superiority of the I'-operation over the diagonal operation. Both of these

results recommend the use of the operation in heuristics for the adjacency problem.

However Theorem 1 suggests caution in its use, as such a heuristic must be able to escape
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from local optima. Various schemes to acheive this are under investigation. Theorem 1
also encourages the search for an alternative to the one-edge-at-a-time approach.

It must be remembered that this an NP-complete problem, so there must be some tradeoff
between solution quality and efficiency considerations.

ACKNOWLEDGEMENT

The author wishes to thank Dr Latif Al-Hakim for several useful discussions on the
properties of the I'-operation.

REFERENCES

[1] Al-Hakim, L Construction Properties of Plane Triangulations
15th Annual Conference on Combinatorial Mathematics and Combinatorial
Computing, Brisbane,1989.

[2] Al-Hakim, L. A Graph-Theoretic Improvement Procedure for Solving Large Scale
Facilities Layout Problems to appear.

[3] Al-Hakim, L. and Boswell, SG An Efficient Procedure for the Layout of a
Manufacturing System with a Larger Number of Facilities
1990 Pacific Conference on Manufacturing, Sydney.

[41 Bondy, JA and Murty, USR Graph Theory with Applications
1976 (Macmillan).

[5] Eggleton, RB and Al-Hakim, L. Maximal Planar Graphs and Diagonal Operations
33rd Annual Meeting of the Australian Mathematical Society, Sydney 1989.

[6]  Eggleton, RB, Al-Hakim, L and MacDougall, ] Braced Edges in Plane
Triangulations Australas.J.Combin. 2 (1990) 121-134.

[71 Foulds, LR and Robinson, DF Construction Properties of Combinatorial
Deltahedra Discrete Appl. Math. 1 (1979) 75-87.

23



91

(10]

Giffin, JW Graph Theoretic Techniques for Facilities Layout
Doctoral thesis, University of Canterbury, 1984.

Ore, O The Four-Color Problem
1967(Academic Press, New York).

Ning, Q On a Conjecture of Foulds and Robinson about Deltahedra
Discrete Appl. Math. 18 (1987) 305-308.

24



