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A Steiner triple system (more simply, triple system) is a pair T) where S is the vertex 

set of the complete undirected graph Kn on n vertices and T is a collection of edge-disjoint 

triangles (triples) which partition the edge set of Kn. The number n is called the order of 

the triple system (S, T) and it has been known forever since 1847 

of triple systems (= set of all n such that a triple system of order n 

set of all n == 1 or 3 (mod 6). In this case ITI = n(n 1)/6. 

that the spectrum 

is precisely the 

In [3J C. C. Lindner and A. Rosa gave a complete solution of the intersection problem for 

triple systems by determining all pairs (n, k) such that there exists a pair of triple systems 

(S,Tl ) and (S, T 2 ) of order n such that ITl nT21 = k. In particular, if we set l[nJ {kl there 

exist a pair. of triple systems of order n intersecting in k triples }, then = {I}, 

{O, 1, 3, 7}, 1[9] = {O, 1,2,3,4,6, 

1, t - 2, - 3, t - 5}. 

andforn~ 13,1[n] {O,l,2, ... ,n(n 1)/6=t}\{t--

A maximum packing of Kn with triples (M PT) is a pair (S, P), where S is the vertex 

set of Kn and P is a collection of edge-disjoint triangles (or triples) of the edge set of Kn 

so that is a large as possible. As with triple systems, the number n is called the order. 

The collection of unused edges is called the leave of the M PT (S, P). So, a triple system is 

aM PT with leave L 0. Just as with triple systems, nonisomorphic M PTs are like grains 

of sand on the beach. However, M PTs of the same order all have one thing in common; the 

leave! In particular if P) is aM PT of order n, then the leave is (i) a I-factor if n 0 or 
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2 (mod 6), (ii) a 4-cycle if n 5 (mod 6), and (iii) a tripole = a spanning graph with each 

vertex having odd degree and containing (n+2)/2 edges ifn 4 (mod 6). The intersection 

problem for M PTs is the following: Determine all pairs (n, k) such that there exists a pair 

of M FTs (5, PI) and (5, P2 ) of order n with the same leave such that IP1 n P2 1 = k. So, the 

intersection problem for triple systems is the intersection problem for M PTs with leave the 

empty set. The intersection problem for M PTs has been solved completely in a series of 

two papers In particular, if (i) n == a or 2 (mod 6), 1[6] = {O, 4}, 1[8] = {a, 2, 8}, and 

{O, 1, 2, ... , n( n - 2) / 6 = t} \ { t - 1, t 2, t 3, t - 5} for n 2 12; (ii) n == 4 (mod 6), 

1[4] {I} and I[n] = {O, 1,2, ... , (n2 
- 2n - 2)/6 t}\{t - 1, t - 2, t 3, t - 5} for n ~ 10; 

and n == 5 (mod 6), 1[5] = {2} and {O, 1,2, ... , (n 2 n - 8)/6 = t}\ 

{t -- l,t 2, t - 3, t - 5} for n ~ 11. 

The purpose of this paper is to give a complete solution of the intersection problem 

for minimum coverings of Kn with triples. Some preliminaries are in order. Quite a few 

actually. 

2 

A covering of K" padding with triples is pair (5, C), where 5 is the vertex 

set of C is a collection of edge disjoint triples which partition E(Kn) + X, where 

So that there is no confusion: an edge {a, b} belongs to exactly x + 1 triples 

of G, where x is the number of times b} belongs to the padding X. If the padding X is 

as small as possible, then (5, is called a minimum covering of Kn with triples 

So, a Steiner triple system is a MGT with padding 0. 

Example 2.1 (1) n = 4 with padding X 

2,4}}. 

{{l, 2}, {2, 3}, {2, 4}} and G 

2, 3, 

5 with padding X {{l, 2}, {1, and C {{l, 2, 2, {1,2,5}, 

n 6 with padding X = and G = {{1,2,3}, 4,5},{1,5, 

4, 5,6}}. 

n 8 with padding X = 6}, {7, and C {{1,2,7}, 

4, 5, ') 
,0, 4, 7, 3, 5, {6,7, 4, 4, 
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Just as the case for M PTs j the padding of a MGT is determined by its order. In 

particular, if (S, is a MGT of order n, then the padding is (i) a I-factor if n a (mod 

6), (ii) a tripole if n 2 or 4 (mod 6), and (iii) double edge {{a, b}, {a, b}} if n == 5 (mod 

6). The intersection problem for MGTs is the following: Determine all pairs (n, k) such 

that there exists a pair of MGTs (S, GI ) and (S, G2 ) of order n with the same padding such 

that IGI nG2 1 k. We will give a complete solution of this problem. In particular, if (i) 

n == a (mod 6), l[nJ == {O, 1,2, ... , n 2/6 t} \{t -1, t - 2, t- 3, t - 5}; (ii) n == 2 or 4 (mod 6), 

1[4J {3}andl[nJ=={O,l,2, ... ,(n2 +2)/6 t}\{t l,t-2,t 3,t-5}forn~8;and(iii) 

n 5 (mod 6), 1[5] == {4} and l[n] == {a, 1,2, ... , (n2 -n+4)/6 == t}\{t-l, t-2, t-3, t-5} 

for n ~ 11. The fact that IGI n G2 1 E J[nJ {a, 1, 2, . , (n(n - 2) + 21XI)\6 = t} 

\{t - 1, t 2, t 3, t 5} is trivial and is left to the reader. It's the non-trivial converse we 

will concern ourselves with here; Le., J[n] ~ l[nJ. 

Finally, as might be expected, we will handle the cases according to the padding. 

3 n == 0 (mod 6). 

We begin with an example. In this section J[n] {O, 1,2, ... ,n2 /6 = t}\{t -l,t - 2,t-

3, t - 5}. 

Example 3.1 MGTs of order 6 with padding X == {{I, 2}, {3, 4}, {5, 6}}: 

1 2 3 1 2 5 2 3 

1 2 4 1 2 6 2 3 4 

3 4 5 1 3 4 4 5 
C1 = G2 = C3 

3 4 6 2 3 4 1 4 6 

2 5 6 3 5 6 2 5 6 

1 5 6 4 5 6 3 5 6 

Then IG1 nG2 1 = 0, IG1 nG3 1 = 2, and (of course) IGInGll 6, so that J[6] = {O, 2, 6} ~ 

1[6]. 

With the above example in hand we can now concern ourselves with the case where 

n == 0 (mod ~ 12. The following lemma reduces our work considerably. 

Lemma 3.2 J[nJ\ {O, 1,2, ... , n/2} ~ l[nJ. 
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Proof: Write n-l 6m+5 let {I, 4,5} 

be pair of M PTs n I 6m + with the 

cycle L 

spectrum for M PTs 

1,2, 

N ow let T" be the collection of 3m + 4 

1, 3, Xl,Yl},{OO, 

are M CTs of order n with padding 

{Xl,Yl}, Y2}, ... , 

k + 3m + 4 k + + where k E 

order n - 1. An easy calculation shows that 

I[n]. 

remains to show that {O, 1,2, <;;; I[n] for every 

following constructions will do the job. But first few preliminaries. 

defined by T* 

X3m, Then 

Then 

the intersection 

-11 I} 

o 

o (mod 6) ~ 12. The 

The partial triple systems T1) and are said to be mutually balanced provided 

and T2 precisely the same edges and are disjoint provided Tl ::::: 0. 

Lenz [5]). Let n 4 and let S be the vertex of K 2n . Then there 

mutually balanced disjoint partial triple systems (S, T1 ) and of order 2n such 

that 2n and such that there exists a I-factorization F {h, 12, h,··· hn-.7} 

~ 0 

We call such I-factorization a Stern and Lenz I-factorization. 

The 12n Construction. Let (S, be MCT of order 6n with padding X and 

F = {h, 12,· .. , f6n-d a I-factorization of based on W, where S nW = 0. Let a 

be a mapping from onto F. Then xa ya for exactly one 2·element subset {x,y} of S. 

Without loss in generality we can assume xa ya = h. Define collection of triples e'" 
as follows: 

(1) C C"', and 

(2) {x,y,z} E C* if and only if xa = J" and {y,z} E k 

Then (S U W, C*) is a MeT of order I2n with padding XU h. o 

e) be a MCT of 611, with X and The I2n + 6 Construction. Let 

F {!I,h, ... ,!6n-dUT a Stern Lenz I-factorization of E(Ksn+6) based on W, 

where S n VV == 0. Define a as in the I2n Construction and define a collection of triples C* 

by; 
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(1) C ~ c*, 

(2) T ~ C*, and 

(3) {x,y,z} E C* if and only if xo: = Ii and {y,z} E Ii-

Then (SUW, is M CT of order 12n + 6 with padding X U fl. o 

Lemma 3.4 {O,I,2, ... , n/2} ~ I[nJ. 

Proof: The cases n 12 and 18 are taken care of in the appendix, so we can assume 

n ~ 24 and that J[t] ~ I[t] for all 12 ::; t < n. Write n = 12m or 12m + 6 and let (S, CI ) 

and (S, C2) be pair of MCTs of order 6m with padding X with intersection number 

k E {D, 1,2, ... n/2}. (Since 6m 12, (6m)2/6 - 6 ~ 6m + 3 ~ n/2. Hence k E I[6m].) 

There are two cases to consider. 

n = 12m. Let F be a 1-factorization of E(K6m) based on W, WnS = 0, and let a 

and {3 be defined as above with the additional property that xo: i= x{3 for all xES. Let 

(S U W, Ci) and (S U W, C2) be constructed from the 12n Construction using 0: for Ci and 

{3 for C;. Then (S U W, Ci) and (S U W, C;) are a pair of MCTs of order 12m with padding 

XU ft and intersection number k. 

n = 12m + 6. Let FI = {ft, 12,· .. , f6m-l} UTI and F2 = {fl, 12,.··, f6m-d UT2 be 

Stern and Lenz I-factorizations of E(K6m+6) based on W, W n S 0, where Tl and T2 

are mutually balanced and disjoint partial triple systems. Define a and {3 as above and let 

(S U W, Ci) and (S U w, C2') be constructed from the 12n + 6 Construction using a and 

Tl for Ci and f3 and T2 for Ci. Then (SUW,Ci) and (SUW,Ci) are a pair of MCTs of 

order 12m + 6 with padding XU ft and intersection number k. 

Combining the above two cases completes the proof. o 

Combining Example 3.1 and Lemmas 3.2 and 3.4 gives the following theorem. 

Theorem 3.5 I[n] J[n] for all n == ° (mod 6). o 

4 n = 2 or 4 (mod 6). 

It is trivial to see that 1[4] = {3}. So, in what follows n 2 or 4 (mod 6) ~ 8 and, of 

course, J[n] {a, 1,2,3, ... , (n2 + 2)/6 = t}\{t - 1, t - 2, t - 3, t - 5}. 
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2, ... , I} 

Proof: proof similar to the proof of 

or 3 the order of a Steiner triple 

let S 2,3} 

Since or 4 

Let 

n-l 1 

+ 2m and 

a of 

Steiner triple systems of order n 3 2m and let T" be the collection of + 2 

2,3}}, triples defined by 

Then (S·, Tl are MGTs of order n with padding the tripole X = 

where S* US. Then 

k+ where k 1 J = the intersection 

spectrum for Steiner triple systems of order n - It is straight forward to see that 

.. . ,n/2 I} ~ I[n] exceptfor n 10. In this 1] + {n/2} 

{O,l, 6,7,8,9,11, However, the k 10 and 13 are taken 

care of by example in the appendix. o 

The + (4 or 8) Construction. Let be MGT of 6n + 2 or + 4 

with padding the tripole X. Let F be I-factorization of or based on 

w, wnS 0. If we define (SUW,C*) in the 12n Construction, then UW,C*) is a 

MGT of order 12n + (4 or 8) with padding the tripole X U fl' o 

The 12n + (2 or 10) Construction. Let (S, C) be MGT of order 6n 2 or 6n + 2 

with padding X. Let FUT be a Stern and Lenz I-factorization of or E(Ksn+8) 

based on W, W n S = 0. If we define (S U W, G*) as in the 12n 6 Construction, then 

(SU W, G*) is a MGT of order 12n + (2 or 10) with the tripole XU h. 0 

Lemma 4.2 {O, 1,2, ... , n/2 - I} ~ I[n]. 

Proof: The ca.ses n = 8, 10,14, and 16 are handled in the appendix that we can assume 

n ~ 20 and that J[t] ~ I[t] for all 8 S t < n. There are two cases to consider. 

n = 12m + (4 or 8). Let C1) and (S, G2 ) be a pair of MGTs of order 6m + (2 or 4) 

with padding the tripole X with intersection number k E {0,1, ... , n/2 I}. 

n ~ 8, ((6m + 2)2 + 2)/6 - 6 ~ 6m + 3 ~ n/2 1. Hence k E I[6m + (2 or 3)].) Let F be 

a I-factorization of E(Ksm+(2 or 4») based on W, WnS = 0, and let a and fJ be defined 

in the usual way. Let (S U w, Gn and (S U w, Gi) be constructed from the 12n + (4 or 8) 
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Construction using a for Ci and f3 for Then (S U W, Ci) and (S U W, C2') are a pair of 

MCTs of order 12m + (4 or 8) with padding the tripole X U it and intersection number k. 

n = 12m+ (2 or 10). Let (S, C l ) and (S, C2 ) be a pair of MCTs of order 6m+( -2 or 2) 

with padding the tripole X and intersection number k E {O, 1,2, ... , n/2-1}. (An argument 

similar to the argument in the 12m + (4 or 8) case shows this is always possible.) Let F U Tl 

and FUT2 be Stern and Lenz 1-factorizations of E(K6m+(4 or 8») based on W, WnS = 0, 

where Tl and T2 are mutually balanced and disjoint partial triple systems. Define a and 

f3 as above and let (S U W, and (S U W, C2) be constructed from the 12n + (2 or 10) 

Construction using a and Tl for Ci and f3 and T; for C2'. Then (S U W, Ci) and (SU W, C2') 

are a pair of MCTs of order 12m+(2 or 10) with padding the trip ole X U it and intersection 

number k. 

Combining the above two cases completes the proof. 

Now combining Lemmas 4.1 and 4.2 gives the following theorem. 

Theorem 4.3 1[4] {3} and I[n] = J[n] for all n == 2 or 4 (mod 6). 

5 n == 5 (mod 6). 

There is no difficulty in showing that 1[5] = {4} and so we will assume n 

In this case J[n] = {O, 1,2, ... , (n2 n + 4)/6 t}\{t - 1, t - 2, t - 3, t 

Lemma 5.1 J[n]\{O, 1} ~ I[n]. 

o 

o 

5 (mod 6) ~ 1l. 

5}. 

Proof: Let (S, PI) and (S, P2 ) be a pair of M PTs of order n == 5 (mod 6) with 

leave the 4-cycle L = (1,2,3,4). Let T* be the collection of 2 triples defined by T" 

{{1, 2,4}, {2, 3,4}}. Then (S, PI UT*) and (S, P2 U T*) are MCTs of order n with padding 

the double edge X = {{2,4},{2,4}}. Then I(PIUT*)n(P2UT*)1 k + 2, where k E 

Ip[n] = the intersection spectrum for M PTs of order n. It is less that trivial to see that 

Ip[n] + {2} = J[n]\{O, 1} ~ I[n]. o 

The 12n + (5 or 11) Construction. Let (8, C) be a MCT of order 6n + 5 or 6n - 1 

with padding the double edge X. Let F (FUT) be a I-factorization (Stern and Lenz 

I-factorization) of E(K6n+6) based on W, W n 8 = 0. Let a be any 1 - 1 mapping of 

8 onto F and define (SU W, C*) in the usual way. Then (8 U W, C*) is a MCT of order 

12n + (5 or 11) with padding the double edge X. 0 
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Lemma 1} 

Proof: The cases n 11 and 17 handled in the appendix that we can assume n 23 

and that ~ for all 11 n. The 12n + (5 or Construction incorporated into 

a by now familiar argument produces a pair of MGTs of order 12n+ or 11) with padding 

a. double edge and intersection number 0 or 1. 0 

Combining Lemmas 5.1 and 5.2 gives the following theorem. 

Theorem {4} and I[n] J[n] for all 2 or 4 (mod [] 

6 

We collect the in Theorems 3.5,4.3, and 5.3 in the ac(:ornp·an'YlIlg: read table. 

padding intersection spectrum 

o 

or 4 6) 

5 (mod 6) 
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APPENDIX 
The following systems provide the remaining intersections of minimum 
coverings not produced by the constructions in the text. 

SYSTEM 1. Order 8, intersection number O. 
1 2 7 1 2 3 1 3 8 1 4. 6 
1 4 5 2 4 8 5 6 3 4 7 
3 5 6 5 7 8 7 8 

1 2 4 1 2 5 1 3 6 1 3 4 
1 7 8 2 3 7 2 6 8 3 5 8 
4 5 6 4. 7 8 5 6 7 

SYSTEM 2. Order 8, intersection number 1. 
1 2 4 *' 1 2 5 1 3 4. 1 3 6 
1 7 8 2 3 7 2 6 8 3 5 8 
4. 5 6 4. 7 8 5 6 7 

1 2 3 1 2 4 *' 1 3 8 1 4. 7 
1 5 6 2 5 6 2 7 8 3 4 5 

6 7 4. 6 8 5 7 8 

SYSTEM 3. Order 8, intersection number 2. 
1 2 4. 1 2 5 * 1 3 4. * 1 3 8 
1 6 7 2 3 6 2 7 8 3 5 7 
4. 5 6 4. 7 8 5 6 8 

1 2 3 1 2 5 * 1 3 4. * 1 4. 6 
1 7 8 2 4. 7 2 6 8 3 5 6 
3 7 8 4 5 8 5 6 7 
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SYSTEM 4. 
1 2 3 
1 5 6 
3 6 8 

Order 8, intersection number 3. 
1 
2 
4 

2 
5 
6 

4. * 
6 

1 
2 
5 

1 
1 
4. 

2 
6 
5 

4 * 
8 

1 
2 
4. 

2 
3 
7 

5 1 
2 

5 6 

SYSTEM 5. 
125 
1 6 8 
2 7 9 
3 S 11 
5 8 9 

1 
1 

2 
4 
6 

2 8 
4 10 
6 7 
5 8 
8 10 

SYSTEM 6. 
129 

6 7 
7 10 

4 5 6 
5 10 11 

1 2 3 
1 11 
2 10 11 
3 8 10 
6 9 11 

8 

Order 11, intersection number O. 
1 2 3 
1 
3 
4. 
7 

1 
1 

3 
4. 
7 

7 
4 10 
5 11 
8 10 

2 9 
5 7 
5 9 
6 9 
9 10 

2 
3 
<1 
9 

1 
2 
3 
4 
8 

Order 11, intersection number 1. 
124. 1 

8 10 2 
3 4 10 3 
4 7 11 
6 8 11 

1 
1 
3 
4 
7 

2 
8 
4. 11 
5 7 
8 11 

1 
2 

4. 
7 

3 
7 
7 

3 
6 
7 

2 
4 
5 
6 

10 

7 'I< 

8 

8 * 

4. 
7 

8 * 

10 
8 

7 
11 

2 11 
3 4 
7 8 
7 11 
9 11 

7 
8 
9 

11 
6 
8 
9 

10 

2 6 
4 9 
5 9 
6 8 
9 10 

To each of the following systems, add the four triples. 
124 135 256 

1 
3 

1 
3 

1 
2 
3 
5 

4 
4. 

3 
5 

4. 
6 
6 
6 

8 
5 

7 * 
6 

9 
11 

9 
10 

136 
2 5 10 
3 10 11 
5 6 11 

1 
2 
3 
5 

1 
2 
3 
5 

3 

3 
5 
9 
7 

5 
8 'I< 

11 
9 

4. 10 
51:1* 
6 7 
6 10 

6 
Since there are 4 disjoint triples that are mutually balanced with these 
four triples, each system produces 2 intersection numbers. 

SYSTEM 7. 
1 2 
2 3 

7 
9 

4 9 10 
7 9 10 

1 
2 
4. 
7 

2 
3 
7 
8 

8 
7 
8 
9 

Order 10, intersection numbers 0 and 4. 
1 3 10 1 4 8 
2 8 10 3 7 8 
5 6 10 5 8 9 

1 

2 
5 

3 9 
9 10 
6 8 

188 

1 
3 
5 

4. 10 
8 10 
7 10 

1 
4 

6 

1 

4. 
6 

6 
5 
7 

9 
7 

8 

6 7 
5 9 
9 10 



SYSTEM Order 10, intersection number 1. 

4 

9 
10 

9 10 
7 10 

1 

<1 
7 8 

7 
8 
8 
9 

1 
2 
5 

1 
2 
5 

3 
7 
6 

7 
8 
9 

3 9 
9 10 
6 7 

3 

1 

4 8 
8 9 
8 10 '* 

4 10 
7 10 
8 10-1< 

SYSTEM 9. 
1 2 3 

8 
9 
9 

Order 10, intersection number 2. 
14.8 6 

7 
6 

10 
7 

4 
6 8 

1 

4 

7 
3 10 

9 
7 8 10 

SYSTEM 10. 
3 

10 
4 5 10 
6 9 10'" 

4 
7 

2 7 
3 9 
7 10 
8 9 

2 9 10 
4 

1 
2 
5 

7 10 

3 
8 
6 

9 
9 

7 * 

5 

1 

Order 10, intersection number 3. 
1 4. 9 '* 1 
289 
4 

1 
2 
5 

7 8 

3 10 
8 10 
6 7 5 

8 '* 
7 -I< 

4. 10 
78'* 
9 10 

6 
7 

6 

7 
8 "* 
8 

49'* 
78'* 
9 10 

SYSTEM 11. Order 10, intersection number 10. 
129* 138* 14.7* 
2 3 7 2 8 10 3 9 10 
4. 8 9 5 6 9* 7 8 
7 9 10 

1 29'" 
3 10 
9 10 

8 9 10 

SYSTEM 12. 
1 2 10 
2 3 9-1< 

4 8 10 * 
7 8 9 
1 
2 
4. 
7 

2 8 
3 9 *' 
8 10 '* 
89* 

1 
2 
5 

3 
7 
6 

8 -I< 

8 

9 * 

1 
3 

4. 7-1< 
7 9 
7 10 

Order 10, intersection numbers 13. 
1 3 8 1 4. 9 * 

10 
10 -I< 

2 7 8 3 7 

5 6 8 * 5 9 

1 
2 
5 

3 10 
7 10 
68'1< 

189 

1 
3 
5 

49'* 
7 8 

9 10 '* 

1 
4 
6 

1 
4. 

6 

1 
3 
5 

1 

4. 
6 

1 
3 
5 

1 
4 
6 

1 
4 

6 

1 
4 
6 

1 
4 

6 

1 

4. 

6 

6 10 
5 7 
7 8 

6 8 
5 9 
9 10 

7 
9 
8 

9 
10 
10 

6 8 
5 8 
9 10 

8 
9 
7 

10 
10 

9 

6 8 
5 8 
9 10 '* 

6 10 '* 
5 10 
78'* 

6 10 '* 
5 8 
78'* 

6 
5 
9 

7 '* 
7 1< 

10 '* 

67* 
57'* 
9 10 'I< 



SYSTEM 13. 
1 2 10 
2 3 7 
3 8 10 
4 9 10 
679 

128 
2 3 9 
3 7 11 
4 11 12 
678 

SYSTEM 14. 
1 2 10 
2 3 11 
378 
4 11 12 * 
6 8 12 

128 
2 3 7 
3 8 11 

4 11 12 * 
6 7 12 

SYSTEM 15. 
1 2 9 * 
2 3 12 
378 
4 12 
6 8 9 

1 

2 
3 
4 
6 

29* 
3 7 
9 12 
9 10 
7 10 

SYSTEM 16. 
128 
2 3 10 
378 
4 11 12 
678 

1 
2 
3 
4 

6 

2 11 
3 9 
7 10 
8 10 * 
7 9 

Order 12, intersection numbers 0 and 4. 
1 6 12 1 7 8 
2 8 9 2 11 12 
3 9 12 4 5 7 
5 6 8 5 9 10 
6 10 11 7 8 11 

1 6 11 
2 7 12 
3 10 12 
5 6 12 
6 9 10 

1 7 10 
2 10 11 
4 5 10 
5 7 8 
8 9 10 

Order 12, intersection numbers 1 and 5. 
1 6 7 1 8 9 
2 7 8 2 9 12 
3 10 12 4 5 8 
5 6 11 5 7 12 
6 9 10 7 9 11 

l 

2 
3 
;i 

6 

6 11 
9 10 
9 12 
6 10 
8 9 

1 7 9 
2 11 12 
459 
5 7 11 
7 8 10 

Order 12, intersection numbers 2 and 6. 
1 6 10 1 7 12 
2 7 8 2 10 11 
3 9 11 4 5 8 
5 6 7 5 9 10 * 
6 11 12 7 9 10 

1 6 8 
2 8 10 
3 10 11 
5 6 12 
6 9 11 

1 7 11 
2 11 12 
4 5 11 
5 7 8 
7 8 9 

Order 12, intersection number 3. 
1 6 12 1 7 

9 
5 
8 
9 

11 
11 

7 
11 
10 

2 7 12 2 
3 11 12 4 
569 5 
6 10 11 

168 
278 
3 8 11 
5 6 10 
6 11 12 

190 

7 

1 7 12 
2 10 12 
4 5 9 
5 7 8 
8 9 12 * 

1 
3 
4 
5 
7 

9 
4 
8 

11 
10 

11 
11 
12 
12 
12 

1 9 12 
348 
479 
5 9 11 
8 11 12 

1 
3 
4 
5 
8 

11 
4 
7 
9 

10 

12 
9 

10 
10 
11 

1 10 12 
3 4 10 
478 
5 8 12 
9 10 11 

1 
3 
4 
5 
8 

8 
4 
7 

11 
10 

11 
10 
11 
12 
12 

1 10 12 
348 
4 7 12 
5 9 10 * 
8 11 12 

1 
3 
4 

5 
8 

9 
4 

8 
10 

9 

10 * 
9 

10 * 
12 
12 * 

1 9 10 * 
3 4 12 
4 7 11 
5 11 12 
9 10 11 



SYSTEM 17. 
1 2 11 
1 7 8 
2 8 14 
3 11 12 
4 12 14 
5 13 14 
7 9 14 

11 13 14 

1 2 13 
1 7 12 
2 8 10 
3 10 12 
4 13 14 
5 11 14 
7 10 13 

12 13 14 

SYSTEM 18. 
1 2 14 
1 7 8 
2 8 13 
3 13 14 
4 10 12 
5 12 14 
7 8 10 

10 13 14 

1 2 11 
1 10 12 
2 9 13 
3 11 12 
4 10 13 
5 13 14 
7 8 12 

11 12 13 

SYSTEM 19. 
1 2 7 
1 10 14 
2 9 14 
3 11 14 
4 12 14 
5 12 13 
7 8 12 
9 11 13 

Order 14, intersection numbers 0 and 4. 
1 3 9 1 4 13 
1 10 12 2 3 13 
2 9 12 3 7 8 
4 5 10 4 7 11 
5 6 8 5 7 12 
6 7 13 6 9 10 
8 10 11 

138 
1 10 14 
2 11 12 
4 5 12 
5 6 13 
6 7 14 
8 9 14 

8 12 13 

1 4 11 
2 3 14 
3 7 11 
4 7 8 
5 7 8 
6 8 12 
8 11 13 

Order 14, intersection numbers 1 and 5 
1 3 12 1 4 11 
1 9 10 2 3 10 
2 11 12 
458 
567 
6 8 14 
7 12 13 

139 
1 13 14 
2 12 14 
4 5 12 
5 6 10 
6 8 13 
7 8 14 

3 7 11 
4 7 14 
5 9 10 
6 9 12 1< 

8 11 12 

1 4 8 
238 
3 7 13 
4 7 11 
5 7 9 
6 9 12 1< 

8 9 10 

Order 14, intersection numbers 2 and 6. 
1 3 9 1 4 13 
1 11 12 2 3 13 
2 11 12 * 3 7 8 
4 5 7 4 8 9 
5 6 14 5 8 11 
6 7 11 6 9 12 
7 9 10 * 7 13 14 

191 

1 
2 
3 
4 
5 
6 
9 

6 14 
7 10 

10 14 
8 9 
9 11 

11 12 
10 13 

1 6 9 
279 
3 9 13 
4 9 10 
5 9 10 
6 10 11 
9 11 12 

1 
2 
3 
4 
5 
6 
9 

6 
7 
8 
9 

11 
10 
11 

13 
9 
9 

13 
13 
11 
14 

1 6 7 
2 7 10 
3 10 14 
4 9 14 
5 8 11 
6 11 14 
9 10 11 

1 
2 
3 
4 

5 
6 
8 

6 8 
8 10 

10 12 
10 11 

9 10 
10 13 
13 14 



1 
1 7 

10 14 
3 13 14 
4 9 13 
5 9 14 
7 9 10 * 

12 13 14 

SYSTEM 20 
127 
1 8 9 

11 13 
11 12 * 

4 9 13 
5 13 14 

8 10 
10 13 14 

128 
1 7 

10 11 
14 

11 14 
8 11 

10 12 

SYSTEM 21. 
2 14 

1 8 
2 7 15 
3 7 
4 5 13 
4 15 16 

12 15 
6 13 14 
8 9 10 
9 14 15 

1 2 10 
1 7 15 
2 8 13 
3 9 11 
4. 5 15 
4 13 14 
5 9 13 
6 10 13 
7 13 14 
9 15 16 

1 3 12 
1 9 10 

11 12 1< 

4 5 10 
5 6 11 

7 13 
8 11 14 

1 4 11 
2 9 
3 11 

7 14 
5 7 
6 8 9 
9 11 12 

Order 14, intersection number 
1 3 10 * 1 11 

8 
13 
14 

8 
13 
14 

1 12 13 2 3 
7 
7 
7 
8 

2 12 14 3 
4 5 10 4 
569 5 
6 7 11 6 
7 9 12 8 11 

1 3 10 '* 
1 11 12 

13 14 
4. 5 
5 7 

12 
7 9 14 

1 4. 9 
3 9 
7 8 

4 10 
5 8 13 
6 9 11 
8 9 10 

Order 16, intersection numbers 0 and 4. 
1 3 9 1 4 12 
1 10 15 1 13 16 
2 8 16 2 9 13 

8 14 3 11 15 
4. 7 9 4. 8 11 
56957 8 
5 14 16 6 7 10 
6 15 16 7 11 16 
8 13 15 9 10 16 

10 12 13 11 13 14 

1 3 8 
1 11 13 
2 9 14 
3 10 15 
4. 7 8 
5 6 14 
5 10 16 
6 11 12 
8 10 14 

11 14 15 

192 

1 4. 16 
1 12 14 
2 11 16 
3 12 13 
-4 9 10 
5 7 12 
6 7 16 
7 8 9 
8 12 16 

13 15 16 

1 6 14 
7 8 

3 8 10 
4 8 12 
5 8 13 
6 10 12 

10 11 13 

1 
2 
3 
4 

6 
9 

6 
9 
9 
8 

11 
10 
10 

14 * 
10 
14 
12 
12 
12 
11 

1 6 14 * 
2 7 12 
3 11 12 * 
4 8 14 

9 10 
6 10 13 
9 12 13 

1 

3 
4. 
5 
6 
7 
9 

6 
3 

11 
12 
10 
10 

8 
12 
11 

11 
10 
12 
16 
14 
11 
12 
14 
12 

169 
237 
2 12 15 
3 14 16 
4. 11 12 
5 8 11 
6 8 15 
7 10 11 
9 10 12 



SYSTEM 22. 
127 
1 9 10 
2 8 12 
3 7 11 
457 
4 13 14 1< 

5 11 12 
6 11 12 
7 12 14 
9 12 16 

1 2 8 
1 10 14 
2 7 10 
3 8 14 
4 5 8 
4 13 14"* 
5 10 11 
6 12 15 
7 14 16 
9 10 12 

SYSTEM 23. 
1 2 13 
1 7 12 
2 7 8 
379 
457 
4 15 16 * 
5 10 13 
6 9 10 
7 13 14 

10 14 15 

1 2 15 
1 7 8 
2 7 12 
3 7 11 
4 5 12 
4 15 16 *' 
5 9 10 
6 10 14 
8 10 12 

11 12 13 

Order 16, intersection numbers 1 and 5. 
1 3 12 1 4 16 
1 11 13 1 14 15 
2 9 13 2 10 15 
3 8 13 3 9 15 
489 
5 6 13 
5 15 16 
6 15 16 
7 13 15 

10 12 13 

137 
1 12 13 
2 11 14 
3 10 15 
4 7 12 
5 6 16 
5 12 14 
6 13 14 
8 10 13 
9 11 16 

4 10 11 
5 8 14 
679 
7 8 10 
8 11 15 

13 14 16 

149 
1 15 16 
2 12 16 
3 11 12 
4 10 16 
5 7 15 
6 7 8 
789 
8 11 12 
9 14 15 

Order 16, intersection numbers 2 and 6. 
1 3 10 1 4 14 
1 8 16 1 9 15 
2 9 10 2 11 14 
3 8 14 3 11 16 
4 8 10 4 9 12 
5 6 14 5 8 15 
5 12 16 6 7 15 
6 13 16 7 8 11 
8 9 13 9 14 16 

11 12 15 12 13 14 

1 3 14 
1 9 11 
289 
3 8 13 
4 7 14 
5 6 15 
5 11 16 
6 11 12 
8 15 16 

11 14 15 

193 

1 4 10 
1 12 16 
2 10 11 
3 9 10 
4 8 11 
5 7 13 
678 
7 9 15 
9 12 14 

13 14 16 

1 

2 
2 
3 
4 
5 
6 
7 
9 

6 
3 

11 
10 
12 

9 
10 

8 
11 

8 
14 
16 
16 
15 
10 
14 
16 
14 

1 6 11 
239 
2 13 15 
3 13 16 
4 11 15 
5 9 13 
6 9 10 
7 11 13 
8 15 16 

1 
2 
2 
3 
4 

5 
6 
7 

10 

6 
3 

15 
13 
11 

9 
8 

10 
11 

11 
12 
16 
15 
13 
11 
12 
16 * 
12 

1 6 13 
2 3 16 
2 13 14 
3 12 15 
4 9 13 
5 8 14 
6 9 16 
7 10 16 * 

10 13 15 



SYSTEM 24. Order 16, 
1 2 
1111 
2 10 2 
379 

3 14 
10 12 

9 11 
1:1 12 

4. 5 13 4 7 8 
4. 14 16 6 15 
5 9 16 5 11 12 

11 14 
14 15 

6 16 6 
8 11 13 8 
9 12 15 

1 2 11 
1 10 

7 8 
3 7 a 
4 5 15 
4 12 13 
5 9 11 
6 12 
8 9 13 

10 13 

11 15 16 

1 3 16 
1 12 15 
2 9 14 

9 10 
4 7 14 
5 6 13 
5 10 14 
6 14 15 
8 11 15 

10 15 16 

numbers 3 7 
1 4 *' 

15 16 
12 16 

3 10 11 
4 15 
5 14 
6 7 12 
7 8 16 
9 10 13 

12 14 

1 4 9 *' 
1 13 14 

10 12 
3 11 12 
4 a 10 

7 16 
6 7 11 
7 12 
1:1 16 

11 

SYSTEM Order 18, intersection numbers 2 
16 1 13 1 7 

1 10 1 12 18 15 17 
2 7 15 8 10 9 13 
2 17 4- 9 1:1 

3 11 

" 7 10 
4 17 
5 17 
6 8 11 

16 
12 13 

9 14 17 
13 14 15 

1 2 17 
1 9 12 
279 
2 15 18 
3 9 18 
II 7 17 
4 13 18 
5 12 18 
6 8 12 
7 8 14 
8 11 13 

10 17 18 
14 15 16 

14 *' 
4 8 14 

6 
11 12 

6 10 11 
7 11 13 
9 10 12 

10 13 18 
15 16 18 

1 6 14 
1 10 16 
2 8 16 

4 10 
3 11 15 
-4 8 15 
5 6 11 
5 13 16 * 
6 9 15 
7 10 15 
9 11 14 

11 12 17 
14 17 18 

194 

16 17 
11 16 

7 14 
5 13 16 *' 

14 18 
17 18 

9 10 16 
11 17 18 

1 7 11 
1 13 15 
2 10 11 
3 7 16 
3 13 14 * 
4 9 16 
578 
5 15 17 
6 10 13 
7 12 13 
9 13 17 

11 16 18 

1 6 13 
2 3 15 
2 13 14 
3 13 16 
4 11 
5 8 10 
61:19 
7 13 15 *' 
9 10 14 

168 
2 3 15-1< 
2 13 16 
3 13 14 
4 11 16 
5 8 12 
6 9 10 
7 13 15 * 
9 16 

1 8 11 
2 18 
2 11 14 
3 10 15 
4 18 
4. 12 15 
5 8 15 
6 7 12 
6 15 16 
8 9 18 
9 15 

12 14 16 

1 8 18 
2 3 12 
2 13 14 
3 17 
4. 5 14 
4 11 12 
5 9 10 
6 7 18 
6 16 17 
8 9 10 

10 12 14 
12 15 16 



SYSTEM 26 
1 2 8 
1 11 12 
2 7 17 
2 14 16 
3 9 14 
4 7 9 
4 16 17 
5 10 17 
6 9 10 
7 15 '" 
B 12 17 
9 17 18 

13 14 15 

1 2 
1 9 
2 
2 12 
3 12 
4 7 
4 17 
5 10 
6 B 
7 

8 9 
10 12 
13 14 

17 
15 
16 
15 
18 'I< 

10 
18 
16 
17 
18 
10 
17 
17 

Order 18, intersection numbers 3 and 7. 
1 6 13 1 7 18 
1 14 17 1 15 16 
2 9 15 2 10 12 
3 4 15 3 7 10 
3 12 18 'I< 3 13 17 
4 8 13 4 10 18 
5 6 15 5 7 14 
5 11 18 5 13 16 
6 11 17 6 12 14 
7 11 16 '" 7 12 13 
8 14 18 9 11 13 

10 13 14 10 15 16 
15 17 18 

1 6 16 
1 10 11 
2 9 14 
348 
3 13 15 
4 11 12 
5 6 11 
5 14 15 
6 9 12 
7 8 15 
8 11 14 

11 12 
15 16 18 

1 7 13 
1 14 18 
2 10 13 
3 9 11 
3 17 
4 14 
5 7 12 
5 17 18 
6 10 15 
7 9 17 
9 10 

11 15 17 

1 
2 
2 
3 
4 
4 

5 
6 
6 

9 
11 

1 
2 
2 
3 
4 
4 

6 
6 
7 
9 

12 

9 
3 

13 
8 
5 

11 
8 
7 

16 
10 
12 
12 

10 
11 
18 
16 
12 
14 

9 
8 

18 
11 
16 
15 

8 12 
3 7 

11 18 
10 14 

5 9 
15 16 

8 13 
7 14 

13 18 
11 16 
13 16 
14 16 

For the following two systems, in addition to the four triples listed at 
the beginning of the appendix, the following four triples should be added. 

7 8 10 7 9 11 8 11 12 9 10 12 
Again, there are 4 disjoint triples that are mutually balanced with these 
four triples, so each system now produces 3 intersection numbers 

SYSTEM 27. 
1 2 14 
1 10 18 
2 7 8 
2 13 16 
3 10 15 
4 8 15 
4 12 14 
5 11 15 
6 9 16 
7 12 18 
9 13 14 

14 15 16 

Order 18, intersection numbers 0,4 and 8. 
1 6 8 1 7 13 
1 11 17 
2 9 17 
3 4 17 
3 11 16 
4 9 18 
5 6 14 
5 12 17 
6 10 13 
7 15 16 

10 14 17 
16 17 18 

195 

1 12 16 
2 10 11 
3 7 14 
3 12 13 
4 10 16 
5 8 16 
5 13 18 
6 11 12 
8 13 14 

11 14 18 

1 9 15 
2 3 18 
2 12 15 
3 8 9 
4 5 7 
4 11 13 
5 9 10 
6 7 17 
6 15 18 
8 17 18 

13 15 17 



2 11 
1 10 15 
2 7 18 
2 13 14 
3 9 10 
478 
4. 17 
5 11 14 

8 
7 13 14 

10 11 13 
12 15 16 

SYSTEM 28. 
1 17 
1 10 16 
2 7 15 
2 11 
3 10 13 
4 7 18 
4 

10 15 
13 15 

17 

1 8 
1 11 14 
2 16 

18 
3 11 
4 7 16 
4. 17 
5 11 16 
6 9 
7 12 14 
8 15 17 

12 16 18 

1 6 9 
1 12 14 
2 8 15 
3 4. 11 
3 13 16 
4. 9 13 
5 6 15 

12 13 
6 10 16 
8 16 17 

10 14 18 
13 15 18 

1 7 16 
1 17 18 
2 9 16 
3 7 15 
3 14 17 
4. 12 18 
5 7 17 
5 16 18 
6 11 18 
9 14 15 

11 12 17 

Order 18, intersection numbers 5 and 
7 1 6 18 1 

1 11 15 1 12 13 
9 18 
7 17 

14 16 
11 

2 8 13 2 

3 4. 8 * 3 
11 18 3 

4 9 10 4 
5 6 15 5 7 1.2 

13 18 
10 11 
16 

5 14 5 
6 9 6 
8 14 8 

11 13 17 12 15 16 
14 17 18 

1 6 12 
1 15 16 
2 10 13 

4. 
3 12 

9 15 
5 6 10 
5 12 15 
6 11 18 
7 
9 13 

13 14 15 

1 7 
1 17 
2 11 12 
3 14 
3 16 17 
4 10 14 
5 7 8 
5 13 14 
6 13 17 
8 13 16 

10 11 17 

SYSTEM 29. Order 17, intersection number 0 
1 2 8 1 2 12 1 6 7 
1 10 11 
2 7 17 
3 7 12 

14 15 
10 17 

5 8 17 
6 8 15 
6 12 17 

11 14 17 

1 13 15 
9 13 

9 
4 5 9 
4. 11 15 
5 10 13 
6 9 16 
7 13 14 

12 15 16 

196 

1 16 17 
2 10 15 
3 10 16 
4. 7 16 
4. 12 13 
5 11 16 
6 10 14 
8 13 16 

1 8 13 
3 12 

2 10 
3 8 18 
4. 5 10 
4. 14 16 
5 S 9 
6 7 12 
6 13 17 
9 17 18 

11 15 16 

1 

3 
4. 
4. 
5 
6 
6 
9 

12 

10 
9 

13 
8 
7 

12 
16 
17 

14 
12 
14 
15 
16 
14 

16 
14 
17 
IS 

1 10 
237 
2 14 17 
3 10 18 
4 5 18 
4. 11 13 
5 9 17 
6 7 15 
6 14 16 
8 14 18 

10 15 16 

1 9 14 
2 3 11 
2 14 16 
3 13 17 
4. 8 14 
5 7 15 
5 12 14 
6 11 13 
9 15 17 



1 2 15 1 2 7 1 6 12 1 8 14 
1 9 13 1 10 17 1 11 16 2 3 8 
2 9 16 2 10 11 2 12 13 2 14 17 
3 7 16 3 9 17 3 10 13 3 11 15 
3 12 14 4 5 10 4 7 14 4 8 9 
4 11 13 4 12 17 4 15 16 5 7 13 
5 8 15 5 9 14 5 11 17 5 12 16 
6 7 17 6 8 13 6 9 15 6 10 16 
6 11 14 7 12 15 8 16 17 10 14 15 

13 14 16 13 15 17 

SYSTEM 30. Order 17, intersection number 1. 
1 2 11 1 2 17 1 6 7 1 8 16 
1 9 15 1 10 13 1 12 14 2 3 12 
2 7 14 2 8 15 2 9 13 2 10 16 
3 7 13 3 8 9 * 3 10 17 3 11 15 
3 14 16 4 5 9 4 7 16 4 8 13 
4 10 15 4 11 14 4 12 17 5 7 12 
5 8 17 5 10 14 5 11 13 5 15 16 
6 8 14 6 9 16 6 10 11 6 12 15 
6 13 17 7 15 17 9 14 17 11 16 17 

12 13 16 13 14 15 

1 2 15 1 2 10 1 6 8 1 7 17 
1 9 14 1 11 13 1 12 16 2 3 13 
2 7 12 2 8 17 2 9 16 2 11 14 
3 7 14 3 8 9 * 3 10 16 3 11 17 
3 12 15 4 5 12 4 7 15 4 8 16 
4 9 13 4 10 11 4 14 17 5 7 13 
5 8 14 5 9 15 5 10 17 5 11 16 
6 7 16 6 9 17 6 10 13 6 11 15 
6 12 14 8 13 15 10 14 15 12 13 17 

13 14 16 15 16 17 

197 




