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latin square for any r' E N \ {r }. 

hand or computer, strong critical sets of minimum 
nOn-lS01110Tnitnc reduced latin squares of order less than or 

of order 6. These latin squares have been taken from 
129 onwards. We summarise our results in Table 

the numbering system listed by Denes and Keedwell 
latin squares. This numbering system is based on the 

,<:n,,-r1i',rrHl1<:rn classes of the latin squares and in detail on pages 128 
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and 129 of [3]. These numbers are listed as the class and are given 
in column two of Table 1. of critical sets of minimum cardinality 
for each latin square are in the Appendix. 

TABLE 

Order 

2 

3 

4 

5 

6 

STRONG CRITICAL SETS FOR LATIN SQUARES 

Class 

1.1.1 

1.1.1 

1.1.1 
2.1.1 

1.1.1 
2.1.1 

2.1.4 
2.1.5 

1.1.1 
3.1.1 
4.1.1 

Minimum N umber of non-isomorphic strong 
critical sets of minimum "o.._'-'''LL'' ...... " 

1 1 

2 1 

6 
7 
7 
7 
7 
7 

9 
>9 
>9 

1 
1 

1 

1 

Let L be a latin square in which rows and columns are indexed by 
N = {O, 1, ... , n - I}, with n > 1. L said to be a back circulant latin square, 
if the entry in position (i,j) is the i + j(modulo n). Curran and van Ree!> 
[2] showed that the cardinality of a minimal critical set, for a back circulant latin 
square, is less than or equal to n 2 /4, if n is even, and less t han or equal to (n 2 -1) /4, 
if n is odd. 

Lemma 1 and van Rees 

(1) A back circulant latin square, of even order, is the only latin square which 
contains the set C = {(i +j,i,j) I j = n/2,n/2 + 1, ... ,n -1 i and 
i=O,1, ... ,n/2-1}U{(n i+j,n i,j) Ij i,i+1, ... ,n/2-1 
and i 1,2, ... , n/2 I}, where addition of the first component is taken 
modulo n. The cardinality of this set is n 2 /4. 

(2) A back circulant latin square, of odd order, is the only latin square which 
contains the set C = {(i + j,i,j) I j (n + 1)/2, (n + 1)/2 + 1, ... ,n-
1-i andi = O,1, ... ,(n-1)/2-1}U{(n i+j,n-i,j) Ij =i,i+ 
1, ... , (n - 1)/2 and i = 1,2, ... , (n -1)/2}, where addition of the first 
component is taken modulo n. The cardinality of this set is (n 2 

- 1)/4. 
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and van condition (1) of the 
definition of and n even on show that 

(2) any proper subset of this must be con-
tained in two different latin squares. their out that for 

C we have entry and (i + + and 
III + of where addition is taken 

modulo n. i,j)} contained in L. it is also contained in 
a latin square L' which has entry x and (i + n/2,j n/2), 
and entry III + and (i + where addition take modulo 
n. Hence 1S fact what Curran and van Rees have shown that 
C minimal critical verified in Theorem 3. We go on to show that for n 

the set C satisfies condition 

Lemma Let L 
i 1,. r} be 
minimal critical 

latin square with minimal critical set A. Let S 
set of latin subsllu,~.rf~S which L and let Ci denote 
for for each i 1, for i 1, .. , T, then 

back circulant latin 

L COl1tams 

h~rl11l'1rp~ of 
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z = x + (n + 1)/2(modulo n). That is, L contains subarrays of the form: 

x 

y z 
y z 

y z 
y z 

x. 

A subarray of this type can be replaced by a subarray of the form: entry x in 
positions (i,j + (n + 1)/2) and (i + (n 1)/2,j), entry y in positions (i,j) and 
(i + a,j + (n + 1)/2 -- s) for s 1, ... , (n --1)/2, and entry z in positions (i + 
(n 1)/2,j+(n+l)/2) and (i+.s,j+(n-1)/2-s) for s 1, .. ,,(n-3)/2. 
That is, it can be replaced by a subarray of the form: 

y 

z y 
x y 

z x 
z y 

z. 

The result will be a latin square L' which differs from L in the positions listed 
above. If we take the set given by Curran and van Rees in Lemma 1, part (2), and 
take any subset of size (n2 - 1) /4 -- 1, then there are at least two latin squares L 
and L' which contain this subset. That is, if we remove element x in position (i,j), 
then we can the subset to at least two latin squares each of which has 
one of the subarrays given above. 0 

Lemma 2 also allows us to establish lower bounds for the cardinality of mini-
mal critical sets for infinitely many latin squares. For the latin square 

the elementary abelian 2-group of order 8 

1 2 3 4 5 6 7 8 
2 1 4 3 6 5 8 7 
3 4 1 2 7 8 5 6 
4 3 2 1 8 7 6 5 
5 6 7 8 1 2 3 4 
6 5 8 7 2 1 4 3 
7 8 5 6 3 4 1 2 
8 7 6 5 4 3 2 1 
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can be into four latin subsquares of order 4. The cardinality of the 
minimal critical set for latin squares of order 4, isomorphic to these latin subsquares) 
is 5. By Lemma 2, the cardinality for the minimal critical set of this latin square 
of order eight is greater than or equal to 20. We state the following more general 
theorem. 

Theorem 4. The size of the minimal critical set for the latin square representing 
tile abelian of order 211., for n ;::: 2, is greater than or equal to 5.2211.-4. 

Acknowledgement. The authors wish to thank Kathryn McClaren for her assis­
tance and expertise with the computer programs. 

APPENDIX. 
The following are examples of strong critical sets of minimum cardinaltiy for 

the latin squares listed in Table 1. 

Latin square of order 2 

1 2 
2 1 

Latin squares of order 4 

1 2 3 4 
2 1 4 3 
3 4 1 2 
4 3 2 1 

Latin squares of order 5 

1 2 3 4 
3 4 5 

3 4 5 1 
4 5 1 2 
5 1 2 3 

1 2 3 4 
2 1 4 5 

5 1 2 
4 3 5 1 
5 4 2 3 

1 * 
* * 

1 2 * * 
* * 4 * 
* * * 2 

* 3 * * 

5 
1 
2 
3 
4 

5 
3 
4 
2 
1 

Latin square of order 3 

1 2 
2 * 

123 
231 
312 

1 2 3 4 
2 3 4 1 
3 4 1 2 
4 1 2 3 

* * * 
* * * 

* * * * * 
* * * * 3 
* * * 3 4 

12* * * 
* * 45* 

3 * * * * 
* * 51* 
* * * * * 

1 2 * * * 
* * 4 * * 
* * * 2 * 
4 * 5 * * 
* * * 3 * 

118 

1 * * 
* * * 
* * 2 

12* * 
2 * * * 
* * * * 
* * * 3 

12* * * 
* * 4 5 * 
3 * * * * 
* * 5 * * 
* * * * 1 



1 2 4 1 

2 1 5 3 4 * * 
3 4 2 5 1 *' 4 * 4 * 
4 5 1 2 3 * 3 
5 3 1 * * * 2 * * * 

1 * 3 * 
1 4 

3 * 
* 

* * 

3 5 1 * * * 1 2 * * 
4 5 3 * * 5 * * * 4 5 * 
5 1 * * 1 * * 5 2 * 
1 3 2 * * * * * * * * 
2 1 4 * * * * * * 3 * * * 

1 2 * * * 
* * * 5 3 

* 4 * * * 
* * * 3 * 
* * 2 * * 
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2 1 2 * * * 1 2 * * * 
2 3 4 5 1 2 * * * * * * 4 5 * 
3 5 1 4 * * * 1 * 3 * * * * 
4 1 5 3 2 * * 5 3 * * * 5 * * 
5 4 1 2 3 * * * * 3 * * * 2 * 

1 2 * * * 
* * * 5 * 
* * * * 
4 1 * * 
* * * 2 3 

Latin square of order 6 

1 2 3 4 5 6 1 2 3 * * * 
2 3 4 5 6 1 2 3 * * * 
3 4 5 6 1 2 3 * * * * * 
4 5 6 1 2 3 * * * * * * 
5 6 1 2 3 4 * * * * * 4 
6 1 3 4 5 * * * * 5 
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