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Abstract

The induced path number p(G) of a graph G is defined as the minimum
number of subsets into which the vertex set V(G) of G can be partitioned
such that each subset induces a path. In this paper we determine p(G)
for G = K, x K,. In addition we show that if G = C,, x C,, then
p(G) < 3.

1 Introduction

We generally use the notation and terminology of [7].

Let S C V(G). The subgraph of G induced by S, denoted (S), is the graph having
vertex set S and edge set those edges of G having both endpoints in S. For a
graph G, the induced path number p(G) is defined by Chartrand et al. in [6] as the
minimum number of subsets into which the vertex set V(G) of G can be partitioned
such that each subset induces a path. They investigated the induced path number
for bipartite graphs and presented formulas for the induced path number of complete
bipartite graphs and complete binary trees. They also determined the induced path
number of all trees and considered the induced path numbers of meshes, hypercubes
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Figure 1: Rows and columns of G

and butterflies. Broere, Jonck and Voigt in [5] and Broere and Jonck in [4] further
studied the induced path number of graphs.

In [1] an encompassing theory of partitions of the vertex set V(G) of a graph G is
discussed. The contents of this paper does not fit into the framework given in [1]
since the property “to be an induced path” is not hereditary. Nevertheless, the topic
studied in this paper has given rise to interesting results on notions that are typical
in [1], viz. uniquely partitionable graphs in [4] and critical graphs in [3].

The following results for paths, cycles, empty graphs and complete graphs are im-
mediate and take little or no explanation.

Observation 1 For the path on n vertices, p(P,) = 1.
Observation 2 For the cycle on n vertices, p(Cy) = 2.

Observation 3 For the complete graph on n vertices, p(K,) = [5]. In other words,
for any positive integer k, p(Ka) =k and p(Kapy1) = k + 1.

The cartesian product of two graphs G; and G, denoted G; x G2, has vertex set
V(Gl X Gg) = V(Gl) X V(Gz) and edge set E(Gl X Gg) = {(ul,U/z)(Ul,Uz) \ul =1
and usvy € E(Gs) or ug = ve and uivy € E(Gq)}.

In Figure 1 we indicate, with an example, what we mean by the rows and columns
of a graph of the form G = G; X G, in the sequel (with G; = K, and Gy = K3).

Note that in this case there is a complete graph K3 in every row and a complete
graph K, in every column.

For convenience sake, a vertex in row ¢ and column j is written as (4, ).

The following result is known for the cartesian product of paths P, x Py, for positive
integers d; and ds:
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Theorem 1 (Chartrand et al. [6]) The induced path number of the cartesian prod-
uct Py, X Py, is two for dy,dy > 2.

This result leads us to investigate the induced path number of some products of some

other graphs.

The results of this investigation are contained in the next two sections.

2 The induced path number of K,, X K,

Theorem 2 Suppose n > m. Then

5 if neven andn >m
p(Kpm x Kp) = ¢ 5+ ﬂ] if niseven andn=m
n—1

= —|—4[%-| if n is odd.

e |

Proof: For the proof of the first case we reason as follows:

Each row and each column of K, x K, induces a complete graph. Therefore, if we
want to partition the mn vertices of the graph K,, x K, in a number of induced
paths, we can choose at most two vertices per row and at most two vertices per
column. This means that we need at least 5o+ = ¢ partition classes in any partition

2m

of K,, x K,, into induced paths. Thus we have

p(Km x K;) >

NE

A partition of the mn vertices of K, X K, in § induced paths, each of order 2m, for
n > m, m odd; and for n > m, m even, is:

P:(1,n),(1,1),(2,1),(2,2),(3,2),(3,3),...,(m,m — 1), (m,m)
Py:(1,2),(1,3),(2,3),(2,4),...,(m,[m+ 1] modn), (m,[m + 2] mod n)

Pn:(1,n=3),(1,n-2),(2,n-1),(2,n),(3,n),(3,1),...,(mym —=3),(m,m —2)

Note that P; ends in the vertex in row m and column m. Also, every P; contains
two vertices from every row.

Therefore we also have that n
p(Km X K,) < 95

For n even and n > m, we conclude that

oKy x Kp) =

|3
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The proof of the second case:

Consider an induced path partition of the vertices of K,, x K, into V;,V,,..., V.
Suppose the set of vertices in a given row is denoted by R. We then consider the
non-zero numbers among Vi N R|, [VaN R|, ..., |V, N R| and we arrange them in
non-increasing order —the resulting sequence of positive numbers is called the form
of R. Note that the form of every row will be 2,2,...,2,1,1,...1 with an even
number of 1’s.

Among the forms of all the rows, let a be the minimum number of 1’s.

If @ = 0, then there are at least 7 paths as seen in the row with 0 1’s. Suppose
these § paths are longest paths (of order 2n — 1). Suppose further that there are
k rows in which these § paths end (not begin). Let e; be the number of endpoints

. . k
of the % paths in row 7; then & = > &

5 5 (k < %). In row i there are at least

[22s] —(ey 4+ +ei1+e+-+ep) =%—|%9| —2+e = [%] other paths.

Thus there are at least Y.F | [4] > [Zle %—‘ = [%] = [2] other paths in total.
Thus, " m

p(G) = 3 + [Z-‘ .

If a > 2, then there are at least ma 1’s and thus at least %* = %! > 7 paths of which

the vertices causing the 1’s are the beginning and end vertices. As in the proof of
a = 0, we can proceed to prove that there are at least {%] other paths. Thus,

m

w6 25+ (7]

A partition of the mn vertices of K, x K,, in 2+ [ 2] induced paths if m is a multiple
of 4 and if m is not a multiple of 4 is:

P:(m,1),(m-11),(m—1,2),(m—3,2),...,(2,n—2),(2,n—1),(L,n—1),
(1,n)

Py: (m—2,1),(m—=3,1),(m—=3,2),(m—4,2),...,(1,n—=2),(m,n—2),
(myn—1), (m—1n—-1),(m—1,n)

Pm :(2,1),(1,1),(1,2),(m,2),(m,3),(m - 1,3),...,(4,n —2),(4,n — 1),
(3,n—1),(3,n)

Pmyy:(m,n), (m—2,n)

P%+2 : (mf4,n),(m76,n)

P%Jr|—%-|_1 : (8,m), (6,n) if m is a multiple of 4, or (6,n), (4,n) if m is not a multiple
of 4
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Pﬂ+|—m-| : (4,n),(2,n) if m is a multiple of 4, or (2,n) if m is not a multiple of 4.
2 2
Both the paths P, with £ > 7 + 1 are indeed short, most having only two vertices.

Therefore we also have that

pEn x Ka) < 5+ [7].

So, for n even and n = m, we conclude that

pEom x Kn) = 2 + [%1 :

The proof of the third case:

The proof of this case is similar to the proof of the second case, except that the form
of every row will be 2,2,...,2,1,1,...,1 with an odd number of 1’s.

Hence there are at least ma 1’s in total and thus at least %* paths of which the
vertices causing the 1’s are the beginning and endvertices. But there are also 252

2
other paths as seen in a row containing a 1’s. Thus

n—a ma

G) >
pG) 2 —5 5
_ n—l—a+1+m+m(a—1)
N 2 2
n—1 m ma—m-—a+1
= 4+ -
2 2 2
n—1 m
> —.
- 2 2

Since p(G) is a positive integer, we have that

o222

A partition of the mn vertices of K,,, x K, into "T‘l + (%1 induced paths if m is odd
and m is even is:

P:(1,1),(2,1),(2,2),3,2),...,(mym—1), (m,m)
Py:(1,2),(1,3),(2,3),(2,4),...,(mn+1),(mm+2)ifm+1,m+2<n

or (1,2),(1,3),(2,3),(2,4),...,(m—=2,n),(m—1,n) if m+1>n and m is odd
or (1,2),(1,3),(2,3),(2,4),...,(m—1,n),(m,n) if m+1>n and m is even
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PnT—l (L,n—=3),(1,n—-2),(2,n—-2),(2,n—1),(3,n—1),(3,n),(4,n)
P"T*1+1 : (137”‘71):(7”‘:”)7(27”)
PnT-l+2 :(3,1),(4,1),(4,2),(5,2),...,(mym—=3),(m,m—2)

P"T*%(%]—l :(m—-2,1),(m—1,1),(m—1,2),(m,2),(m,3) if m is odd

or (m—3,1),(m—2,1),(m—=2,2),(m —1,2),(m—1,3),(m,3),(m,4) if m is even
Panl+(%-| : (m, 1) if m is odd

or (m—1,1),(m,1),(m,2) if m is even

Note that in the above argument for the lower bound for p(G) we took a = 1. That
it can be realized is seen by the partition above.

Therefore we also have that

p(Kmen)SnglJr[q.

Thus, for n odd, we conclude that

p(Kmen):"gle[T]

3 The induced path number of C,, X C,

The following two results by I. Broere and M.J. Dorfling [2] are based on Grinberg’s
ideas (in dual form). Consider 2-partitions of the vertex set of a graph, that is,
partitions into two subsets. Such subsets will be denoted by V; and V,, and the
number of edges between these sets will be denoted by e(V7, Vz). For such a partition
of a graph G, the number of vertices of V; which have degree ¢ in the graph G will
be denoted by f(3, ).

Theorem 3 If Vi,V is a 2-partition of G and there is a constant k such that e(V;) =
|V;| + k for j = 1,2, then

D (i =2)(f(i, 1) - f(5,2)) = 0.

i
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Proof: We have that

Si-2f61) = Y (degov—2)

i veVy

= 2e(Vi) + (i, Va) — 2|Vil
= 2|Vi| + 2k + e(V, Va) — 2|Vi]
= (Vi Vi) + 2

Similarly, Y (i —2)f(i,2) = e(Vi,V) + 2k.

i

We now use this theorem to prove

Corollary 1 If the graph G is regular of even degree 2n > 4 and of odd order, then
G does not have a 2-partition in subsets inducing acyclic subgraphs with the same
number of components.

Proof: If G has such a partition with ¢ components in each of the induced (acyclic)
subgraphs, then the equality e(V;) = |V;| — ¢ holds for ¢ = 1, 2; therefore the theorem
is applicable. But then (2n — 2)(f(2n,1) — f(2n,2)) = 0, implying that f(2n,1) =
f(2n,2) which is impossible since G is of odd order. d

We are now ready to consider the induced path number of C,, x C,,. Clearly m > 3
and n > 3.

Theorem 4 Suppose m and n are odd natural numbers. Then

p(Cr x Cp,) = 3.

Proof: Note that the graph C,, x C,, is 4-regular and has odd order. By Corollary 1
we have that

p(Cr x Cy) > 3. (4)

A partition of the mn vertices of C,, x C, in three induced paths if n = m and if
n > m is:

P (LY,...,(L,n—1),(2,n—1),(2,n),(3,n),(3,1),...,(3,n—3),(4,n—3),
(4,n-2), (5,n—2),(5,n—1),(5,n),(5,1),...,
.[gm:3,5),(m—2,5),...,(m—2,n),(m—2,1),(m—2,2),(m—1,2),(m—1,3)]
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or

[(m=3n—m+5),(m=2,n—m+5),....,(m—2,n—m+2),
m—1n—m+2),(m-1,n—m+3)]ifn>m

(
P2:(2 1) (2n 2),(3,n72),(3,n71),(4,n71),(4,n),(4,1),...,
(4,n — ),(5,71— 4), (5,n—3),(6,n—3),...,(6,n),(6,1),...,

[§m 3,3),(m—=2,3),(m—2,4),(m-1,4),...,(m—=1,n),(m—1,1),(m,1)]

=m
or

[(m—=3n—m+3),(m—2,n—m+4),(m—1,n—m+4),...,(m—1,n),
(m—1,1),(m,1),..., (myn—m)]if n>m

Py:(1,n),(myn),..., [(m,2)]ifn=m
or [(1,n),(m,n),...,(myn—m+1),(m—1,n—m+1),...,(m—12)]ifn>m
Thus

p(C x Cy) < 3. (B)

By (A) and (B) we have that p(Cy, x Cy,) = 3. O

Theorem 5 Suppose a,k € N, n =4a and m = 2a(2k — 1) + 1. Then
p(Cry x C) =2

Proof: Clearly p(Cp, x Cy) > 2

A partition of the mn vertices of C,, x C,, in this case in two induced paths, is:

P (L1, (1,2),(2,8),...,2n-1),3n-1),(3,n),(3,1),(3,2),(4,2),
LS4 +1), (5,241 ,...,(5,n),(6,n),...,(m—2,1),(m—2,2),(m—1,2),

m—l,%—i—l), m,%—i—l), ooy (mym)

Py (L241),...,(1,

(4,n-2),(4,n—1),(4,n

(m —2,n — 2),..., (
o (m, 3)

This pattern can be stopped after the completion of the 2a + 1*" row or the 6a +

row etc. to form a 2-partition of Cyy 11 X Cyy , Cher1 X Cyq ete. respectively.

Thus p(Cm x Cp) < 2. O

—

1th 1th

Theorem 6 Suppose m,n € N, m is odd, n is even and n > m. Then

P(Cr x Cp) <3



INDUCED PATH NUMBER OF THE CARTESIAN PRODUCT 11

Proof: We can partition the mn vertices of C,, x C,, in three induced paths similar
to the partition in the proof of Theorem 4 for the case n > m. ]

Conjecture 1 Suppose m, n € N, m is odd, n is even and n > m. Suppose also
that C,, x C,, is not one of the cases considered in Theorem 5. Then

p(Cr x Cp,) = 3.

Theorem 7 Suppose m,n € N, m is even and n > m. Then

p(Cr, x Cp) < 3.

Proof: A partition of the mn vertices of C,, x C, in three induced paths is:

P (LY,...,(L,n—1),(2,n—1),(2,n),(3,n),(3,1),...,(3,n—3),(4,n—3),
(4,n-2),(5,n—2),(5,n—-1),(5,n),(5,1),...,(m—3,n—m+3),
(m=2n—m+3),(m—-2n—m+4),(m—1,n—m+4),...,(m—1,n),
(m—-11),...,(m=—1,n—m+1)

P, : (2,1),...,(2,n—-2),(3,n—-2),(3,n—1),(4,n—1),(4,n),(4,1),
o, 4n—=4),(5n—4),
(5,n—-13),(6,n—3),...,(6,n),(6,1),...,(m=3,n—m+4),(m—3,n—m+15),
(m—=2n—m+5),...,(m—2,n),(m—2,1),...,(m—1,n—m+2),
(m—1,n—m+3),(mn—m+3),...,(mn—1)
P3:(l,n),(m,n),(m,l),(m,Z),...,(m,n—m+2) U

We conclude with the following.

Conjecture 2 Suppose m, n € N, m is even and n > m. Then

p(C, x Cp) = 3.
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