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Abstract

We complete the solution of the existence problem for generalized Bhaskar
Rao designs of block size 3 over groups of order 12. In particular we
prove that if G is a group of order 12 which is cyclic or dicyclic, then
a generalized Bhaskar Rao design, GBRD(v, 3, A = 12t; G) exists for all
v > 3 when t is even and for all v > 4 when t is odd.

1 Introduction

There are five groups of order 12. We denote the cyclic group of order n by C,,. The
abelian groups of order 12 are Ci5 and Cy x C3 x Cs. The non-abelian groups are
the dihedral group Dg, the alternating group A, and the dicyclic group Q.

The problem of the existence of generalized Bhaskar Rao designs of block size 3
over a group G means determining for which values of the parameters v, b, r, A there
exists a GBRD(v, b, 7,3, A\; G). A solution usually takes the form of a set of necessary
and sufficient conditions for v and A. We are interested in solving this problem for
all groups of sufficiently small order and for families of groups. Much work has been
done in the case when the group is abelian, and our particular interest is in the case
where the group is non-abelian.

The existence of generalized Bhaskar Rao designs of block size 3 over the abelian
group Cy x Cy x C3 has been settled by Seberry [16]. For the non-abelian groups
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D¢ and A4 the existence has been settled by Palmer and Seberry [13] and Combe,
Palmer, and Unger [3] respectively.

In this paper we consider the existence of generalized Bhaskar Rao designs of
block size 3 over the remaining groups of order 12: the cyclic group, Cjs, and the
dicyclic group, Q. In particular, we show that, if G is one of Ci5 or Qg, then a
GBRD(v,3, A = 12t; G) exists for v > 3 when ¢ is even and for v > 4 when ¢ is odd.

We consider the cyclic group Ciz to be be generated by ¢ with ¢!2 = 1. The
dicyclic group, Qg, can be generated by a and b subject to the defining relations
below. Note that the conditions a® = 1 and a® = b? also imply b* = 1.

a®=1,a®=0% ab=ba"'.

2 Bhaskar Rao designs

Definition 1. Let G be a finite group of order g, written multiplicatively, and let

0 ¢ G be a zero symbol. Let v > k. We define a generalized Bhaskar Rao design

GBRD(v,b,1,k, A\;G) to be a v x b matrix each entry of which is either 0 or an

element of G such that:

1. each row has exactly r group element entries and exactly b — r zeroes;

2. each column has exactly k group element entries and exactly v — k zeroes;

3. for each pair of distinct rows (x1,Za, ..., 2) and (y1,ys,. .., ys) consider the
columns in which both rows have non-zero entries. The list

xzyz_17:1a2aaba l’@féo, yz#oa

contains each element of the group A/g times.

We note immediately that A =0 (mod ¢) and A <r <b.

If v > k, replacing the group element entries in a GBRD(v, b, 7, k, A; G) by 1 and
the other entries by 0, produces a (0, 1)-matrix which is an incidence matrix for a
balanced incomplete block design, BIBD(v, b, r, k, A). One method of constructing
GBRDs over a group is to take the incidence matrix of a BIBD or a matrix of
all 1s and to sign it over the group, that is to replace the the non-zero entries by
elements of the group so that the above conditions hold. It is well-known, see, for
example, Mathon and Rosa [10], that the five numbers v, b, r, k and \ for a balanced
incomplete block design, are not independent: they satisfy the relations bk = vr and
A(v—1) =r(k—1). For a generalized Bhaskar Rao design in which v = k, there are
no zero entries and b = r = A, so the relations: bk = vr and A(v — 1) = r(k — 1) still
hold. Thus it is usual to denote the GBRD(v,b,r, k, A\; G) by the shorter notation
GBRD(v, k, A\; G).

Note that if v = k, then a GBRD(v,k,\;G) is a (g,k,\/g) difference ma-
triz over G and gives a transversal design, TDy4(k,g). More generally, from a
GBRD(v, k, \; G) we can construct a group divisible design with v groups of size g
and index A/g. Small group divisible designs are used in experimental design and
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larger ones in recursive constructions of other designs such as balanced incomplete
block designs and pairwise balanced designs. For further details about difference
matrices, transversal designs, group divisible designs, and other types of designs the
reader is referred to Colbourn and Dinitz [2].

Example 2. A GBRD(3,24, 24, 3,24; C12), (a GBRD(3,3,24; C12)) is given below:

111111111111111111111111
1AEcd®l1 A el B b B ¢ et
1SN TR DS 1S A e SRS B T

In this example the number of columns, b = 24. There are no zero entries, and
each entry of the array is an element of C15. For the second and third rows, the list:
clt=c¢ (M) t=6, ..., (™! =8, contains each of the group elements
1, ¢, ..., c'! exactly twice.

Example 2 was constructed by applying Theorem 2.1 of [11] to a GBRD(3, 3, 3; C3)
and a GBRD(3, 3, 8; Cy) which appears in [4].

Some generalized Bhaskar Rao designs, for example a GBRD(11, 4, 6; Cs) shown
in Example 3, can be developed from a set of GBRD initial blocks. See, for example,
Seberry [14], and also Combe, Palmer and Unger [3].

Example 3. [6, Theorem 7.1.2] A set of GBRD initial blocks (mod 11, Cj) for a
GBRD(11,4, 6; C) is given below:

(017 11a 2[:a 31)a (017 1c2a 5c4a 703)a (Ola 1c3a4c47562)7
(0172627417765)7 (0172(:375178(12)'

3 Construction Theorems

Let v and X\ be positive integers and let K be a set of positive integers. A pairwise
balanced design, denoted by PBD(v; K; A), is an arrangement of the v elements of a
set X into a collection of (not necessarily distinct) subsets (called blocks) of X, for
which:

1. each pair of distinct elements of X appears together in exactly A blocks;
2. if a block contains exactly k elements of X then k& belongs to K.

A pairwise balanced design PBD(v; {k}; \), where K = {k} consists of exactly one
integer, is a BIBD(v, k, A). It is well-known, see, for example, Street and Wallis [17],
that a PBD(v — 1; {k,k — 1}; A) can be obtained from a BIBD(v, b, r, k, \).

From Bennett et al. [1, p. 206] we have:

Lemma 4. A PBD(v; K;1) exists when:

1. v>3 and K = {3,4,5,6,8};
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2 v>4and K = {4,5,6,7,8,9,10,11,12, 14,15, 18, 19, 23}.

We use extensively in this paper the following two corollaries to the construction
theorem in Combe, Palmer and Unger [3] and Palmer [12]. Note that Corollary 5,
based upon pairwise balanced designs, was first proved in de Launey and Seberry [5,
6], originally for generalized Bhaskar Rao designs over the group Z, and then for
generalized Bhaskar Rao designs over any finite group. Corollary 6 was first proved
in Palmer [11].

Corollary 5. Given a PBD(v; K;\), and for each k € K, a GBRD(k, j, 11; G), one
can construct a GBRD(v, j, \p; G).

Corollary 6. Suppose that N is a normal subgroup of a finite group G. Then, given a
GBRD(v, k,A\; G/N) and a GBRD(k, j, u; N) one can construct a GBRD(v, j, A\; G).

4 Existence result

In the following section let G be either the dicyclic group Qg or the cyclic group
Cha. Then the Sylow 2-subgroup of G is cyclic. Therefore, by Drake’s Theorem [7],
whenever ¢ is odd, there is no (12, 3,¢) difference matrix over G. Since the existence
of a GBRD(3,3,\ = 12t;G) is equivalent to the existence of a (12,3,t) difference
matrix over G we have the following:

Lemma 7. For G = Cy3 or Qg, there is no GBRD(3,3,\ = 12t;G) if t is odd.

For a GBRD(v, 3, A\; G) to exist there must exist a BIBD(v, 3, \).
From Hanani [9], a BIBD(v, 3, A) exists if and only if:
v > 3
Av—=1) = 0 (mod 2)
M(v—1) = 0 (mod 6).

These conditions together with the condition A = 0 (mod |G|) are described as
“BIBD conditions” as they are determined by the underlying block design and the
order of G. For \ = 12t the “BIBD conditions” impose no constraints.

The subgroup Cg is normal in G and the factor group G/Cj is cyclic of order 2.
Thus, by Gibbons and Mathon [8, Theorem 2], if a GBRD(v, 3, A\; G) exists then a
GBRD(v, 3, \; Cy) exists.

By [15] a GBRD(v, 3, A; Cy) exists if and only if

A = 0 (mod?2)
v > 3
M(v—1) = 0 (mod 24).

These conditions are described as “Cy conditions”. For A = 12¢, the “Cy condi-
tions” impose no constraints.

Combining the “Cjy conditions”, the “cyclic Sylow 2-subgroup condition” and
“BIBD conditions” we have:
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Lemma 8. Let G = Ciz or Qs. If a GBRD(v,3,\ = 12t;G) ewists then either:
v>4; orv =3 andt is even.

For u € {4,5,6,7,8,9,10,11,12,14,15, 18,19, 23}, we now construct the designs
GBRD(u, 3,12; G). Wherever there exist suitable GBRDs over normal subgroups of
G, we apply Corollary 6 to construct a GBRD(u, 3,12;G). For example, applying
Corollary 6, with a GBRD(11, 4, 6; Cs), whose initial blocks are shown in Exam-
ple 3, and a GBRD(4, 3, 2; Cy) (Seberry [15]), we can construct a GBRD(11, 3,12; G).
When, for a given u, suitable GBRDs over normal subgroups of G cannot be found,
we find a GBRD(u, 3, 12; G) directly by hand-calculation or by computer search. The
GBRDs whose initial blocks are exhibited in Examples 13, 14 and 15, were found
by hand-calculation. Examples 9, 10, 11 and 12, were found via computer searches
using Fortran.

Whence by Lemma 4 and Corollary 5 we construct the designs GBRD(v, 3,12; G)
for all v > 4.

Example 9. A set of initial blocks (mod 5, Qg) for a GBRD(5,3,12; Q) is given

below:
(017 117 2ba3)7 (Ob7 1(17 2(12)7 (017 1(1,47 2()(12)7 (017 1ba57 21))7
(017217417114)7 (0b72ba74ba3)7 (0172ba574ba3)7 (0172a74a4)~

Example 10. A set of initial blocks (mod 7, Qg) for a GBRD(8, 3,12; Q) is given
below:
(01,11, 202), (01, 1a2,245),  (01,21,4pa3), (01,242, 41),
(0p,44,11), (01,443, 1paa),  (0p, 142,51), (01, 1aa, Bpa2),
(017 1a, 3ba2)7 (017 1ba57 30,4)7 (017 11)7 001)7 (017 abs OO[;)7
((]1,2a,00a2)7 (01,2(1370017[12)7 (01,404700(14)7 (01,41,,00 5)

Example 11. A set of initial blocks (mod 11, Qg) for a GBRD(11, 3, 12; Q) is given
below:

(01, 1p, 4pa), (01,11, 243), (01,31, 1pas), (01, 342, 6pa),
(0paz, 9, 34), (05,91, 744),  (Opaz, 502, 9a2), (Op, 5a3, 1044),
(01,444,545),  (01,41,83), (01,143, 2p0), (01, 145,443),
(01,343,641), (01,302, 1pa), (01,9042, 7a5), (01, 9a; 3ba),
(017 Dpad s 1Oba)7 (01, Dbas 9a5)7 (017 4a2> Sb), (01, 4(157 5a3)-

Example 12. A set of initial blocks (mod 13, Q) for a GBRD(14, 3, 12; Q) is given
below:

(11,3505, 9at),  (Lpat, 3005, 9%), (242,644, 5505), (21, 6pas Dpaz),
(01, 1343,51), (01, 142, 2p43), (043,31, 21), (01, 3pas 644 ),
(Opat,91,645),  (0p,944,543),  (Opaz, Baz,6paz), (01, Bpaz, 101),
(01, 24, 543), (01, 242,41), (01, 6pas 2pq1), (01, 6pas, 12,),
(01,345,643), (01, 1pa2,001),  (Opa3, 90a; 5a2)s (01, 3pat, 0044),
(01> L5 2a), (01, 94, 0043), (01, 54, 00pa2 ), (01,24, 6ba3)>
(01, 242, 045),  (01,642,545), (01, 6pa5,0paa),  (01,544,2).
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Example 13. A set of initial blocks (mod 23, Qs) for the GBRD(23,3,12; Q) is
given below, where t = 1,...,5:

(01, (2t + 1)1, (22— ) ) (01, 1pg3, 2403 ) (017 1pes 72ba)
(01, (2t + 1)gz2, (22 — 28)pat), (01, Loa, 2pa5), (01,543, Ta3),
(01, (2t + 1)as, (22 — 28)pa2), (01,545, 7a), (01,54, 745),
( 1, (Qt)aa, (23 — 2t)pa3), (01, 13, llas) (01, a5, llas)
(01, (2t)as, (23 — 2t)pa), (01,343, 94), (01,34, 943),
(017( t) 7( 2t)baﬁ) (017 1a79(1°) (017 sy 11 )
(017 ats 1) (01,41,101),

Example 14. A set of initial blocks (mod 7, C12) for a GBRD(7,3,12; C45) is given
below:

(017 1176 )7 (017 cy 09)7 (017 8 )7

(01, 2.2, 5 ) (01, 2.6, 5511)> (017 2,10, 7)7

(01731a4t)a (017 cty 469)7 (01, s, 4 5)7

(01, 162,302) (017 6, 3610) (01, 1.0 366)

Example 15. A set of initial blocks (mod 23, Ci5) for a GBRD(23,3,12;C4s) is
given below, where t =1,...,5:

(01, (2t + 1)1, (22 — 2t),.), (01,13,23), (01, 1e7,201),
(01, (2t + 1)1, (22 — 2t) ), (01,101,2:7), (01,5.2,7e2),
(01, (2t + 1), (22— 2t)5), (01,506, Te10), (01,500, 7es),
(01, (2t)c2, (23 — 2t)2), (01,12,116), (01,1, 11.2),
(017 ( t)067 (23 - zt)cll), (017 382 901(]) (017 10, 9C2)
(01, (2t>cl()7 (23 — 2t)67), (01, 1.0 9C(>) (017 R 11c10)
(01, 4.,81), (01,44,104).

Lemma 16. Let G = Cyy or Q. If u € {4,6,7,9,10,12,15,18,19} then
a GBRD(u,3,12;G) exists.

Proof. A GBRD(3,3,3;C3) exists. For u € {4,6,7,9,10,12,15,18,19} there exists a
GBRD(u, 3,4; Cy) (de Launey and Seberry [4]). In G there is a normal subgroup of
order 3. Thus, for all u € {4,6,7,9,10, 12,15, 18,19}, using a GBRD(v, 3, 4; Cy) and
a GBRD(3, 3, 3; C3), we can construct a GBRD(v, 3,12; G) by applying Corollary 6.

1

Lemma 17. Ifu € {5,8,11,14,23} then a GBRD(u,3,12; C12) exists.

Proof. For u € {5,8}, a GBRD(u,4,3;C3) exists from de Launey and Seberry 6,
Lemma 5.1.4 and Theorem 5.1.5]. A GBRD(4, 3, 4; Cy) exists by de Launey et al.
[4]. The cyclic group Cia contains a normal subgroup isomorphic to Cy. Thus, for
u € {5,8}, we can apply Corollary 6 to construct a GBRD(u, 3, 12; Ci2).

A GBRD(11,4,6; Cs) exists and a GBRD(14, 4, 6; Cy) exists (de Launey and Se-
berry [6, Theorem 7.1.2]). In particular, a GBRD(11,4,6;Cs) is exhibited in Ex-
ample 3. A GBRD(4, 3,2; C,) exists (Seberry [15]). The subgroup Cg <0 C12 so on
applying Corollary 6 we construct GBRD(11, 3,12; Cy5) and GBRD(14, 3,12; C15).

A GBRD(23,3,12; C42) is exhibited in Example 15. O
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Lemma 18. Ifu € {5,8,11,14,23} then a GBRD(u,3,12;Qg) exists.
Proof. The required designs are shown in Examples 9, 10, 11, 12 and 13. d

Note that the general subgroup constructions, via Corollary 6, used extensively
in proving Lemma 17 are not available in proving Lemma 18 as, for example, Qg
does not have a normal C4 subgroup. So, in this case, we are forced to treat each
u € {5,8,11, 14,23} on an ad hoc basis.

Theorem 19. Let G = Ci5 or Qs. When v >4 a GBRD(v,3,12;G) exists.

Proof. For all v > 4, we can construct a GBRD(v, 3,12; C15) by applying Lemmas 4,
16 and 17, together with Corollary 5. Likewise we can construct a GBRD(v, 3,12; Q).
O

Example 20. A GBRD(3, 3,24; Q) is given below:

1 1111111111 111111111 1 111
1 a a*a® a* a® b ba®ba*badba® ba 1 a a® a® a* a® b ba® ba* ba® ba? ba
bad ba® ba b ba® ba*ba® ba*ba® b ba ba’la’a*a®a® a a a® a® a* &° 1

We are now able to prove our main theorem:

Theorem 21. Let G = C3 or Q. A GBRD(v,3,12t;G) exists for all v > 3 when
t is even; and for all v > 4 when t is odd.

Proof. For v > 4, a GBRD(v, 3,12; G) exists by Theorem 19; if ¢ > 1, take ¢ copies of
this design. For v = 3, a GBRD(3, 3, 24; C12) and a GBRD(3, 3, 24; Q) are exhibited
in Examples 2 and 20. If ¢ > 2 is even, a GBRD(3, 3, 12¢; G) can be obtained by tak-
ing t/2 copies of one of these two designs. For v = 3 and ¢ odd, no GBRD(v, 3, 12t; G)
exists by the ‘cyclic Sylow 2-subgroup condition’ in Lemma 7. Ol
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