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Abstract

An identity of F.H. Jackson is used to derive general bilateral summa-
tion formulae for q-series which unifies several generalizations of Gasper’s
bibasic summation formula with different independent bases, and we also
obtain the dual formula for the different generalization related to Gasper’s
formula.

1 Introduction

Gasper [4] showed that some bibasic summation formulae derived by Carlitz [2], Al-
Salam and Verma [1], and Wm. Gosper could be extended to the following indefinite
bibasic summation formula:

Theorem 1. If n is a non-negative integer, then

n∑
k=0

(1 − apkqk)(1 − bpk/qk)

(1 − a)(1 − b)

(a, b; p)k(c, a/bc; q)k

(q, aq/b; q)k(ap/c, bcp; p)k

qk(1)

=
(ap, bp; p)n(cq, aq/bc; q)n

(q, aq/b; q)n(ap/c, bcp; p)n

,

where p and q are independent bases and a, b, c are arbitrary parameters.

He used it for obtaining quadratic and cubic summation and transformations formu-
lae for q-hypergeometric series. A little later Gasper and Rahman [5] obtained the
following bilateral extension of Gasper’s bibasic summation formula (1) by using a
difference operator.

∗ Current address: Department of Control Engineering, Shandong University at Weihai, Weihai,
264200.
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Theorem 2. If m, n are non-negative integers, then

n∑
k=−m

(1 − adpkqk)(1 − bpk/dqk)

(1 − ad)(1 − b/d)

(a, b; p)k(c, ad2/bc; q)k

(dq, adq/b; q)k(adp/c, bcp/d; p)k

qk(2)

=
(1 − a)(1 − b)(1 − c)(1 − ad2/bc)

d(1 − ad)(1 − b/d)(1 − c/d)(1 − ad/bc)

·{ (ap, bp; p)n(cq, ad2q/bc; q)n

(dq, adq/b; q)n(adp/c, bcp/d; p)n

qn

−(c/ad, d/bc; p)m+1(1/d, b/ad; q)m+1

(1/c, bc/ad2; q)m+1(1/a, 1/b; p)m+1

}

where n, m = 0,±1,±2, . . . .

They use this formula to derive some rather general summation and transformation
formulae. It should be noted that in (2) and elsewhere we employ the standard
convention of defining

n∑
k=m

ak =




am + am+1 + · · · + an, m ≤ n,
0, m = n + 1,
−(an+1 + an+2 + · · · + am−1), m ≥ n + 2.

(3)

Jain and Verma [8] also used the difference operator to obtain a summation
formula involving three independent bases:

Theorem 3. If m, n are non-negative integers, then

n∑
k=−m

(c − d)(1 − cypkP kβ/d)(1 − yP kq−k/d)(1 − pkq−kβ/d)

(1 − β)(1 − c)(1 − y)(1 − cyβ/d2)
(4)

(β; p)k(c; q)k(y; P )k(cyβ/d2; pP/q)kq
k

(dq; q)k(cpβ/d; p)k(yβ/d · pP/q; pP/q)k(cyP/d; P )k

=

{
(1/d; q)m+1(d/cβ; p)m+1(d/yβ; pP/q)m+1(d/cy; P )m+1

(1/β; p)m+1(1/c; q)m+1(1/y; P )m+1(d2/cyβ; pP/q)m+1

− (pβ; p)n(cq; q)n(yP ; P )n(cyβ/d2 · pP/q; pP/q)n

(dq; q)n(cpβ/d; p)n(yβ/d · pP/q)n(cyP/d; P )n

}
.

When P = q, (4) reduces to the summation formula (2).
Chu [3] obtained a generalization of Gasper-Rahman’s formula (2) (after suitably

renaming the sequences so as to remove redundant sequences).

Theorem 4. If m, n are non-negative integers, then

n∑
k=−m

(1 − αakbk)(bk − ak

αd
)

(1 − αa0b0)(b0 − a0

αd
)

k−1∏
j=0

[(1 − aj)(1 − aj

d
)(1 − cbj)(1 − α2d

c
bj)]

k∏
j=1

[(1 − αbj)(1 − αaj

c
)(1 − αdbj)(1 − c

dα
aj)]

(5)
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=
(1 − a0)(1 − a0

d
)(1 − b0c)(1 − α2d

c
b0)

α(1 − αa0b0)(1 − c
α
)(b0 − a0

dα
)(1 − αd

c
)

·



n∏
j=1


 (1 − aj)(1 − aj

d
)(1 − cbj)(1 − α2d

c
bj)

(1 − αbj)(1 − αaj

c
)(1 − αdbj)(1 − c

dα
aj)




−
0∏

j=−m

[
(1 − αbj)(1 − αaj

c
)(1 − αdbj)(1 − c

dα
aj)

(1 − aj)(1 − aj

d
)(1 − cbj)(1 − α2d

c
bj)

]


where 〈aj〉 and 〈bj〉 are arbitrary sequences such that none of the terms in the de-
nominators vanish.

This reduces to the formula (2) on setting ak = apk, bk = qk and replacing α and d
by d and a/b, respectively.

Recently, Subbarao and Verma [9] obtained a generalization of Chu’s summa-
tion formula (5) involving four arbitrary sequences which is also obtained by using
difference operator.

Theorem 5. If m, n are non-negative integers, then

n∑
k=−m

(1 − ukvkwkzk)(1 − wkzk

ukvk
)(1 − vkzk

ukwk
)(1 − ukzk

wkvk
)

(1 − u0v0w0z0)(1 − w0z0

u0v0
)(1 − v0z0

u0w0
)(1 − u0z0

w0v0
)

(6)

×
k−1∏
j=0

[(1 − u2
j)(1 − v2

j )(1 − w2
j )(1 − z2

j )]
ukvkwk

zk

k∏
j=1

[(1 − vjwjzj

uj
)(1 − ujwjzj

vj
)(1 − ujvjzj

wj
)(1 − ujvjwj

zj
)]

=
(1 − u2

0)(1 − v2
0)(1 − w2

0)(1 − z2
0)

(1 − u0v0w0z0)(1 − w0z0

u0v0
)(1 − v0z0

u0w0
)(1 − u0z0

w0v0
)

×



n∏
j=1


 (1 − u2

j)(1 − v2
j )(1 − w2

j )(1 − z2
j )]

(1 − vjwjzj

uj
)(1 − ujwjzj

vj
)(1 − ujvjzj

wj
)(1 − ujvjwj

zj
)




−
0∏

j=−m


(1 − vjwjzj

uj
)(1 − ujwjzj

vj
)(1 − ujvjzj

wj
)(1 − ujvjwj

zj
)

(1 − u2
j)(1 − v2

j )(1 − w2
j )(1 − z2

j )






where 〈uk〉, 〈vk〉,〈wk〉, 〈zk〉 are arbitrary sequences such that none of the terms in
denominators vanish and m, n are non-negative integers.

The authors observed that the proofs of (1)–(6) are mainly obtained by means
of difference operators and the sticking point is how to obtain the closed form of
difference of two consecutive terms of a sequence. We find that we can use F.H.
Jackson’s identity [7] as our starting point for getting the summation formula. The
identity is:

1 − a(1 − b)(1 − c)(1 − d)(1 − a2bcd)

(1 − ab)(1 − ac)(1 − ad)(1 − abcd)
=

(1 − a)(1 − abc)(1 − abd)(1 − acd)

(1 − ab)(1 − ac)(1 − ad)(1 − abcd)
.(7)
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In fact, as Jackson pointed out, this identity is the instance n = q = 1 of his q-
analogue of Dougall’s theorem [7]. Jackson’s identity also can be written in another
form:

1 − (1 − a)(1 − abc)(1 − abd)(1 − acd)

(1 − ab)(1 − ac)(1 − ad)(1 − abcd)
=

a(1 − b)(1 − c)(1 − d)(1 − a2bcd)

(1 − ab)(1 − ac)(1 − ad)(1 − abcd)
.(8)

If one summation formula is derived from (7), the summation formula derived from
(8) is called its dual summation formula, and vice versa.

In this paper we will use (7) or (8) to derive a generalization of Subbarao and
Verma’s summation formula (6) which generalizes Chu’s summation formula (5) in-
volving four arbitrary sequences and other general bilateral summations in Section 2.
Subsequently, in Section 3, we shall exhibit the dual formulae for the above men-
tioned identities.

2 Unified formulae

We begin this section by giving two applications of Jackson’s identity (7).

Theorem 6. If 〈ak〉, 〈bk〉,〈ck〉, 〈dk〉 are arbitrary sequences such that none of the
terms in denominators vanish and m, n are non-negative integers, then

n∑
k=−m

ak(1 − bk)(1 − ck)(1 − dk)(1 − a2
kbkckdk)

(1 − b0)(1 − c0)(1 − d0)(1 − a2
0b0c0d0)

×
k−1∏
j=0

[(1 − aj)(1 − ajbjcj)(1 − ajbjdj)(1 − ajcjdj)]

k∏
j=1

[(1 − ajbj)(1 − ajcj)(1 − ajdj)(1 − ajbjcjdj)]
(9)

=
(1 − a0)(1 − a0b0c0)(1 − a0b0d0)(1 − a0c0d0)

(1 − b0)(1 − c0)(1 − d0)(1 − a2
0b0c0d0)

×



0∏
j=−m

[
(1 − ajbj)(1 − ajcj)(1 − ajdj)(1 − ajbjcjdj)]

(1 − aj)(1 − ajbjcj)(1 − ajbjdj)(1 − ajcjdj)

]

−
n∏

j=1

[
(1 − aj)(1 − ajbjcj)(1 − ajbjdj)(1 − ajcjdj)

(1 − ajbj)(1 − ajcj)(1 − ajdj)(1 − ajbjcjdj)

]
 .

Proof. Let

sn =

n∏
j=1

(1 − aj)(1 − ajbjcj)(1 − ajbjdj)(1 − ajcjdj)

n∏
j=1

(1 − ajbj)(1 − ajcj)(1 − ajdj)(1 − ajbjcjdj)

for n = 0,±1,±2, . . . , and define the difference operator ∆ by

∆sn = sn − sn−1.
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Then

∆sk = sk − sk−1

=

k−1∏
j=1

(1 − aj)(1 − ajbjcj)(1 − ajbjdj)(1 − ajcjdj)

k−1∏
j=1

(1 − ajbj)(1 − ajcj)(1 − ajdj)(1 − ajbjcjdj)

×
{

(1 − ak)(1 − akbkck)(1 − akbkdk)(1 − akckdk)

(1 − akbk)(1 − akck)(1 − akdk)(1 − akbkckdk)
− 1

}
.

Now summing with respect to k from −m to n, and using the fact that
n∑

k=−m
∆sk =

sn − s−m−1 and keeping in mind (8), we get (9) on simplification.
It should be noticed that (9) is (6) when aj , bj, cj , dj are replaced by z2

j , wjvj/ujzj,
wjuj/vjzj, ujvj/wjzj, respectively.

Similarly, if we let

sn =

n∏
j=1

aj(1 − bj)(1 − cj)(1 − dj)(1 − a2
jbjcjdj)

n∏
j=1

(1 − ajbj)(1 − ajcj)(1 − ajdj)(1 − ajbjcjdj)

where n = 0, 1, . . . , and use (7), we can get the dual summation formula of (9), that
is:

Theorem 7. If 〈ak〉, 〈bk〉,〈ck〉, 〈dk〉 are arbitrary sequences such that none of the
terms in denominators vanish and m, n are non-negative integers, then

n∑
k=−m

(1 − ak)(1 − akbkck)(1 − akbkdk)(1 − akckdk)

(1 − a0)(1 − a0b0c0)(1 − a0b0d0)(1 − a0c0d0)

×
k−1∏
j=0

[aj(1 − bj)(1 − cj)(1 − dj)(1 − a2
jbjcjdj)]

k∏
j=1

[(1 − ajbj)(1 − ajcj)(1 − ajdj)(1 − ajbjcjdj)]
(10)

=
a0(1 − b0)(1 − c0)(1 − d0)(1 − a2

0b0c0d0)

(1 − a0)(1 − a0b0c0)(1 − a0b0d0)(1 − a0c0d0)

×



0∏
j=−m

[
(1 − ajbj)(1 − ajcj)(1 − ajdj)(1 − ajbjcjdj)

aj(1 − bj)(1 − cj)(1 − dj)(1 − a2
jbjcjdj)

]

−
n∏

j=1

[
aj(1 − bj)(1 − cj)(1 − dj)(1 − a2

jbjcjdj)

(1 − ajbj)(1 − ajcj)(1 − ajdj)(1 − ajbjcjdj)

]
 .

By setting

aj = abcQ2j , bj =
d

abc

P jqj

pjQj
, cj =

P jpj

bqjQj
, dj =

pjqj

cP jQj

in (10), we get a summation formula:



300 YUSEN ZHANG AND TIANMING WANG

n∑
k=−m

(1 − abcQ2k)(1 − ap2k)( b
d
− P 2k)( c

d
− q2k)

(1 − abc)(1 − a)( b
d
− 1)( c

d
− 1)

(11)

× (abc
d

; pQ
Pq

)k(b;
qQ
pP

)k(c;
PQ
pq

)k(ad; pqPQ)k(
Q

pqP
)k

(d qPQ
p

; qPQ
p

)k(acpPQ
q

; pPQ
q

)k(abpqQ
P

; pqQ
P

)k(
bc
d

Q
pqP

; Q
pqP

)k

=
(1 − abc

d
)(1 − ad)(1 − b)(1 − c)

(1 − abc)(d − ad)(1 − b
d
)(1 − c

d
)

×



(abc
d

pQ
Pq

; pQ
Pq

)n(b qQ
pP

; qQ
pP

)n(cPQ
pq

; PQ
pq

)n(adpqPQ; pqPQ)n

(d qPQ
p

; qPQ
p

)n(acpPQ
q

; pPQ
q

)n(abpqQ
P

; pqQ
P

)n( bc
d

Q
pqP

; Q
pqP

)n

− ( 1
d
; qPQ

p
)m+1(

1
ac

; pPQ
q

)m+1(
1
ab

; pqQ
P

)m+1(
d
bc

; Q
pqP

)m+1

( d
abc

; pQ
Pq

)m+1(
1
b
; qQ

pP
)m+1(

1
c
; PQ

pq
)m+1(

1
ad

; pqPQ)m+1


 .

Letting m = 0, c = ( pq
PQ

)n in (11), we have:

Corollary 1. If n is a non-negative integer, then

n∑
k=0

(1 − ab( pq
PQ

)nQ2k)(1 − ap2k)(b − dP 2k)(( pq
PQ

)n − dq2k)

(1 − ab( pq
PQ

)n)(1 − a)(b − d)(( pq
PQ

)n − d)
(12)

× (ab
d
( pq

PQ
)n; pQ

Pq
)k(b;

qQ
pP

)k((
pq
PQ

)n; PQ
pq

)k(ad; pqPQ)k(
Q

pqP
)k

(d qPQ
p

; qPQ
p

)k(a( pq
PQ

)n pPQ
q

; pPQ
q

)k(abpqQ
P

; pqQ
P

)k(
b
d
( pq

PQ
)n Q

pqP
; Q

pqP
)k

=
(1 − ad)(1 − d)(a − (PQ

pq
)n)(b − d(PQ

pq
)n)

(1 − a)(b − d)(ab − (PQ
pq

)n)(1 − d(PQ
pq

)n)
,

which is the generalization of (2.8) in [5].
By setting m = 0, d = 1 in (11), then we obtain

n∑
k=0

(1 − abcQ2k)(bP−k − P k)(p−k − apk)(cq−k − qk)

(1 − abc)(1 − b)(1 − a)(1 − c)
(13)

× (abc; pQ
Pq

)k(b;
qQ
pP

)k(c;
PQ
pq

)k(a; pqPQ)kQ
k

( qPQ
p

; qPQ
p

)k(acpPQ
q

; pPQ
q

)k(abpqQ
P

; pqQ
P

)k(bc
Q

pqP
; Q

pqP
)k

=
(abcpQ

Pq
; pQ

Pq
)n(b qQ

pP
; qQ

pP
)n(cPQ

pq
; PQ

pq
)n(apqPQ; pqPQ)n

( qPQ
p

; qPQ
p

)n(acpPQ
q

; pPQ
q

)n(abpqQ
P

; pqQ
P

)n(bc Q
pqP

; Q
pqP

)n

.

Letting c = ( pq
PQ

)n, then we have:

Corollary 2. If n is a non-negative integer, then
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n∑
k=0

(1 − ab( pq
PQ

)nQ2k)(bP−k − P k)(p−k − apk)(( pq
PQ

)nq−k − qk)

(1 − ab( pq
PQ

)n)(1 − b)(1 − a)(1 − ( pq
PQ

)n)
(14)

× (ab( pq
PQ

)n; pQ
Pq

)k(b;
qQ
pP

)k((
pq
PQ

)n; PQ
pq

)k(a; pqPQ)kQ
k

( qPQ
p

; qPQ
p

)k(a( pq
PQ

)n pPQ
q

; pPQ
q

)k(abpqQ
P

; pqQ
P

)k(b(
pq
PQ

)n Q
pqP

; Q
pqP

)k

= δn,0

which is the generalization of (2.3) in [4].
If we let

sn =

n∏
j=1

(1 − aj)(1 − bj)(1 − cj)(1 − E2 ajcj

bj
)

n∏
j=1

(1 − Eaj)(1 − bj

E
)(1 − Ecj)(1 − E

ajcj

bj
)

where n = 0, 1, . . . , and E is a complex parameter, by using (8), then we obtain the
generalization of Jain-Verma summation formula (4).

Theorem 8. If m, n are non-negative integers, then

n∑
k=−m

ak(1 − E)(1 − bk

akE
)(1 − ckE

bk
)(1 − akckE)

(1 − a0)(1 − b0)(1 − c0)(1 − E2a0c0
b0

)

×
k−1∏
j=0

[(1 − aj)(1 − bj)(1 − cj)(1 − E2ajcj

bj
)]

k∏
j=1

[(1 − Eaj)(1 − bj

E
)(1 − Ecj)(1 − Eajcj

bj
)]

(15)

=




0∏
j=−m


(1 − Eaj)(1 − bj

E
)(1 − Ecj)(1 − Eajcj

bj
)

(1 − aj)(1 − bj)(1 − cj)(1 − E2ajcj

bj
)




−
n∏

j=1


 (1 − aj)(1 − bj)(1 − cj)(1 − E2ajcj

bj
)

(1 − Eaj)(1 − bj

E
)(1 − Ecj)(1 − Eajcj

bj
)





 .

If in (15) we replace E, aj, bj , cj by c/d, βpj , cqj, yP j, respectively, we obtain Jain-
Verma’s summation formula (4), which in turn incorporates (2) and (1) as special
cases.

3 Dual formulae

Let us now give the dual formula of (15).

Theorem 9. If m, n are non-negative integers, then

n∑
k=−m

(1 − ak)(1 − bk)(1 − ck)(1 − E2 akck

bk
)

a0(1 − b0
a0E

)(1 − c0E
b0

)(1 − a0c0E)
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×
(1 − E)k−1

k−1∏
j=0

[aj(1 − bj

ajE
)(1 − cjE

bj
)(1 − ajcjE)]

k∏
j=1

[(1 − Eaj)(1 − bj

E
)(1 − Ecj)(1 − Eajcj

bj
)]

(16)

=




0∏
j=−m


 (1 − Eaj)(1 − bj

E
)(1 − Ecj)(1 − Eajcj

bj
)

aj(1 − E)(1 − bj

ajE
)(1 − cjE

bj
)(1 − ajcjE)




−
n∏

j=1


aj(1 − E)(1 − bj

ajE
)(1 − cjE

bj
)(1 − ajcjE))

(1 − Eaj)(1 − bj

E
)(1 − Ecj)(1 − Eajcj

bj
)




 .

Proof. Set

sn =

n∏
j=1

aj(1 − E)(1 − bj

ajE
)(1 − cjE

bj
)(1 − ajcjE)

n∏
j=1

(1 − Eaj)(1 − bj

E
)(1 − Ecj)(1 − E

ajcj

bj
)

;

by a similar method as in the proof of (9), we can obtain the result.
Summation formula (16), on setting E = c/d and replacing aj, bj , cj by βpj , cqj,

yP j, respectively, reduces to the dual summation formula of (4), which is:

Corollary 3. If m, n are non-negative integers, then

n∑
k=−m

(1 − βpk)(1 − cqk)(1 − yP k)(1 − βyc
d2

pkP k

qk )

(1 − d
β
)(1 − y

d
)(1 − βyc

d
)

×(β − βc
d

)k−1p(
k
2)( d

β
; q

p
)k(

y
d
; P

q
)k(

βyc
d

; pP )k

( cβ
d
p; p)k(dq; q)k(

cy
d
P ; P )k(

βy
d

pP
q

; pP
q

)k

(17)

=
( d

cβ
; p)m+1(

1
d
; q)m+1(

d
cy

; P )m+1(
d
βy

; pP
q

)m+1

(β − βc
d

)m+1p−(m+1
2 )(β

d
; q

p
)m+1(

d
y
; P

q
)m+1(

d
βyc

; pP )m+1

−(β − βc
d

)np(
n+1

2 )( d
β

q
p
; q

p
)n(y

d
P
q
; P

q
)n(βyc

d
pP ; pP )n

( cβ
d
p; p)n(dq; q)n( cy

d
P ; P )n(

βy
d

pP
q

; pP
q

)n

.

By setting P = q, β = b, y = ad2

bc
in (17), we get the dual formula of the Gasper-

Rahman’s bibasic summation formula (2), which is:

Corollary 4. If m, n are non-negative integers, then

n∑
k=−m

(1 − bpk)(1 − cqk)(1 − ad2

bc
qk)(1 − apk)

(1 − d
b
)(1 − ad

bc
)(1 − ad)

×(b − bc
d
)k−1p(

k
2)(d

b
; q

p
)k(1 − ad

bc
)k(ad; pq)k

( cb
d
p; p)k(dq; q)k(

ad
b
q; q)k(

ad
c
p; p)k

(18)

=
( d

cb
; p)m+1(

1
d
; q)m+1(

b
ad

; q)m+1(
c
ad

; p)m+1

(b − bc
d
)m+1p−(m+1

2 )( b
d
; q

p
)m+1(1 − bc

ad
)m+1( 1

ad
; pq)m+1
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−(b − bc
d
)np(

n+1
2 )(d

b
q
p
; q

p
)n(1 − ad

bc
)n(adpq; pq)n

( cb
d
p; p)n(dq; q)n(ad

b
q; q)n(ad

c
p; p)n

.

From the formula (18), we can see the dual formula of the bibasic summation formula
(2) has four dependent bases. If we let p = 1, then we can get the bilateral summation
formula

n∑
k=−m

(1 − a)(1 − b)(1 − cqk)(1 − ad2

bc
qk)

(1 − ad)(b − d)(1 − c
d
)(1 − ad

bc
)

× (d − c)k(cb − ad)k(d
b
; q)k(ad; q)k

(d − cb)k(c − ad)k(dq; q)k(
ad
b
q; q)k

(19)

=
(bcd − d2)m+1(c − ad)m+1( 1

d
; q)m+1(

b
ad

; q)m+1

(b2cd − b2c2)m+1(bc − ad)m+1( b
d
; q)m+1(

1
ad

; q)m+1

−(d − c)n(cb − ad)n(d
b
q; q)n(adq; q)n

(d − cb)n(c − ad)n(dq; q)n(ad
b
q; q)n

.

When m = 0 and d = 1, (18) reduces to the following dual formula of Gasper’s
formula (1).

Corollary 5. If n is a non-negative integer, then

n∑
k=0

(1 − apk)(1 − bpk)(1 − cqk)(1 − a
bc

qk)

(1 − a)(1 − b)(1 − a
bc

)

×(1 − c)k−1(b − a
c
)kp(

k
2)(1

b
; q

p
)k(a; pq)k

(q; q)k(
a
b
q; q)k(cbp; p)k(

a
c
p; p)k

(20)

=
(1 − c)n(b − a

c
)np(

n+1
2 )(1

b
q
p
; q

p
)n(apq; pq)n

(q; q)n(a
b
q; q)n(cbp; p)n(a

c
p; p)n

.

By setting p = 1 and replacing 1/b by b in (20), we can get an interesting formula:

n∑
k=0

(1 − cqk)(1 − ab
c
qk)

(1 − c)(1 − ab
c
)

(1 − c)k(c − ab)k(b; q)k(a; q)k

(b − c)k(c − a)k(q; q)k(abq; q)k

(21)

=
(1 − c)n(c − ab)n(bq; q)n(aq; q)n

(b − c)n(c − a)n(q; q)n(abq; q)n

.
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