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Abstract

A collection C' of distinct 3-element subsets of the set S = {1,2,...,n}
is called an identifying system of the quadruples of S, if every 4-element
subset of S contains at least one of the triples in C', and moreover, no
two 4-element subsets of S contain exactly the same triples of C. We
consider the minimal possible cardinality of such a system, and show, in
particular, that for n = 6,7 and 8, the minimal cardinalities are 8, 14
and 26, respectively.

1 Introduction and basics
We consider the problem of identifying m-tuples by k-tuples from [8].

Definition 1 A collection C of distinct k-element subsets of S = {1,2,...,n} is
called a system of k-tuples identifying the m-tuples of S, where k < m, if every
m-element subset of S contains at least one of the k-tuples in C', and moreover, no
two m-element subsets of S contain exactly the same k-tuples of C'. The k-tuples
i C are called blocks. The minimum cardinality of such a system is denoted by

W(n,k,m).

In this paper we only consider triple systems identifying the quadruples of S,
i.e., the case k = 3, m = 4, and show that the minimum cardinalities in such triple
systems for n = 4,5,6,7,8 are 1,4,8, 14, 26.

It is often convenient to use the expression that a quadruple gets a vote from a
triple if the triple is contained in the quadruple.

It is often convenient to illustrate the triples by their incidence vectors: the
incidence vector of the triple {h,%,j} is the binary vector of length n with 1’s in
coordinates h, i and j, and zeros elsewhere. Our problem is in this way related to

* Research supported by the Academy of Finland under grant 44002.

Australasian Journal of Combinatorics 25(2002), pp.303-316



the following problem in coding theory. Denote by IFy the binary alphabet {0,1}
and by d(x,y) the Hamming distance between x and y, i.e., the number of coor-
dinates in which x and y disagree. The number of 1’s in x is called the weight of
x. Any nonempty subset C' of IFj is called a binary code of length n. Karpovsky,
Chakrabarty and Levitin [9] consider the following set-up: Assume that 2" processors
are arranged in the nodes of the binary n-dimensional hypercube. Any chosen pro-
cessor can check itself and all the nodes within Hamming distance r, and reports YES
if no problems are detected and NO, otherwise. We want to have a code C consisting
of some of the nodes in the hypercube such that when those processors are chosen
and perform the checking process described, then based on the YES/NO answers —
assuming that at most one of the processors in the hypercube is malfunctioning —
we can uniquely identify the malfunctioning processor, or know that everything is
fine. In other words, we consider codes that satisfy the following definition, where

B,(x) ={y € IF; | d(y,x) <r}.

Definition 2 A binary code C' of length n is called r-identifying (where r < n) if
the sets B,(x) N C, x € IF}, are nonempty and different.

For this problem, we also refer to [1], [2], [7], [8], [10], [11], [12]. Instead of the
binary hypercubes, the same problem can be considered for other graphs, see, e.g.,
9, (3], [4], [5).

Our topic is a corresponding problem for constant weight codes, where all the
codewords have the same weight. The case k = 2, m = 3 has been used in construct-
ing identifying codes and amounts to finding a subgraph of the complete graph K,
with girth at least 5 and as many edges as possible; see [8].

Let S ={1,2,...,n}. A permutation o of the set S is called an automorphism
of C'if C = {{o(h),0(i),0(j)} : {h,i,j} € C}. A system of triples identifying the
quadruples of S is called cyclic, if it has 0 = (123...n) as an automorphism. If a is
any subset of S, we call all the sets o®(a), i = 1,2,...,n, its conjugates. Of course,
a conjugacy class, consisting of a set and its conjugates, may contain fewer than n
sets.

Our topic is related to the Turan problem, cf., e.g., [6], in which it is required
that every m-tuple contains at least one of the k-tuples in the system.

Theorem 1

n(n—1)(n—3)

n(Tn?~2Tn+18) ifn=0 (mod 3)
12 :

54
n— ’".2* 7 . j—

<Wi(n,3,4) < % ifn=1 (mod 3)
% ifn=2 (mod 3).

Proof Assume that C' is a system of K triples identifying the quadruples of the set

S ={1,2,...,n}. There can be at most K quadruples that only get one vote, and
all the others need at least two. Each triple gives n — 3 votes and therefore

K~1+<<Z>K>-2§K-(n3),
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giving the lower bound.

Take as blocks all the triples {h,4,j} such that at least two of h, ¢ and j are
congruent modulo 3 (cf., e.g., [6, p. 260]). We are taking all the triples except n®/27
ifn=0 (mod3), (n—1>2n+2)/27ifn=1 (mod 3) and (n — 2)(n + 1)2/27 if
n=2 (mod 3).

Given any quadruple, {g,h,7,j}, at least two of its elements, say g and h are
congruent modulo 3, and then {g,h,i} and {g,h,j} are blocks. A quadruple is
uniquely determined by any two triples voting for it. O

2 The cases n =4,5,6,7

The case n = 4 is of course trivial: any nonempty subset of the triples identifies the
unique quadruple. The case n = 5 is also easy to deal with.

Theorem 2 The smallest system of triples identifying the quadruples of the set S =
{1,2,3,4,5} has four blocks.

In fact, there are three essentially different such systems. After a suitable per-
mutation of the elements of S the system is as in one of the following arrays:

11100 11100 11100
11010 11001 11010
10110 10110 10011
01110 01110 01101

This is in fact evident: a quadruple not containing an element ¢ gets a vote from all
the rows of the array with 0 in the i-th column and only from them; therefore each
column must contain at least one 0, and all the columns must be different. The fact
that each row must contain exactly two 0’s leaves only the above three possibilities,
with four, three and two columns with only a single 0, respectively. The lower bound
follows from Theorem 1.

Theorem 3 The smallest system of triples identifying the quadruples of S = {1,2,3,
4,5,6} has eight blocks. Apart from a permutation of the elements of S, such a system
is unique, and can be made cyclic.

Proof By Theorem 1, at least eight blocks are needed.

One easily checks that the cyclic system {1,3,5}, {2,4,6}, {1,2,4}, {2,3,5},
{3,4,6}, {4,5,1}, {5,6,2}, {6, 1,3} is as required (the verification can be found in
Figure 1).

We need to prove the uniqueness. Assume that C'is a system of triples identifying
the quadruples of S and that C has eight blocks.

1) Every element of S is contained in exactly four triples of C: otherwise, since
all in all the elements of S appear 24 times in C, there is an element ¢ of S which is
contained in more than four blocks, and the three or fewer blocks not containing 4
should identify all the 4-subsets of S\ {i}, which is not possible by Theorem 2.
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2) Every pair {i,j}, i # j, of elements of S must be contained in at least one
block: otherwise each triple contains either ¢ or j (since ¢ appears in exactly four
triples and so does j), and consequently the quadruple S\ {7, j} cannot contain any
of them.

3) No pair {7,5}, i # j, of elements of S is contained in four blocks: otherwise,
if u,v,w € S\ {4,5}, then the quadruples {u,v,w,i} and {u,v,w,j} cannot be
separated.

4) No pair {i,j}, ¢ # j, of elements of S, is contained in three blocks: Assume
without loss of generality that i =1, j = 2, and that {1, 2,3}, {1,2,4}, {1,2,5} are
in C. The one remaining triple that contains 1 and the one remaining triple that
contains 2 must both contain the element 6; otherwise (since 6 is anyway contained
in exactly four blocks) the pair {1,6} or {2,6} does not belong to any block, contrary
to 2). But now the quadruples {1,3,4,5} and {2,3,4,5} cannot be separated.

A trivial counting argument now shows that there is a pair, say {1,2}, which is
contained in a unique block, and since every element of S is contained in exactly
four blocks, there is a block, say {4,5,6} which contains neither 1 nor 2. By 3) and
4), we can threrefore assume that the incidence vectors look like

110
1 01
1 01
100
011100
011010
010 1
000111

where the last bit of the seventh row follows by applying 4) to the pair {1,6}.

By symmetry, we can assume that 4 belongs to the seventh block and 5 does not.
Then using 4) to {2,4} we see that 4 does not belong to the first block, and using
4) to {4,6} we see that 5 belongs to the fourth block, resulting in the array:

1100
1 01
1 01
1 00 1
011100
011010
010101
000111
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If now 4 belongs to the fourth block, we see that apart from the order of the second
and third rows there is a unique way of completing the array, which becomes

110001
101001
101010
100110
011100
011010
010101
000111

By swapping the first and fifth columns, and the second and sixth, we get our earlier
cyclic system

010011
011010
101010
100110
001101
101001
010101
110100

Assuming that 4 does not belong to the fourth block, we can complete the fourth
row and by symmetry also the fourth column (changing the roles of the second and
third block if necessary) as in the array below, and then the second row. Now the
remaining element of the first block is 5 and the remaining element of the third block
is 6, or the other way round. Applying 2) to {3,6}, we exclude the latter possibility,
and therefore C' must be

110010

101100

101001

100011

011100

011010

010101

000111
Rewriting the columns in the order 3, 6, 2, 1, 4, 5 again gives our original cyclic
system. O

Using the uniqueness part of the previous result we now get the uniqueness in
the case n = 7 almost for free!

We first construct a cyclic system with 14 blocks that identifies the quadruples
of the set {1,2,...,7}: Take as the blocks {1,2,4} and {1, 3,4} and all their cyclic
shifts. Using the incidence vectors, we take the conjugacy classes A and B represented
by

0 0O0|A
01 0|B

1101
1100
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and the following array shows how the members of the conjugacy classes of the
quadruples get votes from the conjugacy classes of the blocks:

111100 0|AB
11101004
1110010 B
110110 0|AB
1101010|AB

Since any two votes always uniquely identify the quadruple, we see that these 14
blocks form the required system.

Theorem 4 The smallest number of blocks in a system of triples identifying the
quadruples of S ={1,2,3,4,5,6,7} is 14. Apart from a permutation of the elements
of S, such a system is unique, and can be made cyclic.

Proof By Theorem 1, at least 14 blocks are required. We have already constructed
such a system. It suffices to prove the uniqueness.

By Theorem 3, every element of S appears in exactly six blocks. We can assume
that the blocks that do not contain the element 7 are as in Figure 1. Denote this
subset of eight blocks by D. From Figure 1 we see that there is a set U of 12
quadruples which do not get any votes from D, together requiring at least 6-1+6-2 =
18 votes, by the standard counting argument.

The 6-cycle 7 = (123456) is an automorphism of D. Since the pair {1,2} is
contained in a unique block of D, and {1,3} and {1,4} are contained in two each,
we can immediately deduce that all the six pairs {1, 2}, {2,3}, {3,4}, {4,5}, {5,6},
{6,1} are contained in a unique block of D; any other 2-subset of S = {1,2,...,6}
is contained in exactly two blocks of D. Therefore {7,1,2}, {7,2,3}, ..., {7,6,1}
give three votes to the quadruples of U, whereas any other triple containing 7 only
gives two votes. The only possibility is therefore to take the six triples which give
three votes each. )

Of course, the system given in Figure 1 is the same as our cyclic system con-
structed previously, after a suitable permutation of the elements of S. In particular,
there is a 7-cycle 7/, which is an automorphism of the system.

3 The case n =18

The nice structure of the unique system in the case n = 7 was quite special. Indeed,
Wwe can prove more:

Theorem 5 IfC is a system of 15 triples identifying the quadruples of S = {1,2, ...,
7}, then after a suitable permutation of the elements of S, C consists of the 14 blocks
of Figure 1 together with an arbitrary 15-th block.

Moreover, if we know that C contains the eight triples in Figure 1 not contain-
ing 7, together with seven triples containing 7, then C' contains all the 14 blocks in
Figure 1.
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Proof As 15-3 > 7 -6, there is an element of S that appears in at least seven
blocks. By Theorem 3, no element can appear in more than seven blocks, and we
can therefore without loss of generality assume that the element 7 appears in exactly
seven blocks. The eight blocks not containing 7 identify the quadruples contained in
{1,2,3,4,5,6}, and by Theorem 3, we can assume that after a suitable permutation
of S, the blocks not containing the element 7 are the blocks a—h in Figure 1. The
set D consisting of these eight blocks has 7 = (123456) as an automorphism. We
use the same argument as in the previous proof, and denote by P the set consisting
of {1,2}, {2,3}, {3,4}, {4,5}, {5,6}, {6,1} and by P the set of triples {i,j, 7} for
which {i,j} € P.

The remaining blocks in C' do not give any more votes to the quadruples that do
not contain 7: of 15 such quadruples, nine get two votes, and six get just one (namely
from ¢—h) as we see from Figure 1. Of the 20 quadruples containing the element 7,
the sets {1,3,5,7} and {2,4,6, 7} have already been taken care of, since {1,3,5,7}
(resp. {2,4,6,7}) is the only quadruple whose only vote comes from a = {1,3,5}
(resp. b = {2,4,6}). The six quadruples {1,2,4,7}, {2,3,5,7}, ..., {1,3,6,7} (also
of the form {h, 4,5} U{7}, {h,7,5} € D) simply need one more vote each.

Of the 20 quadruples containing the element 7, twelve get no votes from D. They
must together get at least 7- 1+ 5-2 = 17 votes, because there are only seven
blocks in C'\ D. From the previous proof we know that a triple {7,4, j} contributes
three votes if and only if {i,j} € P; all the other triples only contribute two votes.
Consequently, at least three of the triples in C'\ D must belong to P.

Assume first that there are ezactly three elements of P in C'\ D. In this case,
since 3-3+4-2 = 17, there are no extra votes, and therefore each of the 12 quadruples
that did not get any votes from D gets one or two votes. Using the automorphism 7
it suffices to check the following four cases.

Case 1 CNP = {{1,2,7},{2,3,7},{3,4,7}}: The quadruples {4,5,6,7} and
{5,6,7,1} have no votes so far. Since neither {4,5,7} nor {5,6,7} belongs to C
(and of course {4,5,6} ¢ C), we conclude that {4,6,7} — and similarly {5,7,1}
— must be in C'. The quadruples {2,4,5,7} and {3,5,6,7} have no votes yet and
{1,3,6,7} still requires one more vote. Hence one of the remaining two blocks in
C must give a vote to at least two of them. This is only possible using the triple
{3, 6, 7}, which must therefore belong to C. The quadruple {2,4, 5, 7} is still without
votes, and {2, 5,6, 7} needs one more, and hence {2, 5, 7} must be the last remaining
triple in C'. But the constructed system C' does not have the required property, e.g.,
{3,4,5,7} and {1,3,4,7} both have received just one vote and both of them from
{3,4,7}.

Case 2CNP = {{1,2,7},{2,3,7},{4,5,7} }: We immediately see that {1,5,7} €
C, because {1,5,6,7} must get a vote from it. The quadruple {1,3,4,7} has no
votes yet, and of course {3,4,7} ¢ C. However, if {1,3,7} € C, then one of the 12
quadruples that did not get any votes from D, namely {1, 2,3, 7} already gets three
votes, which cannot be the case. Consequently, {1,4,7} € C and this is the only
vote {1,3,4,7} gets. Consequently, {1,4, 6,7} must get one more vote from the two
remaining blocks. Since {1,6,7} is not in C, {4,6, 7} must be. But now there is no
quadruple among the twelve which would only be voted by {4,6, 7}, and hence we
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The quadruples and their votes
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Figure 1: The unique minimal system in the case n = 7.
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would again require at least 18 votes instead of 17.

Case 3CNP={{1,2,7},{2,3,7},{5,6,7}}: Now {3,4,5,7} needs a vote, and
therefore {3,5,7} € C. The quadruple {1,3,4, 7} has no votes yet, and we conclude
that {1,4,7} € C (again, {1, 3,7} € C implies that {1, 2, 3, 7} would get three votes);
and {1,3,4,7} gets its only vote from {1,4,7}. Consequently, {1,4,6,7} must get
another vote, and it must come from {4,6,7}. But now none of our 12 words gets
just one vote and that from {4, 6, 7}; consequently, at least 18 votes would again be
required.

Case 4 CNP = {{1,2,7},{3,4,7},{5,6,7}}: Among the 12 quadruples, only
three have not received any votes. Consequently, at least one of the remaining four
blocks in C has the property that there is no quadruple among the 12 which would
only get a vote from it.

Assume then that there are four triples of P in C'\ D. Using 7, it suffices to
check the following three cases.

Case 5 CNP = {{1,2,7},{2,3,7},{3,4,7},{4,5,7}}: We see that the quadruple
{1,5,6, 7} must get a vote from {1,5,7} € C. Now {3,5,6,7}, {1,4,6,7}, {2,5,6,7},
{1,3,6,7} all need at least one more vote. A triple gives a vote to two of them only if
the triple contains 6 together with 1, 3 or 5 (no triple gives a vote to more than two
of them), which implies that {1,6,7} or {5,6, 7}, which both belong to P, should be
a block, which is not the case.

Case 6 CNP = {{1,2,7},{2,3,7},{3,4,7},{5,6,7}}: Now {4,5,6,7} and
{1,5,6,7} have only one vote so far, namely from {5,6,7}. One of them must
get a second vote, and so {4,6,7} € C or {1,5,7} € C. If {4,6,7} € C, then the re-
maining two blocks in C should give at least one more vote to each of the quadruples
{2,4,5,7}, {1,4,5,7} and {1, 3,6, 7}, which is not possible because {4,5,7} ¢ C. In
the same way, if {1,5,7} € C, then the remaining two blocks in C should give at
least one vote to each of the quadruples {2,4,5,7}, {1,4,6,7} and {1, 3,6, 7}, which
is not possible since {1,6,7} ¢ C.

Case 7CNP = {{1,2,7},{2,3,7},{4,5,7},{5,6,7}}: The quadruples {3,4,6,7}
and {1,3,6,7} need one more vote each. If {3,6,7} ¢ C, then {1,3,7} € C and
{4,6,7} € C, but in this case {1,2,3,7} and {4,5,6,7} would already have three
votes each, and our total number of votes, namely 18 by the words in C'\ D to the
12 quadruples is not enough. Hence {3,6,7} € C. So far, {1,3,4,7} and {1,4,6,7}
have no votes, and therefore both the remaining blocks in C' must give a vote to at
least one of them. Hence the remaining blocks are among {1, 3,7}, {1,4, 7}, {4,6,7}.
But none of them can help to separate between {1,2,6,7} and {1,2,5,7}, both so
far being voted only by {1,2,7}.

Assume finally that there are five triples of P in C'\ D.

Case 8 CNP = {{1,2,7},{2,3,7},{3,4,7},{4,5,7},{5,6,7}}: At this stage,
{1,4,6,7} has no votes. Consequently, {1,4,7} € C or {4,6,7} € C. In both cases,
the last remaining block in C' should give one more vote to {1,3,6,7} and to either
{1,2,6,7} or {1,2,5,7}, which is impossible (because we know that {1,6,7} ¢ C).0

If C is a system of 15 triples identifying the quadruples of S = {1,2,...,7},
then the “superfluous” triple is easy to find: by the previous theorem it is the triple

311



{i,,k} where i, j and k are the three elements of S that belong to exactly seven
triples (all the other elements of S belong to exactly six).

Theorem 6 Assume that C is a system of at most 15 triples identifying the quadru-
ples of {1,2,...,7} and that C contains the eight blocks not containing 7 listed in
Figure 1. Then C contains all the blocks in Figure 1.

Proof In view of the previous proofs it suffices to consider the case where C' contains
the eight blocks not containing 7 in Figure 1 (the set of which we call D), one more
triple « which does not contain the element 7, and six triples which contain the
element 7.

Let P be as in the previous proof. There are at least 11 quadruples containing
7, which do not get any votes from the blocks not containing 7. The same counting
argument as in the previous proof shows that at least four of the six blocks in C' that
contain 7 must belong to P, and moreover, if there are exactly four elements of P in
C, then there is a quadruple, whose only vote comes from x.

Using the permutation 7, we see that there are only four cases to check.

Case 1 CNP = {{1,2,7},{2,3,7},{3,4,7},{4,5,7}}: From Figure 1 we see that
the quadruple {1,5,6,7} has no votes yet. Either {1,5,7} is in C or z = {1,5,6}
(but not both).

Assume first that {1,5,7} is in C. Then one of the quadruples {3,5,6,7} and
{1,4,6,7} gets a vote from = and the other from the one remaining triple in C,
which must belong to the set Ay = {{3,5,7},{3,6,7},{1,4,7},{4,6,7}}. To separate
between {4,5,6,7} and {2,4,5,7}, both only with the vote from {4, 5,7} so far, at
least one of the triples in Ay = {{4,6,7},{2,4,7},{2,5,7}} must be in C. The
remaining block must therefore be the only triple both in A; and As, namely {4, 6, 7}.
Then x = {3,5,6}. The resulting C' does not have the required property, though,
because the quadruples {1,2,3,6} and {1,3,6,7} are both only voted by {1,3,6}.

Assume then that # = {1,5,6}. To separate between {1,2,6,7} and {1,2,5,7}
(both only with a vote from {1,2,7} so far), at least one of the triples in By =
{{2,6,7},{1,5,7},{2,5,7}} must be in C. Because the quadruples {3,5,6, 7} (resp.
{1,4,6,7}) have no votes yet, at least one triple in By = {{3,5,7},{3,6,7}} (resp.
By = {{1,4,7},{4,6,7}}) must be in C. However, By, By and Bs are disjoint, and
we can only take two more triples to C.

Case 2CNP = {{1,2,7},{2,3,7},{3,4,7},{5,6,7}}: We know that z must vote
for either of the two quadruples {2,4, 5,7} or {1,4, 6, 7} with no votes so far (and then
x ={2,4,5} or {1,4,6} respectively), and the other one must be voted by a triple
containing 7, and therefore one of the triples in the set A, = {{2,4,7},{2,5,7},
{1,4,7},{4,6,7}} is in C. To separate between the quadruples {4,5,6,7} and
{1,5,6,7} with both only the vote from {5,6, 7} so far, at least one triple in Ay =
{{1,5,7},{4,6,7}} is in C. To separate between {1,2,6,7} and {1,2,5,7}, at least
one triple in Ay = {{2,6,7},{1,5,7},{2,5,7}} is in C, and to separate between
{1,3,4,7} and {3,4,5,7} at least one triple in A, = {{1,3,7},{1,4,7},{3,5,7}} is
in C. There are only two more blocks to choose. We cannot take {4,6, 7} from As, be-
cause {4,6,7} ¢ As, {4,6,7} ¢ Ay, and A3 and A, are disjoint. Hence {1,5,7} from
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Ay belongs to C'. Because {1,5,7} ¢ Ay, {1,5,7} ¢ Ay, and A; N Ay = {{1,4,7}},
the last block must be {1,4,7}. But now {4,5,6,7} and {3,5,6,7} only get a vote
from {5,6,7}.

Case 3 CNP = {{1,2,7},{2,3,7},{4,5,7},{5,6,7}}: We know that  must
vote for either of the two quadruples {1,3,4,7} and {1,4,6, 7} with no votes so far,
ie, x ={1,3,4} or z = {1,4,6}, and the other quadruple must get a vote from a
block containing 7. Therefore at least one triple in A; = {{1,3,7},{4,6,7}} must
be in C ({1,4,7} ¢ C: otherwise there is no quadruple whose only vote comes from
x). To separate between the quadruples {1,2,5,7} and {1,2,6,7} so far only voted
by {1,2,7}, at least one triple in the set As = {{2,6,7},{1,5,7}, {2,5,7}} must
be in C. To separate between the quadruples {3,4,5,7} and {2,4,5,7} so far only
voted by {4,5,7}, at least one triple in A5 = {{2,4,7}, {2,5,7},{3,5,7}} must be
in C. Finally, to separate between {2,3,6,7} and {2, 3,4, 7} with only the vote from
{2,3,7} so far, at least one of the triples in Ay = {{2,4,7},{2,6,7},{3,6,7}} is in
C'. Since A; and A;UA3U Ay are disjoint, we could only make it, if AoNAzN Ay # 0,
which is not the case.

Case 4 CNP = {{1,2,7},{2,3,7},{3,4,7},{4,5,7},{5,6, 7} }: Assume first
that © = {1,4,6}. The last remaining triple should separate between {1,2,5,7}
and {1,2,6,7} and simultaneously between {1,5,6,7} and {3,5,6, 7}, which is only
possible if the triple is {1,5,7}. However, {1,3,6,7} and {1,2,3,6} then only get
one vote, both from {1, 3,6}.

Assume therefore that = # {1,4,6}. The quadruple {1,4, 6,7} has not votes yet,
and therefore the last triple (other than x) must be {1,4,7} or {4,6,7}. In either
case, the unknown z should still separate between {1,5,6,7} and {3,5,6,7} and
simultaneously between {1,2,5,7} and {1, 2,6, 7}, which is impossible. O

Consider now the case n = 8. Take as the first 24 blocks the triples {1,2, 3},
{1,2,5}, {1,3,6} and their cyclic shifts. Using the incidence vectors, we take the
conjugacy classes A, B and C represented by

11 100000A
11001000 B
10100100|C

and it is easy to verify that all the members of the conjugacy classes of the quadruples
get votes from the conjugacy classes of the blocks as follows:

AA
AB
ABC
A

B
BB
C
BC
cc

s}
o
o

e e e e e e
O R O, OFOOO
O OO R EFEF OO F,OO

O R R P P = = = =
— O OO OO - =
— O, O, F~, OO
= _0 000k OO
DO OO OO o oo
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where AA means that each member of the conjugacy gets a vote from two members
of the conjugacy class A. Since two votes uniquely identify the quadruple, we see
that it only remains to take care of the two quadruples in the last conjugacy class,
and by taking, for instance, {1,3,5} and {2,4, 6}, as blocks, we get a system, which
clearly identifies all the quadruples of the set {1,2,...,8}.

Of course, there is no cyclic system with 26 blocks, because each conjugacy class
of the triples consists of exactly eight triples.

In fact, this is the best we can do.

Theorem 7 The smallest system of triples identifying the quadruples of S = {1,2,
..., 8} contains 26 blocks.

Proof Assume that C' would be such a system with only 25 blocks. By Theorem 4,
every element belongs to at most 11 blocks, and at least one element, say 8, belongs
to at least [25-3/8] = 10 blocks. Let E denote the set of blocks that contain 8 and
D the set of blocks that do not.

Assume first that |E| =11 and |D| = 14. Since 11 -2/7 > 3, there is an element
of {1,2,...,7} which belongs to at least four blocks of E. Without loss of generality,
this element is 7. Since the blocks of D form the unique triple system identifying the
quadruples of {1,2, ..., 7} we know that 1, 2, ..., 7 belong to exactly six blocks of D,
and the blocks not containing 7 form the unique system identifying the quadruples of
{1,2,...,6}, so without loss of generality these eight blocks are as in Figure 1, and
by Theorem 6, the whole D is as in Figure 1. Now the blocks of C' not containing
7 consist of at most seven blocks in F and eight blocks of D, and form a system
of at most 15 triples identifying the quadruples of the set {1,2,3,4,5,6,8}: and by
Theorem 6, {1,2,8}, {2,3,8}, {3,4,8}, {4,5,8}, {5,6,8} and {6,1,8} are all in F,
and there is at most one more block in F that does not contain both 7 and 8. So far,
the quadruples (cf. Figure 1) {1,3,5,7} and {1, 3,5, 8} only get a vote from {1, 3,5},
and {2,4,6,7} and {2,4, 6,8} only from {2, 4,6}, and one block cannot separate both
pairs (and the blocks containing both 7 and 8 do not help).

Assume therefore that |E| = 10 and |D| = 15. Without loss of generality, D
contains the 14 blocks in Figure 1.

We first show that it is not possible that an element of {1,2, ..., 7} would belong
to four or more blocks in F. Using the automorphism 7’ if necessary, we could then
assume 7 is an element which belongs to at least four blocks of E. The eight or nine
blocks of D not containing 7 together with the at most six blocks of E not containing
7 must form the triple system identifying the quadruples of the set {1,2,3,4,5,6,8}.
By Theorem 6, this implies that {1,2,8}, {2,3,8}, {3,4,8}, {4,5,8}, {5,6,8} and
{6,1,8} are in E. But as in the previous case, the one remaining block of D is not
enough: we cannot simultaneously separate between {1,3,5,7} and {1, 3,5,8} and
{2,4,6,7} and {2,4,6, 8}.

Hence every element of {1,2,...,7} belongs to at most three blocks in £ in other
words, one of them belongs to two blocks and all the others to three. By using the
automorphism 7’ if necessary, we can simultaneously assume that 7 belongs to three
blocks and that the fifteenth block in D contains 7. Again the seven blocks of F
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not containing 7 include {1,2,8}, {2,3,8}, {3,4,8}, {4,5,8}, {5,6,8} and {6,1,8}
by Theorem 6. This in turn means that the 22 blocks that do not contain both 7
and 8 only give votes to eight of the fifteen quadruples containing both 7 and 8,
leaving seven such quadruples so far without votes. The remaining three blocks, say
x, y, z (all containing both 7 and 8) are not enough: although the set {z,y, z} has
seven nonempty subsets, the whole set {z,y, z} is not available, because a quadruple
{7,8,i,7} can only get two votes from blocks of the form {7,8,h}. O

From the construction, we see that had it been allowed that (at most) one of the
quadruples gets no votes, 25 blocks would have been enough. This is the smallest
possible number of triples in this case: such a system can always be made to satisfy
our original definition by adding one suitable block. For n = 7, the answer would
still be 14, as shown by the trivial counting argument.
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comments.
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