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Abstract

A partial Latin square is premature if it has no completion, but it admits
a completion after removing any of its symbols. This type of partial Latin
square has been introduced by Brankovié¢, Hordk, Miller and Rosa [Ars
Combinatoria, to appear| where the authors showed that the number of
empty cells in an n X n premature latin square is at least 3n — 4. We
improve this lower bound to 7n/2 — o(n).

1 Introduction

A partial Latin square is an n X n array partially filled by symbols — numbers
from {1,2,...,n} — such that each row and each column contains each symbol at
most once. It is a (complete) Latin square if each cell of the array is filled by some
number. A partial Latin square is premature if it cannot be completed to a Latin
square, but such a completion exists after erasing the contents of any single one
of its cells. Premature partial Latin squares were introduced in [1]. The property
of being premature is quite close to that of being a critical set in a Latin square,
which has several interesting applications, e.g. in design theory, group theory, graph
theory or cryptography (a survey is given in [3]). However, as pointed out in [1],
investigation of premature Latin squares requires different techniques from the ones
used for critical sets. One of the natural problems, extensively studied in [1], is to
characterize the spectrum of the size of premature Latin squares. The question as
to how large a premature Latin square can be is of particular interest. The authors
have shown in [1] that the size of a maximal premature Latin square of order n is
asymptotic to n? while there are always at least 3n — 4 empty cells. They further
stated a conjecture, that there are always at least ns empty cells. Recently Brankovié
and Miller ([2]) showed that if a premature partial Latin square contains a row (or a
column) with n —1 full cells then it contains at least 4n — 10 empty cells. We present
here a slight improvement of the lower bound on the number of empty cells in any
premature partial Latin square to 7n/2 — o(n), being still far below the non-linear
conjecture.
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2 Preliminaries

We will denote [n] = {1,2,..,n} for n > 1. We will refer to the positions in an
n x n array partially filled by elements of [n] as cells and to entries in these cells as
symbols. Such an array is a partial Latin square (pls for short) if it contains each
symbol in each row and in each column at most once. By S(i,j) we denote the
symbol contained in the cell at position (z,7) of the pls S; we write S(4,j) = € if the
cell is empty. A (complete) Latin square is a pls having all its cells filled.

Alternatively, a pls S can be described as a set of triples (i, j, k) where each pair
(i,7), (4, k), (k,t) occurs at most once. Using our previous notation, S = {(4, 7, k) €
[n)% S(i,7) = k}. The partial Latin squares obtained from S by permutation of
entries in the triples will be called conjugates of S. Using conjugacy, properties
of partial Latin squares expressed in terms of rows, columns and symbols can be
translated to conjugate properties obtained by permuting the three terms.

Ann xn pls S is premature, if it cannot be completed (i.e., as a set of triples, it
is not a subset of any complete n x n Latin square), but any proper subset of S can
be completed. The property of being premature is obviously preserved by conjugacy.

In the remaining text we assume that L is an arbitrary but fixed 7 x n premature
Latin square, n > 8. We will denote by C; ; one (any) Latin square being a completion
of the pls obtained from L by erasing the cell (¢, 7). We denote as r;, ¢;, s respectively
the number of empty cells in row 4, the number of empty cells in column j, and
the number of occurrences of symbol & missing in L (i.e. s, = n— “the number of
occurrences of symbol k in L”). We further let E = S;r; = Tj¢; = Spsp = n? — ||,
the total number of empty cells in L.

For the rest of the paper, we will make an assumption that will exclude the
singular case when all non-empty cells of L are in one row plus one column only. In
this case L may not have some properties common to other premature squares. In
such a premature square the row and the column may contain at most n — 1 full cells
each, hence there are at least n? — 2n +2 > %n empty cells in L. Therefore we will
assume that for each position (i, ) there is a position (¢, j') with ¢ # ¢, j' # j and

L(i', ") #e.

3 The lower bound

3.1 Basic facts and the lower bound

For proving our result we will need two easy-to-prove lemmas. Let us denote by
RS(i) the set of all symbols from [n] not occurring in row 7 of L and by CS(j) the
set of all symbols from [n] not occurring in column j. We will call a row (a column)
containing exactly m empty cells an m-row (m-column).

Lemma 1 RS(i)NCS(j) # 0 for each i, € [n].

Proof. Let L(i,j) = ¢ and let L(¢', j') # ¢ for some ¢’ # i, ' 5 j. Then Cy ; (1, 5)
belongs to the intersection. If L(i,j) # € then C; (4, j) belongs to the intersection.
[




Corollary 2 The only symbol not occurring in a 1-row does not occur in L at all.

From Lemma 1 we easily obtain a conjugate assertion of Theorem 2.3 from [1],
based on a slightly different proof argument.

Corollary 3 Ifn >3 then ", s > n?.

Proof. A symbol k occurs in s} different intersections RS(i) N CS(j). The
inequality follows from the fact implied by Lemma 1 that the total number of symbol
occurrences in all intersections RS(:) N C'S(j) is at least n®. m

The next lemma is a generalization of the assertions used in [1] for m = 1, 2.

Lemma 4 If j,jo, ..., jm are positions of all free cells in some m-row i, then the
columns ji, Ja, ..., jm together contain at least n empty cells.

Proof. Let k be any symbol. Let us first assume that each of the columns
J1, J2, > Jm contains a single full cell with symbol & and there are no other full cells
except in row 7. Then m > 2, otherwise all full cells are in one row and one column
only. Hence there are at least 2(n —1) > n free cells in columns ji, ja, ..., jm. Let the
former assumption be not true. We will prove that the symbol k is missing in at least
one of the columns jy, ja, ..., jm. If k occurs in row 7 at position 5, then k is placed in
row 1 of (j ;. to some cell j; which was originally free in L. Hence column js does not
contain k. If k is not contained in row 4 then there is a cell (¢', j') being outside of
row ¢ and either outside columns ji, j, ..., jm, or filled with a symbol different from
k. In either case k may appear in row 7 of Cy ; in one of the columns j;, j, ey Jm
only; this column in L cannot contain k. =

Corollary 5 If some row contains n— 1 symbols then its only empty cell belongs to
an empty column.

We are now able to state our result; the principal part of the proof will be
contained in Section 3.2

Theorem 6 Each premature partial Latin square contains at least Tn/2—o(n) empty
squares.

Proof. We will distinguish the following cases.
1. min; r; > 4 or minjc; > 4. In this case E > dn > Tn/2.
2. min;r; = 3 and min; ¢; < 3 (or the conjugate case min; 7; < 3 and min; ¢; = 3).
We apply Lemma 4 to a column with at most 3 empty cells. The corresponding 3
rows contain at least n free cells and the remaining rows at least 3(n — 3) free cells,
hence £ > 4n -9 > 7n/2 — 5.
3. min;7; = 1, minj¢; < 2. Then L contains at least 4n — 10 empty cells, as proved
in [2].
4. min; r; = min; ¢; = 2. The lower bound will be proved in Section 3.2. m




3.2 Case min;r; = min;c; = 2

In this section we assume that there are no 1-rows or 1-columns but there is at least
one 2-row and at least one 2-column.

Let us denote as R = {i € [n];7; = 2} the set of all 2-rows and as C = {j €
[n];¢; = 2} (the set of all 2-columns).

Lemma 7 If there are at most n/2 2-rows or at most n/2 2-columns then £ >
n/2 — 6.

Proof. If there are at most n/2 different 2-rows then the remaining rows contain
at least 3 free cells each. Applying Lemma 4 to one 2-column we get two rows
containing together at least n empty cells. Consequently, E > n+3(n/2 —2) +
2(n/2) = Tn/2—6. The assertion for columns is obtained using conjugacy properties.

n

For the rest of Part 3.2 we will assume that there are at least n/2+1 > 5 different
2-rows. and at least n/2 + 1 > 5 different 2-columns. Then using Lemma 1 we get
the following property of the square L.

Lemma 8 Either one of the sets J,cq BS(i), U;jec CS()) contains at most 4 dif-
ferent symbols, or (N;eg RS(H) N(;cc CS() # 0.

Proof. All our conclusions will be based on Lemma 1 using the fact that, for
i€ Rand je C,|RSH| =|CS()| = 2. Only the following five situations are
possible (41,4, denote pairwise different indices from R, ji,js, 3 denote pairwise
different indices from C, and a, b, ¢, d denote pairwise different symbols):

1. For some j,, j, there exist a, b, ¢, d such that CS(j1) = {a, b} and CS(j,) = {c, d}.
Each RS (i) then contains one symbol from C'S(j;) and one symbol from C(jz2), hence
Uier R(2) C {a,b,¢,d}.

2. For some ji, jo, j3 there exist a,b, ¢ such that CS(j1) = {a,b}, CS(j2) = {a,c},
CS(j3) = {b,c}. Then J,c.g RS(i) C {a,b,c}.

3. For some jy, ja, j3 there exist a,b, ¢, d such that CS(j1) = {a,b}, CS(j2) = {a, ¢},
CS(j3) = {a,d} and the situation 1. does not occur (therefore a € [\;.c C'S(i)).
Then a € (),.g RS().

4. There exist a, b, ¢ such that for each j; € C either CS(j;) = {a,b} or CS(j1) =
{a,c}. Then ;e CS(j) C {a,b,c}.

5. There exist a,b such that for each j, € C, CS(j1) = {a,b}. Then U;cc CS(j) C
{a,b}. m

In our considerations we will concentrate on the relative position of the free cells
in different 2-rows (or different 2-columns). We will distinguish the subcases listed
in the following proposition.

Proposition 9 One of the following assertions is true:

1. There are at least two 2-rows such that no two out of the four free cells in these
rows are in the same column.

9. There are at least two 2-columns such that no two out of the four free cells in
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these columns are in the same row.

3. There are three columns containing all free cells of all 2-rows but none of the three
columns contains a free cell in each 2-row.

4. There are three rows containing all free cells of all 2-columns but none of the three
rows contains a free cell in each 2-column.

5. There is a column that contains a free cell in each 2-row and there is a row that
contains a free cell in each 2-column.

Lemma 10 If 1. or 2. of Proposition 9 is true then E > 4n — 8 > /2 — 4.

Proof. If 1. is true then Lemma 4 applied twice (once for each of the two
rows) implies existence of two disjoint pairs of columns each containing at least
n free cells. Each of the remaining columns contains at least 2 free cells, hence
E > 2n+2(n —4) = 4n — 8. The assertion for the case 2. is obtained using
conjugacy. m

Lemma 11 [f 3. or 4. of Proposition 9 is true then E > Tn/2 — 6.

Proof. Let 3. be true and let the indices of the three columns be jj, j», j5. Since
there are at least three 2-rows, Lemma 4 implies that each two of the columns contain
together at least n empty cells. Hence ¢, + ¢j, > n, ¢j, + ¢, > n, ¢, +¢j, > n and,
consequently, ¢, +¢;, + ¢;, > 3n/2. Each of the remaining columns contains at least
2 free cells. Therefore E > 3n/2+2(n—3) =7n/2—6. &

For the rest of Part 3.2, we will assume that 5. of Proposition 9 is true since this
is the only case when our lower bound on F remains to be proved. We will denote
by io the index of the row that contains a free cell in each 2-column and by j, the
index of the column that contains a free cell in each 2-row. We will denote by a the
symbol whose existence is guaranteed by the following Lemma 12.

Lemma 12 There ezists a symbol a € (\,cg RS(i) N (,cc CS(5).

Proof. Since there are at least 5 2-columns, RS(4y) contains at least 5 elements.
For a similar reason C'S(jo) contains at least 5 elements as well. Lemma 8 implies
existence of a symbol a € ;g R() N(;cc C(i). ®

Lemma 13 There is at most one pair of 2-rows having the free cells in two common
columns.

Proof. Let there be two such pairs of 2-rows. Both pairs have their empty cells
in the column j,. Either four or three occurrences of the symbol a are missing in
the two pairs of rows depending on whether the rows in the pairs are, or are not,
pairwise different. Consider the completion of L after discarding a symbol outside
the two pairs of rows. In this completion, four occurrences of the symbol a must be
placed in at most three different columns in the former case, while three occurrences
must be placed in only two different columns in the latter case. m




Lemma 14

(a) If there are two different 2-rows where the same pair of symbols is missing then
E > 7nj/2-8.

(b) If two 2-rows have their free cells in two common columns then E > ™m/2 — 8.

Proof. (a) By conjugacy, Lemma 13 implies that there is at most one pair
of 2-rows where the same pair of symbols is missing. Let ¢;,7, € R be the only
two different rows with equal pair of missing symbols. There exist |R| — 2 symbols
different from a, each missing in one 2-row different from 1;, i5. Lemma 13 implies the
existence of at least (|R|—2)/2 columns different from j, having free cells in the rows
from R — {i,i5}. If none of these columns contains any of the |R| — 2 symbols (we
know that no one contains a) then each of these columns contains at least |R| — 1
free cells. Moreover, the column jy contains at least [R| free cells and there are
n—(|R|-2)/2-1 = n—|R|/2 additional columns containing at least 2 free cells each.
Therefore (since |R| > n/2+1) we get £ > (|R|—1)(|R|-2)/2+[R|+2(n—|R[/2) =
n(n +12)/8 > Tn/2 — 8. Let, on the other hand, some column j; contain a free cell
in a row i3 € R — {iy,43} and at the same time a symbol b, which is missing in
arow iy € R — {i1,42}. The symbol b cannot be missing in row 43. Consider the
Latin square C being the completion of Lafter b has been removed from row 3.
Then C(is,jo) = b, otherwise b would be in position (i3, j1) and column j; already
contains b. Consequently, C(i4, jo) = a. We obtain a contradiction, since one of the
values C(i1, jo}, Cliz, jo) must be a.

(b) The assertion is obtained from (a) by conjugacy when symbols are replaced
by columns. =

Let us now adopt the last two assumptions valid till the end of the current Part
3.2 (we assume so far that [R| > n/2+1> 5, |C| > n/2+1 > 5and §. of Proposition
9 is true). We will further assume that in no two different 2-rows the same pair of
symbols is missing and that no two 2-rows have their free cells in the same pair of
columns.

Denote by z the number of 2-columns sharing a free cell with some 2-row. Each
such column has only one of its free cells in some 2-row, the other one is in row 4,
hence the number of 2-rows sharing a free cell with some 2-column is z as well. The
free cells of all 2-rows are placed in at least n/2+2 columns (including the column jo).
Since there are at least n/2+1 different 2-columns, z > 3. Let i, ..., i, be the indices
of pairwise different 2-rows and ji, ..., j; the indices of pairwise different 2-columns
such that, for r = 1,...,z, L(ir, j,) = €. Let RS(i,) = {a,b,}, CS(j,) = {a,c.},
hence the symbols by, ..., b, and ¢y, ..., ¢, are pairwise distinct.

Lemma 15 Forr=1,...,z, b, = ¢,.

Proof. We will use the fact that = > 3. If by # c¢,b # c,b # ¢ then
Cir i1, Jo) = Ciy gy (i1, J0) = by and L(in, jo) = Ciy (i, 1) = e = Ciy 3o (01,51) =
L(iy, j3) — a contradiction. Therefore by € {c1, ¢z, c3}. Analogously, b, € {c1, 02, ¢35}
and by € {c1,c2,c3), therefore {by, by, b3} = {c1,¢2,¢3}. Assume b, = ¢z (the case
by, = ¢ leads to an analogous contradiction). Let the row 43 contain by in the position
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(23,71) Then C',%]l(h,}o) = 1)1, therefore Ci‘z,j/(ilyjo) = a, therefore C’iz,j’(ilajl) = bl
yielding a contradiction, since b; is not missing in the column 7,. The other equalities
follow in a similar way. m

Lemma 16 The subsquare consisting of rows i1,...,4, and columns J1s+vsJe does
not contain any of the symbols by, . .., b,.

Proof. Without loss of generality, let L(4y,j,) = b3. Consider the Latin square
C = (. Since a # by # by, the only possibility is C(i1,j0) = by, therefore
Cl(is, jo) = a, therefore C(is, j3) = by, therefore C(iy, j3) = a, therefore Clio, J1) = by,
therefore C(iy,7,) = a, therefore C(iy,j;) = by, yielding a contradiction, since b, is
not missing in the column j;. »

Lemma 17 If some row contains some of the symbols by, ..., b, in column 7s, 1 <
s < x, then the symbol by is missing in this row.

Proof. Without loss of generality, let L(4,7,) = by, i ¢ R. Consider the Latin
square C'= C; ;. Then Clig, 5,) = by, therefore C(ig, j») = a, therefore Clig, Jo) = by,
therefore Cliy, jo) = a, therefore C(4y,jy) = by, therefore C(71,71) = a, therefore
C(4, 1) = by, therefore b, is missing in row 7. m

Corollary 18 No row from R contains in any of the columns 7y, ..., jy any of the
symbols by, ..., b,. No column from C contains in any of the rows iy, ..., i, any of
the symbols by, ..., b,.

Corollary 19 Each of the symbols by, . .., b, is missing in at least T — 1 of the rows
not belonging to R and in at least x — 1 of the columns not belonging to C.

Proof. Corollary 18 implies that symbols by, ..., b, appear in columns from C
outside rows from R. The assertion follows from Lemma 17. m

Lemma 20 min(|R|,|C|) < (n+z —1)/2 < 3n/4.

Proof. There are |R| — z different 2-rows not having an empty cell in any of the
columns from C. Their empty cells must occur (besides jo) in |R| — z additional
columns, since no two 2-rows have their empty cells in the same two columns. Hence
IR|—2 < n—|C|~1, and, consequently, min(|R|, |C|) < (|R|+]C|)/2 < (n+z-1)/2.

[ ]

Lemma 21 F > Tn/2 — o(n).

Proof. Let e.g. [C| = min(|R|,|C|). Lemma 4 applied to row j; implies that
column jo contains at least n — 2 free cells. The 2-columns contain 2 free cells each,
while all the remaining columns contain at least 3 free cells each. Using Lemma
20 we obtain £ > n —2+2|C|+3(n - |C|—1) =4n— |C| - 5> Tn/2 — /2 —
9/2. On the other hand we may use Corollary 19 for another estimation yielding
E>n-2+2Cl+z(z-1)>n—-2+4+2z+z(r —1) =n — 2+ 22+ 2. Hence
E 2 mingcacnpmax(7n/2-2/2-9/2,n—2+ 2 +z) = Tn/2— (V400 — 31+33)/8 =
™m/2 —o(n). ®
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