Uniform coverings of 2-paths by 4-paths
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Abstract

We construct a uniform covering of 2-paths by 4-pathsin K, for alln > 5,
i.e., we construct a set S of 4-paths in K, having the property that each
2-path in K, lies in exactly one 4-path in S for all n > 5.

1 Introduction

Let K, be the complete graph on n vertices. A k-path is a path of length & and a
k-cycle is a cycle of length k, where the length of a path [cycle] is the number of edges
in the path [cycle]. Note that paths and cycles are undirected. A uniform covering
of the 2-paths in K, by k-paths [k-cycles] is a set S of k-paths [k-cycles] having the
property that each 2-path in K, lies in exactly one k-path [k-cycle] in S. Only the
following cases of the problem of constructing a uniform covering of the 2-paths in
K, by k-paths or k-cycles have been solved {2, 8];

1. by 3-cycles,

2. by 3-paths,

3. by 4-cycles,

4. by n-cycles (Hamilton cycles) when n is even.
When n is odd, a uniform covering of the 2-paths in K, by Hamilton cycles has
only been constructed for a few cases: n = 2° + 1, where e is a natural number [7],
n = p+ 2, where p is an odd prime and 2 is a generator of the multiplicative group
of GF(p) [1], and some other infinite cases [3, 5]. But in general the problem when
n is odd is still open.

In this paper, we solve the problem in the case of 4-paths, that is, we prove,
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Theorem 1.1 Let n > 5. Then there exists a set S of 4-paths in K, having the
property that each 2-path in K, lies in exactly one path in S.

Finally, we mention the problem in the case of (n — 1)-paths (Hamilton paths).

Lemma 1.2 Letn > 3. If there is a uniform covering of 2-paths by Hamilton cycles
in K41, there is a uniform covering of 2-paths by Hamalton paths in K,,.

Proof. Let Vuu1 = {vo,v1,...,v,} be the vertex set of K, and let D be a
uniform covering of 2-paths by Hamilton cycles in K,,;;. Let K, be the complete
graph with the vertex set V,, = V41 \ {ve}. For each Hamilton cycle H € D, we
obtain a Hamilton path in K, by removing the point vy and the two edges incident
to vy from H. We denote it by H'. Put D' = {H' | H € D}, then D' is a uniform
covering of 2-paths by Hamilton paths in K,,. O

The proof of Theorem 1.3 is immediate from Lemma 1.2 and the existence of a
uniform covering of 2-paths by Hamilton cycles in K, when n is even > 4.

Theorem 1.3 [8] Letn be an odd integer > 3. Then there exists a set S of Hamilton
paths in K, having the property that each 2-path in K, lies in ezxactly one path in S.

When n is even, the problem of Theorem 1.3 is still open, but Verrall constructed
a double covering of 2-paths by Hamilton paths:

Theorem 1.4 [8] Let n be an even integer > 4. Then there exists a set S of
Hamilton paths in K., having the property that each 2-path in K, lies in exactly two
paths in S.

2 Proof of Theorem 1.1

There are n(n — 1)(n — 2)/2 2-paths in K,, and three 2-paths in a 4-path, so
n{n — 1)(n — 2)/6 4-paths are needed to cover the 2-paths in K,. This is an in-
teger for n > 3.

When n = 3 or 4, K, has 2-paths but doesn’t have 4-paths, so there is no uniform
covering of 2-paths by 4-paths in K,,. We consider the case n > 5.

Lemma 2.1 There is a uniform covering of 2-paths by 4-paths in K, when n = 5.
Proof. Let {0,1,2,3,4} be the vertex set of K5. Let S be a set of 4-paths:
S= {24,013], [3,0,1,2,4], [4,1,2,3,0], [0,2,3,4,1],
(1,3,4,02, [1,2,0,34], [2,3,1,4,0], [3,4,2,0,1],
[4,0,3,1,2], [0,1,4,2,3]},
then S is a uniform covering of 2-paths by 4-paths in K5. O

Now we prove Theorem 1.1. We use induction on n. When n = 5 there is a
uniform covering of 2-paths by 4-paths in K, from Lemma 2.1. Let n > 6 and
assume that there is a uniform covering of 2-paths by 4-paths in K,,_;.

Put m = n — 1. Let K, be the complete graph with vertex set V = {z} U V',
where |V'| = m. Let K,, be the complete graph with vertex set VV'. By the induction
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hypothesis, there is a uniform covering S" of the 2-paths in K, by 4-paths. Let T
and 7" be the sets of all 2-paths in K,, and K,,, respectively.

Put Ty = {(a,b,z) | a,b € V', a # b}, Tr = {(a,z,b) | a,b € V', a # b}, and
T" = Ty U Ty, where (a,b,z), (a,z,b) are 2-paths. Then we have T = T" UT". We
already covered the 2-paths in 77 by S’, so we will construct a set S” of 4-paths in
K, that will cover the 2-paths in T".

We will construct 4-paths of type (a,b, z, ¢, d) to cover T", where a,b,¢,d(€ V')
are all different. Note that |T1] = m(m—1) and |T3| = m(m—1) /2. We will construct
S" by considering the two cases of m odd and m even separately.

(Case 1) m is odd.

There is a Hamilton cycle decomposition H in K,,, that is, there is a set H of
Hamilton cycles in K,,, such that each edge of K,, lies in exactly one cycle in H.
|#| = (m — 1)/2. For each Hamilton cycle H = (v1,vs,...,v,,) in H, define a set
S(H) of 4-paths:

S(H) = {[”1,”2,11;77)37'04]) [UZ’[UIS;*T: ’U47U5]?

[Um—lavmaxav17v2]7 [1)m71}11x,v25v3}}'

Define S" = Uyey S(H). We will show that S” covers each 2-path in T" exactly
once.

(i) Let (a,b,z) be any 2-path in Ty. There is a Hamilton cycle H = (v1,va,...,0,) €
H which contains the edge {a,b}. So we can write a = v;, b = vy, or a = v;,q,
b = v;, for some 7, 1 < i < m, where subscripts are calculated modulo m. In either
case, the 2-path (a,b, z) is in some 4-path in S(H).
(ii) Let (a, z,b) be any 2-path in T5. There is a Hamilton cycle H = (vy,vy,...,0y,) €
H which contains the edge {a,b}. So we can write a = v;, b = v, or a = vy,
b = wv;, for some i, 1 < i < m. In either case, the 2-path (a,z,b) is in a 4-path
[Vie1, Vi, By Vig1, Vigo] in S(H).

Since the numbers of 2-paths in 7" and in S” are equal, S” covers each 2-path in
T" exactly once.

(Case 2) m is even.
Label the vertices in V' as 00,0,1,...,m — 2. Put 7 = (m — 2)/2. Let o be the

following permutation of the vertices of Kp,y1: 0 = (00)(2)(01 2 -+ m—2), and put
L = (o) = {07 | 0 <j <m—2}. Define the set S° of 4-paths:
S¥= {[r+1,00,1,0,1], [0,1,z,m —2,2],

m—2,2,2,m-3,3], [m—3,3,z,m—4,4],

[r+3,r—1z,r+2,r], [r+2,rz7r+1 00}
Note that the set of edges {{uz, us} | [u1, u2, o, us, ug] € S°} is Fy and the set of arcs
{(ur, ug) | [ur, ug, , us,uy] € S°} which equals the set {(ua, us) | [u1, ug, T, us, ug) €
S%% is F, |, where
Fy = {{00,0}} U {{u,v} | u+v =0 (mod m—1), u,v € V', u,v # oo, u# v}
Fro={(co,r+1),(r+ 1,00} U{(u,v) | u+v =1 (mod m—1),
u,v € V', u,v# o0, u#uv}.

303




Put §" =58 ={P” | P e 5° 0 <j <m—2}. We will show that S” is a set
of 4-paths in K, that covers each 2-path in T exactly once.
(i) Let (a,b,z) be any 2-path in T;. Then there is an arc (u,v) € F},; such
that (a,b0) = (u,v)” for some j. Since {(uy,up) | [u1,us, 7, us,us] € S} = Fry,
[u,v, 2, us,ug] € S° for some ug, uy € V'. Therefore [u,v,z,us,us)”” = [a,b,z,uf”’,
ug '] € §”. Thus S” covers the 2-path (a, b, z).
(ii) Let (a,z,b) be any 2-path in T;. There is an edge {u,v} € Fy such that {a,b} =
{u, v} forsome j. Since {{uz, us} | [u1, us, 7, us, us) € S} = Fy, [uy,u, 2, v,u4) € SO
for some u;,uq € V'. Therefore [ui,u, z,v,us)”" = [l a,z,b,uf '] € §”. Thus
S" covers the 2-path (a,z, b).

Hence S” covers each 2-path in 7" exactly once.

Put S = S'U 5", then S is a set of 4-paths with the property that each 2-path
in T lies in exactly one path in S. This completes the proof of Theorem 1.1. 0.
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