
























Theorem 6.4 There exists a 6q-SClvI D(8q) for q == 5 (mod 6). 
Construction Let q 6t + 5 and t �~� O. Construct a (36t + 30)-SC 1\1£ D( 48t + 40) = 
(X,8) as follows. vVhen t = 0, a 30-SCN! D(40) is given in Appendix 3. Below, 
suppose t > O. The point set is X = Z24t+20 x Z2, the block set B consists of four 
parts: 

(I) (6t + 5)-partite DC: (6t + 5)-DC(Aol(Ri)), ():::; i:::; �r�~�l�,� 

(6t + 5)-DC(AlO(Ri)), 0 :::; i :::; �l�~�J� - 1, 
(6t + 5)-DC(Aol (Sj)), 0:::; j :::; �l�~�J�,� 
(6t + 5)-DC(AlO(Sj)), 0:::; j :::; �r�~�l� 1, 

where Sj [12} + 1, 12} + 7]\{12} + 6}, Ri = [12i + 6, 12i + 12J\{12'i + 7}; 
(II) (12t + 10)-partite DC: (12t + 10)-DC(P, -10); 
(III) F DC(1\IJ, (12t + 10)od, where M = (Aod6t + 7, 12t + 9]-1, (12t + 9ho, 

-Ao[l, 12t + lOtI); 
(IV) SDC(N), where N = (Ao[2, 12t + 9], Q) and 

(P Q) = {(-Aod6t+5,6t+6]-I,-AOl([6t+l,12t+8]\{6t+5,6t+7})-I) teven 
'(Aod6t+2,6t+3],(-Aot[6t+4,12t+8]-I,(6t)1O)) todd' 

Proof The number of blocks is (2t + 1) x 4 x 2 + 2 x 2 + (24t + 20) x 2 = 64t + 52, 
as expected. The correctness of each orbit is shown as follows. 

(I) By Lemma 5 2 (r 36t+30 1 < 24(+20) 
. 12t+l0 - 6t+5 . 

(II) By Lemma 5 2(1) (r 36t+301 < 24t+20) 
" . 24t+20 - 12t+ 10 . 

(III) Since {Mo}o [0, 3t + 1J U [9t + 7, 12t + 10] U [-(12t + 9), -(3t + 3)), 
{Moh = [9t + 8, 12t + 9] and tail(M) = -(9t + 8)0, we have AI n F(l\1) = (/), 
{Mo} n f( {}l1 0 } + 12t + 10) = 0. 

(IV) We only verify the case: t even. Since {No}o [-(9t + 8), 6t + 5]\ {- (9t + 
5),1}, {Noh =[6t + 8, 9t + 11]\ {9t + 9} and tail{ No} = -(9t + 8)0. 0 

Theorem 6.5 There e,y;ists a 6q-SCM D(10q + 1) for q == 5 (mod 6). 
Construction Let q = 6t+5 and t �~� O. Construct a (36t+30)-SC1HD(60t+51) = 
(X, B) as follows. When t = 0, a 30-SC Iv! D(51) is given in Appendix 4. Below, 
suppose t > O. The point set is X = (Z30t+25 X Z2) U {oo}, the block set B consists 
of three parts: 

(I) 6t + 5-partite DC: (6t + 5)-DC(Aol (R1)), 0 :::; i :::; �l�~�J�,� 

(6t + 5)-DC(AlO(Rj)), 0 :::;} :::; �r�~�l� - 1), 
where Ro {I, 2,3,4,5, 8}, Ri = {6i, 6·i + 1, 6'i + 3, 6i + 4, 6i + 5, 6i + 8}, i �~� 1; 

(II) S DC( l\n, where JvI (( -1 )t-1 Ao [1, 15t + 12], 0,01, blO , ( -1)t Ao[l, 3t]); 
(III) C DCoo(N), 'where N = (Iv! AOI [e, 15t + 12], P, - Ao[3t + 1, 15t + 12]-1), 

( l .)-{ (3t+7,3t+6,3t+9) teven d 
a, ), C - (3t + 3, 3t + 4, 3t + 6) todd ,an 

p_{ -A01 ([3t,3t+4]\{3t+2})-1 teven 
- -Aor[3t + 3, 3t + 4tl todd . 

Proof The number of blocks is (t + 1) x 5 x 2 + (30t + 25) x (2 + 1) = lOOt + 85, 
as expected. The correctness of ea.ch orbit is shown as follows. 
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(I) By Lemma 5.2 (r {~~!{~ 1 ::; 
(II) We only verify the case: t even. Since {X10}o = (Ift + 6), + 6] U [12t + 

19, 15t + 19], {Sioh = {¥t + 13} and ta'il{lWO} = (12t + 19)0. 
(III) We only verify the case: teven. Since {No}o [-(15t+12),OjU[3t+5,9t+ 

10]U[12t+ 11, 15t+ 12] , {No h =[3t+9, 15t+ 12]U([ -(15t+ 12), - (15t+8)]\ { -(15t+9)} 
and ta'il(No) (12t + 11)0' 0 

Theorem 6.6 TheTe exists a 6q-5C1'vlD(Uq) JOT q 5 (mod 6). 
Construction 
(Case 1) Let q 12t+5 and t ~ 0. Construct a (72t+30)-5C M D(132t+55) = (X, B) 
as follows. 
When t 0, a 30-5C AI D(55) is given in Appendix 5. Below, suppose t > O. The 
point set is X = (Z66t+27 x Z2) U {oo}, the block set B consists of three parts: 

(I) 3-partite DC: 3-DC(Aod1, 24t + 9], (32t + 13)10); 
(II) 5DC(~M), where !v! (P, (_1)t-l(32t + 13)01, Q); 
(III) C DCco(N) , where N = (Ao[l, a], Al AOl ([24t + 10, 33t + 13]\ {32t + 13}), 

Aodb, 24t + 9]), 

( b) { 
(33t + 12, 3t) t even d 

a = an , (32t + 13, 3t + 1) todd 

(P Q) = { ((33t + 13)0, -Ao[l, 33t +13]), Ao[l, 3t - 1]-1) 
, (-Ao[1,33t+13],-Ao[1,3t]-1) 

t even 
todd 

(Case 2) Let q = 12t + 11 and t ~ O. Construct a (72t + 66)-5C!vi D(132t + 121) 
(X, B) as follows. The point set is X = (ZG6t+GO X Z2) U {oo}, the block set B consists 
of three parts: 

(I) 6-paTtite DC: 6-DC(Aod2, 12t + 11], -(5t + 5)0), 
6-DC(AlO[2, 12t + 11], -(5t + 5h); 

(II) 5DC(R), where R = (AOI [12t + 12, 30t + 26], 110 , Aod12t + 12, 30t + 27tl); 
(III) F DCco ( (33t + 30)0, N, (33t + 30)[01]t, F- 1 (N), (33t + 30) 1, (.30t + 27)r0), 

F DCco ( -101, N, (33t + 30)[10]1, F- 1 (N), 1 01 , (30t + 27ho), \vhere 
N = (Ao([l, 33t + 29]\{5t + 5}), (-1)tAod30t + 28, 33t + 29]), [OI]t=Ol (t even) or 10 
( todd). 

Proof The number of blocks is 

{ 
(22t+9) x 2+ (66t+27) x (2+1) = 242t+99 (case 1) 
(11t + 10) x 4 + (66t + 60) x (2 + 1) = 242t + 220 (case 2) , 

as expected. For case 1, the correctness of each orbit is shown as follows. 
(I) By Lemma 5.2(1) (r72tt3°1 ::; 

(II) We only verify the case: t even. Since {M}o [-n}t + 7), ¥t + 6] U [19t + 
7, ¥t + 6] U {-(33t + 13)}, {NIh = + 7, 19t + 6], head(iJ) = -(33t + 13)0 and 

tail(M) = (19t + 7)0. 
(III) We only verify the case: t even. Since {No}o = ([-(33t + 13), + 

6j\ {-(¥t+8)} )U[30t+ 11, 33t+ 13], {No}1 =P1-t+4, ¥t+6] U[-(~t+ 11), -(12t+7)] 
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and tail (ivo) (30t + 11 )0. 
As for case 2, the COlTPctness of each orbit is shown as follows. 

(I) By Lemma 5.2(1) (f72tJ~661 ::; 66t;;-(0). 

(II) Since {Ho}o [- (9t+ 7), O]U[21t+20, 30t+28J, {Ro} 1 [- (24t+20), - (15t+ 
13)] U [12t + 12, 21t + 19], and to,il(Ro) = (30t + 28)0. 

(III) By Lemma 5.1(4). 0 

Theorem 6.7 There cl:ists a 6q-SC1'f D(7q + 1) for q 5 (mod 6). 
Construction 
(Case 1) Let q 12t+5 and t ~ O. Construct a (72t+30)-SCA1 D(84t+36) (X, B) 
as follmvs. 
When t = 0, a 30-SClv! D(36) is given in Appendix 6. Bdow, suppose t > O. The 
point set is X Z12t+ 18 x Z2, the block set B consists of three parts: 

(I) 6-paTtite DC: 6-DC(Aod9t + 5, 2lt + 8], -(t + 1)0); 
(II) FDC(N,(2lt+9)01), where N = (Ao[t+ 1,2lt+9],P,Ao[1,tj-l); 
(III) SDC(i11), where Ai = (Q, A01 ([1, 2lt + 8]\[9t + 5, 15t + 5])-1), 

p _ { (-AoJ[2, 15t +5], 10 ) t even 1 
- -Aod1,15t+5] todd all( 

Q = { (110, -Ao([2, 21t + 8]\{t + I}) t even 
-Ao([1,2lt+8\{t+l}) todd' 

(Case 2) Let q 12t+ 11 and t 2: O. Construct a (72t+66)-SC1\1 D(84t+ 78) = (X, B) 
as follows. The point spt is X z'12t+39 x Z2, the block set B consists of three parts: 

(I) 3-po,Ttite DC: 3-DC(Aod2, aJ, -Ao[l, b]-1, -(16t + 15)0), 
3-DC(A1O[2, a], -Ad1, b]-I, -(16t + 15)1); 

(II) SDC(D), where D = (Ao[3t + 4, 2lt + 19j\{16t + 15}), COl, 

Adb + 1, 16t + 14j-l, -ClO, (_l)t-l Ao[16t + 16, 2lt + 19j-1, R), 

( b .)_{ (2lt+19,3t+3,1) teven 
0" , C - (21t + 18, 3t + 4, -(42t + 40)) t odd and 

R={ (/) 
, (-lOll -110) 

Proof The number of blocks is 

t even 
todd 

{ 
(71;+3) x 2+ (42t+ 18) x 2=98t+42 (case 1) 
(141; + 13) x 2 x 2 + (421; + 39) = 98t + 91 (ease 2) , 

as expected. For ease 1, the correctness of each orbit is shown as follows. 
(I) By Lemma 5.2(1) (f72tl~301 ::; 42t:18). 

(II) \''/e only verify the case: t even. Since {Noh = [-(101;+4), 0]U[t+1, ¥t+8], 
{No}1 = + 2, lIt + 3] and tail(No) = (19t + 8)0. 

(III) We only verify the case: t even. Since {M}o = ([-(¥t + 4), 21t + 
9]\{-I,O)U[-(2lt+8),-(18t+l0)], {Mh = [-(18t+9),-(¥t+6)]U{-1}, 
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head(M) = 11 and tail(M) = -(18t + 9)1. 
As for case 2, the correctness of each orbit is shown as follows. 

(1) Let S = (Aod2, 21t + 19], -Ao[l, 3t + 3]-1), then {S}o [-¥t + 12), OJ, 
{Sh [2, ¥t+ 10]. Obviously they are not congruent modulo 14t+ 13 and ta'il(S)-
(16t + 15) = 14t + 13. 

(II) \Ve only verify the case: t even. Since {Do}o = (9t + 8),0] U ([~ + 
1, 12t + 11]\{3t + 3}) U [19t + 18, 21t + 19] U [-(2lt + 19), -(1j-t + 19], {Doh 

[-(¥t + 18), (14t + 13)] U [12t + 12, ¥ + 17], and tail(15o) (19t + 18)0. 0 

Theorem 6.8 There exists a 6q-SClvID(13q+ 1) for q 5 (mod 6). 
Construction 
(Case 1) Let q = 12t+5 and t ~ O. Construct a (72t+30)-SCA1 D(15Gt+66) = (X, B) 
as follows. 
When t = 0, a 30-SC1\;fD(66) is given in Appendix 7. Below, suppose t > O. The 
point set is X = Z78t+33 X Z2, the block set B consists of three parts: 

(I) 3-partite DC: 3-DC(Aod1, 24t + 9], (38t + 16ho), 
3-DC(AlO[1, 24t + 9], -(38t + 16)Od; 

(II) SDC(lvI) , where AI = (Ao[a, 39t + 14]-1, -bo, -(39t + 15)0, 
Ao[3t + 3, a - 2J-l, 10 ); 

(III) CDC(iV), where N = (A1Aol([24t+ 10, 39t + 16]\{38t+ IG}), 
-Ao[2, 39t + 16]-1, (39t + 16)0, Ao[3, 3t + 2]-1, eo, -(a - 1 )0) and 

(abc)={(6t+4,1,2) teven 
, " (6t+5,2,-1) todd' 

(Case 2) Let q = 12t + 11 and t ~ O. Construct a (72t + 66)-SC Ad D(156t + 144) = 
(X, B) as follows. The point set is X = Z78t+72 X Z2, the block set B consists of four 
parts: 

(I) 6-partite DC: 6-DC(Aod2, 12t + 11], (7t + 7)0); 
(II) 2-par'tite DC: 2-DC(Ao([3t + 4, 39t + 35]\ {7t + 7}), aOl, blO ), 

2-DC( - Ao([3t + 4, 39t + 35]\ {7t + 7}), -b(ll, -0,10); 
(III) FDC(P, (39t + 36)od, where P (A1Aod21t + 20,39t + 35]-1); 
(IV) SDC(Q), where Q (Ao[l, 3t + 3], -AI A01 ([12t + 12, 2lt + 19]\ {l8t + I6}), 

Aod2, I2t + 11]-1, (39t 36)0, (7t + 7)0, -Ao[l, 3t + 3]-1) and 

{ 
(1,18t+16) teven 

(a, b)= (18t + 16,1) todd . 

Proof The number of blocks is 

{ 
(26t + 11) x 2 x 2 + (78t + 33) x (2 + 1) = 338t + 143 (case 1) 
(13t + 12) x 2 + (78t + 72) x (2 + 1 + 1) = 338t + 312 (case 2) , 

as expected. For case 1, the correctness of each orbit is shmvn as follows. 
(I) By Lemma 5.2(1) (f72tt30 1 :::; 
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(II) \Ve only verify the case: t even. Since Fio = [a l ¥t + 5] U [¥t + S, 39t + 14] U 

[-(?ft + 7), -(15t + 6)] U [-(12t + 4), -(¥t + 5)] and taileRo) = -(15t + 6)0. 

(III) VVe only verify the case: t even. Since {M}o = ([-(39t + 16),al\{-(~t + 
14)}) U [24t + 11, 39t + 16] U ([~t + 1, ¥-t + 3]\ {6t + 2}), {Mh = {-(39t + 16)} U 

([24t + 10, 39t + 16]\ {31t + 13}) and head(M) = taif{ M} = 00, 
As for case 2, the correctness of each orbit is shown as follows. 

(I) By Lemma 5.2(1) U72~1661 S 78tt72). 
(II) By Lemma 5.:3(3). 
(III) Since {Polo [a, 1St + 16], {POll = (21t + 19), (12t + 12)] U [30t + 

2S, 39t + 35] and tail{Po} = (1St + 16)0. 
(IV) We only verify the case: teven. Since {Qo}o (36t+33),-(¥t+25]U 

[-(~t + 1), 6t + 5] U [¥t + 15, ¥t + IS] u {¥t + 11}, {Qoh = [-(¥t + 23), -eft + 
10)]\{ -(¥t + 12, -(¥t + 16)} and tail(Qo) = (19t + 16)0. 0 

Theorem 6.9 There exists a 6q-SC M D(13q) for q 1 (mod 6). 
Construction 
(Case 1) Let q 12t+7 and t 2: a. Construct a (72t+42)-SCJH D(156t+91) = (.LX', B) 
as follows. The point set is X = (Z78t+45 x Z2) U {oo}, the block set B consists of 
three parts: 

(I) 3-partite DC: 3-DC(Aodl, 24t + 13], -(3St + 22)10), 
3-DC(AlO[1, 24t + 13], -(38t + 22)od; 

(II) CDCXJ(Ao[l, 39t + 22], (_1)t-lAo[6t + 4, 39t + 21]-1); 
(Ill) SDC(P), where P = (( -1)t(39t + 22)0, -Ao[l, 6t + ;3], 

NI AOI ([24t + 14, 39t + 22]\ {38t + 22}). 
(Case 2) Let q = 12t + 1 and t 2: 1. Construct a (72t + 6)-SC 1\1 D(156t + 13) = 

(X, B) as follovvs. The point set is X = (Z78t+6 x Z2) U {oo}, the block set B consists 
of three parts: 

(I) 3-partite DC: 3-DC(Aod2, 24t + 2], -(3St + 4ho), 
3-DC(AlO[2, 24t + 2], -(38t + 4)od; 

(II) SDC(Q), where Q = (Ao[l, 4t], (24t + 3)01, -MAlO[24t + 4,3St + 3], 110 , 

Ao[l, 4t] -1); 
(III) F DCrx,( (39t + 3)0, N, (:39t + 3)01, F-1 (N), (39t + 3h, (24t + 3) 10), 

F DCoo ( -101, N, (39t + 3)10, F- 1 (N), 101 , (24t + 3ho), 
where N = (Ao[4t + 1, 39t + 2], (-1)tAod3St + 5, 39t + 2]). 

Proof The number of blocks is 

{ 
(26t + 15) x 2 x 2 + (7St + 45) x (2 + 1) = 33St + 195 (case 1) 
(26t + 2) x 2 x 2 + (7St + 6) x (1 + 1 + 1) = 33St + 26 (case 2) , 

as expected. For case 1, the correctness of each orbit is shown as follows. 
(I) By Lemma 5.2(1) U72tt421 s 78tt45). 
(II) By Lemma 5.5. 
(III) \Ve only verify the case: t even. Since {P}o = (lSt+ 10), 3t+ l]U{ -(39t+ 

22)}, {P}l [2lt + 12, 36t + 21]\{2St + 16, 29t + 17}, head(P) = -(39t + 22)0 and 
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tail(P) = -(18t + 10)0. 
As for case 2, the correctness of each orbit is shown as follows. 

(I) By Lemma 5.2(1). 
(II) Since {Qo}o [-9t,2t]U[-(18t 1),-llt]U[-(39t+2), (38t+2)]U[36t+ 

4, 39t + 3], {Qoh = [22t + 3, 36t + 3] and tail( Qo) (38t + 4)0. 
(III) By Lemma 5.1(4). 0 

Theorem 6.10 There exists a 6q-SCA1 D(19q) for q == 1 (mod 6). 
Construction 
(Case 1) Let q = 12t+1 and t ~ 1. Construct a (72t+6)-SCNfD(228t+19) = (X, B) 
as follows. The point set is X = (Z114t+9 x Z2) U {oo}, the block set B consists of 
four parts: 

(I) 3-partite DC: 3-DC(Aod1, 24t + 1], -(50t + 4ho), 
3-DC(AlO[1, 24t + 1], -(50t + 4)01); 

(II) CDC(N), where N = O\lIAo1 ([24t + 2, 57t + 4]\{50t + 4}), 
-Ao[l, 6t + 1]-1, (36t + 3)0); 

(III) CDC=(R), where R ((_1)t-1(57t+4)0,Ao[6t+2,57t+4], 
(-1)tAo[36t + 4, 57t + 3]-1); 

(IV) SDC(Ao[l, 36t + 2]). 
(Case 2) Let q = 12t + 7 and t ~ O. Construct a (72t + 42)-SC1\IJ D(228t + 133) 
(X, B) as follows. When t = 0, a 42-SC1\,1 D(133) is given in Appendix 8. Below, 
su ppose t > 0. The point set is X = (Z1l4t+66 X Z2) U { 00 }, the block set B consists 
of five parts: 

(I) 3-partite DC: 3-DC(Aod1, 24t + 13], (50t + 29) 10), 
3-DC(AlO[1, 24t + 13], -(50t + 29)01); 

(II) 2-partite DC: 2-DC(Ao[1, 36t + 19], -(5lt + 29)01, -(24t + 14)10); 
(III) F DC( -Ao[6t + 7, 42t + 26], (57t + 33)od; 
(IV) CDC=(.~l), where 1\IJ = ((24t + 14)01, -l\IAlO([24t + 57t + 32]\{50t+ 

29, 51t + 29}), (5lt + 29)10, -Ao[l, 6t + 6]); 
(V) SDC(Q), where Q = (-Ao[36t+ 20, 57t +33], (-1)tAo[42t+27, 57t+32]-1). 

Proof The number of blocks is 

{ 
(38t + 3) x 2 x 2 + (1l4t + 9) x (2 + 2 + 1) 722t + 57 (case 1) 
(38t + 22) x 2 x 2 + (1l4t + 66) x (2 + 2 + 1) = 722t + 418 (case 2) , 

as expected. For case 1, the correctness of each orbit is shown as follows. 
(I) By Lemma 5.2(1) (r72~+61 ::; 114~+9). 

(II) Since OV}o (39t+3),0],{Nh = ([24t+2,57t+4]\{37t+3,44t+4})U 
{-(57t + 4)} and hcad(N) = tail(iJ) = 00 , 

(III) We only verify the case: t even. Since {R} = ([ -( + 2),0]\ { (f?Jt + 
2)}) U [6t + 2, 42t + 3] U {57t + 4}, head(R) = (57t + 4)0 and ta'il(R) = (42t + 3)0. 

(IV) It is trivial by Lemma 5.1(1). 
As for case 2, the correctness of each orbit is shown as follows. 

(I) By Lemma 5.2(1) (f72tt421 ::; 
(II) By Lemma 5.3(2). 
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(III) It is trivial by Lemma 5.1(1). 
(IV) Since {A1}o= [-(9t + 7), -:j3t + 1)] U ([-(45t + 26), (12t + 7)]\{ -(25t + 

15), (¥t + 17),-(32t + 19)}), {lHh= [12t + 7,45t + 25]\{¥t + 14,¥t + 18}, 

head(M)= -(12t + 7)0 and tail(.M)= (3t + 1)0' 
(V) Since (Jo [-(54t+29), -(36t+20)]U[0, 18t+l0] and tail((J) = (ISt+l0)o. 

7 Constructions of IS C M D 

Theorem 7.1 There exists a 6q-1SCA1 D(6q + 2q + 1, 2q + 1) for q == 1 (mod 6). 
Construction 

o 

(Case 1) Let q 12t+1 and t 2: 1. Construct a (72t+6)-1SCA1D(96t+9, 24t+3) = 

(X, B) as follows. The point set is X = (Z36t+3 x Z2) U {001' ... , oo24t+3}, the block 
set B consists of three parts: 

(I) (36t + 3)-partite DC: (36t + 3)-DC(Aodi, i + 1]), i E [1, 6t + 1h, 
(36t + 3)-DC(AlO[j,j + 1]), j E [1, 6t 1h; 

(II) SDC( -(15t + 2)0, Ao[l, 6t + 2], A1 Aod6t + 3, 1St + 1], 
-Aod6t + 1, 6t + 2]-1, -Ao[l, 6t 1]-1); 

(III) CDCOO1",24f+3(Ao([6t, 18t]\{15t + 2}), -Ao([6t + 3, 1St + 1]\{15t + 2}tl, 
(15t + 2)0, (lSt + 1)0)' 

(Case 2) Let q = 12t+7 and t 2: O. Construct a (72t+42)-1SClVID(96t+57, 24t+ 
15) = (X, B) as follows. The point set is X (Z36t+21 X Z2) U {001' ... , oo24t+ld, the 
block set B consists of three parts: 

(I) (36t + 21)-partite DC: (36t + 21)-DC(Aodi, i + 1]), i E [1, 6t + 3h, 
(36t + 21)-DC(AlO[i, i + 1]), i E [1, 6t + 3h; 

(II) SDC( - (15t + 9)0, Ao[l, 6t + 4], M AOl [6t + 5, 1St + 10], - Ao[l, 6t + 3]-1); 
(III) CDCOO1 ",24t+15(Ao([6t + 4, 1St + 9]\{15t + 9}), 

Ao([6t + 5, 18t + 10]\ {15t + 9} )-1, (15t + 9)0, -(1St + 10)0)' 

Proof The number of blocks is 

{ 
(36t + 3) x (2 + 1) + (6t + 1) x 2 = 120t + 11 (case 1) 
(36t + 21) x (2 + 1) + (6t + 4) x 2 = 120t + 71 (case 2) , 

as expected. The correctness of each orbit is shown as follows. 
(I) It is trivial. 
(II) By Lemma 5.4(1 )(2). 
(III) By Lemma 5.6. 

Theorem 7.2 There exists a 6q-1SCAID(6q + 2q, 2q) for q 5 (mod 6). 
Construction 

o 

(Case 1) Let q = 12t+5 and t 2: O. Construct a (72t+ 30)-1SCAJD(96t+40,24t + 
10) = (X, B) as follows. \;Vhen t = 0, a 30-1 SC M D( 40,10) is given in Appendix 9. 
Below, suppose t > O. The point set is X = (Z36t+15 x Z2) U {001' ... , oo24t+lO}, the 
block set B consists of three parts: 

(I) (36t + 15)-par'tite DC: (36t + 15)-DC(Aodi, i + 1]), i E [1, 6t + Ih, 
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(36t + 15)-DC(AlO[i, i + 1)), i E [1, 6t + Ih; 
(II) SDC( -(15t + 7)0, Ao[l, 6t + 2], NI Aod6t + 3, 18t + 7], -Ao[l, 6t + 1]-1); 
(III) C DCOO1 , .. ,24t+lO (Ao([6t + 2, 18t + 6]\ {15t + 7}), 

- Ao([6t + 3, 18t + 7]\ {15t + 7} )-1, (15t + 7)0, (18t + 7)0)' 
(Case 2) Let q = 12t+7 and t ~ O. Construct a (72t+66)-ISC Nl D(96t+S8, 24t+ 

22) = (X, B) as follows. The point set is X = (Z3()t+:~:3 x Z2) U {oo}, ... , 0024t+2d, the 
block set B consists of three parts: 

(I) (36t + 33)-partite DC: (36t + 33)-DC(Aodi, i + 1 J), i E [1, 6t + 5h, 
(36t + 33)-DC(AlO[j, j + 1]), j E [1, 6t + 3h; 

(II) SDC( -(15t + 15)0, Ao[l, 6t + 6], M Aod6t + 7, 18t + 16], 
-Aod6t + 5, 6t + 6]-1, -Ao[l, 6t + 3]-1); 

(III) C DCOO1 , ... ,24t+22 (Ao([6t + 4, 1St + 15]\ {15t + 15} ), 
Ao([6t + 7, 1St + 16]\ {15t + 15} )-1, (15t + 15)0, - (1St + 16)0)' 

Proof The number of blocks is 

{ 
(36t + 15) x (2 + 1) + (6t + 2) x 2 = 120t + 49 
(36t + 33) x (2 + 1) + (6t + 5) x 2 = 120t + 109 

as expected. The correctness of each orbit is shown as follows. 
(I) It is trivial. 
(II) By Lemma 5.4(1)(2). 
(III) By Lemma 5.6. 

(case 1) 
(case 2) , 

Lemma 7.3 Let q be prime power and q = 1 (mod 6); then there are at least 
integers dj such that q :s: dj :s: 3q and gcd( dj , 6q) = 1 for each j. 

o 

Proof Let q = pn. Since ¢(6pTl) 2pn-l (p - 1), there are pTl-l (p - 1) integers Wj 
such that 1 :s: Wj :s: 3q and gcd(wj, 6q) = 1 for each j. 
Let S = {dl gcd(d,6q) 1, q:S: d:S: 3q}. Note that (p(pTl) = pn-l(p 1), so we have 

l~J + lIfJ -lfJ l ~J 2p 

pn_l pTt __ l 
2 + 3 

+ 

l~J + 

+ l~J 

l~J)· 

+ lfr;J + l~J) - l~J] 

l~J) 

Obviously, pn-l =1 or 5 (mod 6) when l/~ = 1 (mod 6). 
If pn-l = 1 (mod 6), then 

lSI _ P";l ~(pTi _ 1) 

l(pTi - 1) 
3 

+ 

~(pn-l - 1) 
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If pn-l 5 (mod G), then 

lSI - ~(pn _ 1) _ (pn-;_l + 

Therefore, lSI 2: in both cases. The conclusion holds. o 

Theorem 7.4 There eTists a 6q-ISCAI D(12q + q, q), where q is prime power and 
q == 1 (mod G). 
Construction Let q = Gt + 1 and t 2': 1. Construct a (36t + G)-ISCAID(78t + 
13, 6t + 1) (X, B) as follows. The point set is X = (Z36t+6 x Z2) U {001' ... , oo6t+l} , 
the block set B consists of five parts: 

(I) 6-partite DC: 6-DC(Aor[1, Gt], (9t + 1)0); 
(II) Gq-DC(d j ) and Gq-DC( -dj ), 1 S j :S 3t, where q S dj :S 3q, 

dj I- 9t + 1, gcd(dj ,6q) = 1 and 1 S j S 3t; 
(III) F DC(Ao[l, 6t - 1], -(9t + 1)0, Aod6t + 1, 18t + 2], (18t + 3)od; 
(IV) SDC(Aod1, 18t + 2]-1); 
(V) CDCOO1, .. ,tH+l (-Ao([l, 18t + 3]\ {S}), (-l)t Ao([6t, 18t + 2]\ {S} )-1), where 

S { d 1 , d2 , ... , d3t , 9t + I}. 

Proof The number of blocks is (Gt + 1) x 2 + Gt x 2 + (36t + 6) x 4 = 168t + 26, as 
expected. The correctness of each orbit is shown as follows. 

(I) By Lemma 5.2(1) (f3G~t6 S 3G~+6). 
(II) By Lemma 5.7. 
(III) Let P = (A[I, 6t - 1], -(9t + 1), Aod6t + 1, 18t + 2]), then {Polo = [-(3t-

1),3t]U[-(12t+2), (6t+1)], {POll = [0,6t], and tail(P) (l2t+2)0. Obviously 
P n F(P) 0, and it is easy to see Po n f(Po + 18t + 3) 0. 

(IV) By Lemma 5.1(1), N = Aod1, 18t + 2]-1 forms a DP. 
(V) Let N (-Ao([1,18t+3]]\{S}),(-1)tAo([6t,18t+2]\{S})-1), then No = 

(0, 1,-2",,) (cl,b],C2,b2,"')' Obviously the sequences Ci and bi are mono-
tone increasing and decreasing respectively, and they are mutually distinct, so l\T 
forms a DP. Finally, when constructing CDCOO1 ,.,6t+l' we take (001,1 1,002,22 , ... , (Gt+ 
1)1, 006t+l, M)) as the base block of the corresponding block-orbit. 0 

Theorem 7.5 There eTists a 6q-1SCJvf D(12q + q + 1, q + 1) for q == 5 (mod G). 
Construction Let q 6t + 5 and t 2: 0. Construct a (36t + 30)-1 SC AI D(78t + 
66, 6t + 6) (X,8) as follows. The point set is X = (Z:36t+:1O x Z2) U {001, ... , oo6t+6}, 
the block set B consists of five parts: 

(I) 3-DC(Ao[l, 12t + 9], (l8t + 15)0); 
(II) Gq-DC( -1); 
(III) F DC(Aol [1, 18t + 14], (18t + 15)od; 
(IV) SDC(AOl [1, 18t + 14]-1); 
(V) C DCOO1 ,.,6t+6 (- (18t + 14)0, Ao[2, 18t + 14J, Ao[12t + 10, 18t + 13tl). 

Proof The number of blocks is (12t + 10) x 2 + 1 x 2 + (36t + 30) x 4 = 168t + 142, 
as expected. The correctness of each orbit is shown as follows. 
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(I) By Lemma 5.1(1), D = Ao[l, 12t+9] forms a DP, and Do = [-(6t+4), 6t+5] 
is a interval with length 12t + 10, so they are not congruent modulo 12t + 10. 

(II) It is trivial. 
(III) It is trivial by Lemma 5.1(1). 
(IV) It is trivial by Lemma 5.1(1). 
(V) Let 1'1 = (-(1St + 14)0, Ao[2, 1St + 14]], Ao[12t + 10,lSt + 13]-1), No 

([ -(12t + 10), 12t + 10]\ {I, - (9t + 7), - (9t + S)}) U {1St + 14}. Obviously N forms 
a DP. Finally, when constructing CDC(X)1,.,6t+6' we take (001,1 1 ,002,22 , ... , (6t + 
6h, 006t+f) , No) as the base block of the corresponding block-orbit. 0 

8 The proof of Theorem 1.3 and 1.4 

By [7] and all the Theorems in sections 6 and 7, we have the following table (the 
block size is 6q): 

q::::: (mod 6) v :::::(mod-} SCMD(v} ISCMD(v,h} CS(1), 6q, 1) Theorems 
l4q + 1 6. 1 

1 2q + 1 (6q) (8q + 1, 2q + 1) 7. 1 
8q + 1 [7] 

1 4q (6q) lOq 6. 2 
1 5q + 1 (6q) llq+l 6. 3 

5 2q (6q) 
8q 6. 4 

(8q,2q) 7. 2 
5 4q + 1 (6q) lOq + 1 6 1: .iJ 

5 5q (6q) llq 6. 6 
5 7q + 1 (12q) 7q + 1 6. 7 

5 q + 1 (l2q) 
l3q + 1 6. 8 

(l3q+l,q+1) 7. 5 

1 q (l2q) 
l3q 6. 9 

* (1:)Q, Q) 7. 4 

1 7q (l2q) 
19q 6.10 

* 7q [7] 

The proof of Theorem 1.3 is trivial by section 2, 3 and the above table. Theorem 1A 
is a consequence of Theorem l.3. 0 

The conclusion of Theorem 1.3 extends the existence results for AI D(v, k, 1) as 
well (refer to Theorem 1.1). Two possible exceptions in Theorem 1.3 correspond to 
the two "*" s in the table. For the first "*", the construction of Theorem 7.4, i.e. 
6q-ISCJ\1D(13q, q), holds only for odd prime powers q = pm (p ~ 3). For the second 
"*", the existence of a CS(7q, 6q, 1) has not been completely settled. These two 
parts are still open. 
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Appendix 

1. 42-5C!VfD(70) 
The point set is X Z35 X Z2, the block set: 

(I) 7-part'lte DC: 7-DC(Aodl, 5], -810); 
(II) 5DC(-Ao[l, 17]\{1l, 12}, -160, 120,701 , -610, 10); 
(III) CDC(Af Aod9, 17], - Aod1, 8]-1, 170, Ao[2, 15]-1, -llo). 

2. 42-5CAf D(78) 
The point set is X = Z39 X Z2, the block set: 

(1) 3-partitc DC: 3-DC(Aodl, 13], 1910 ); 

(II) 5DC(-190' -Ao[l, 17], -AodI4, 15J-1); 
(III) C DC(Ao[l, 19], Aodl, 18]-1, Am [16,19]-1,180 ), 

3. 30-5C!ll D( 40) 
The point set is X = Z20 X Z2, the block set: 

(1) 5-partite DC: 5-DC(Aodl, 5], 110 ); 

(II) 10-paT'tite DC: 1O-DC(Aod2, 3], -10); 
(III) FDC(10o, Ao[l, 9], -Aod4, 5], -Aod8, 9), 100 ]); 

(IV) 5DC(Ao[2, 9], -901 , A 1O [6, 8], -Aod6, 7]). 
4. 30-5 C AI D (51 ) 
The point set is X (Z25 x Z2) u {CXJ}, the block set: 

(I) 5-par'tite DC: 5-DC(Aodl, 5], 7 or); 
(II) SDC( -Ao[l, 12], -Aod1, 2]); 
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(III) CDCCXl (30o, Ao[l, 12], j\;1 AodS, 12], -AodG, 7]--1, AOl [4, 6]). 
5. 30-SC!vI D(55) 
The point set is X = (Z27 X Z2) U {oo}, the block set: 

(I) 3-paTtite DC: 3-DC(Aod1, 9], 1310 ); 

(II) SDC(130 , -Ao[l, 13]); 
(III) CDCCXl (Ao[l, 12], Ai AOl [10,12]' (13)01,9 10 , A01 [4, st1, A 1O [l, 3]). 

6. 30-SC 2Yf D(36) 
The point set is X = Z18 X Z2, the block set: 

(I) 6-partite DC: 6-DC(Aod1, 4), -10); 
(II) F DC(Ao[l, S], Aod2, 7]); 
(III) SDC(SOl, -110, Aod5, S], -Ao[2, 9]-1). 

7. 30-SC2VJD(66) 
The point set is X = Z;3:3 x Z2, the block set: 

(I) 3-partite DC: 3-DC(Aod1, 9], -1610 ) and 3-DC(AlO[1, 9], -160d; 
(II) SDC( -150, -10, Ao[4, 14], 10); 
(III) CDC(A1 AOl [10,15]' -Ao[2, 16]-1,160 ,201 -30 ). 

S. 42-SC!vi D(133) 
The point set is X (Z66 x Z2) U {oo}, the block set: 

(I) 3part'itc DC: 3-DC(Aol [1,13)' -29 10 ) and 3-DC(AlO[1, 13], -290 d; 
(II) 2-DC(Ao[1, 19], -2S01 , -15 lD ); 

(III) FDC(-Ao[7,26],3301); 
(IV) CDCCXl(M AOI ([14,32]\ {15, 2S}, 1501 , 2S IO , - Ao[l, 6]); 
(V) SDC( -Ao[20, 33), Ao[27, 32t1). 

9. 30-ISClvID(40, 10) 
The point set is X = (Z15 x Z2) U {001' ... , oolD}, the block set: 

(I) 15-partite DC: 15-DC(1011 -210) and 15-DC(l1O, -20d; 
(II) SDC( -701 Ao[l, 2], AI Aod3, 7), -10 ); 

(III) C DCCXl1, .. ,lO (Ao [2, 6}, Ao[3, 7J-l). 

(Received 18/7/2000) 

192 


