






































(I) By Lemma 5.2 ([{5:80] < %220),

(I) We only verify the case: t even. Since {My}o = [~ (12t +6), Lt + 6] U [12t +
19,15t + 19], { Mo} = {2t + 13} and tail{My} = (12t + 19),.

(II1) We only verify the case: t even. Since {Np}o = [—(15¢+12),0]U[3t+5,9t +
10Juf12¢+11, 15¢+12] {Noh=[3t+9, 15t+12]U([— (15t+12), — (15¢+8)\{ —(15t+9)}
and tail(Ng) = (12t + 11)¢. o

Theorem 6.6 There ezists a 6g-SCMD(11q) for ¢ =5 (mod 6).
Construction
(Case 1) Let ¢ = 12{+5 and ¢ > 0. Construct a (72t+30)-SC' M D(132t+55) = (X, B)
as follows.
When t = 0, a 30-SCM D(55) is given in Appendix 5. Below, suppose ¢ > 0. The
point set is X = (Zger27 X Za2) U {00}, the block set B consists of three parts:

(I) 3-partite DC: 3-DC(An[1, 24t + 9], (32t + 13)10);

(Il SDC (M), where M = (P, (—1)""1(32t + 13)01, Q);

(III) CDCyW(N), where N = (Aq[1, a], M Ag; ([24t + 10, 33t + 13]\ {32t + 13}),

A [b, 24t + 9]),

(a,b) = { (33t + 12, 3t) teven o

(32t + 13,3t +1) todd

(P.Q) = ((33t + 13)y, —Ap[1, 33t + 13]), Ag[1,3t — 1]71) ¢ even
’ - (—Ao[l, 33t + 13], —AU[]., 315]_‘1) t odd

(Case 2) Let ¢ =12t + 11 and t > 0. Construct a (72t + 66)-SCM D(132t + 121) =
(X, B) as follows. The point set is X = (Zggr460 X Z2) U {00}, the block set B consists
of three parts:
(I) 6-partite DC: 6-DC'(Ap1[2,12¢t + 11], — (5t + 5)o),
(I1) SDC(R), where R = (A [12¢ + 12, 30t + 26], 110, Ag1[12¢ + 12, 30t + 27]74);
(IIT) FDCos((33 + 30)q, N, (33t -+ 30) 1y, F~1(N), (33t + 30)1, (30t + 27)10),
FDCOO(—lol, N, (33t + 30)[1011, Fvl (TV_), 101, (30t + 27)10), where
= (Ap([1, 33t + 29\ {5t + 5}), (1) 44, [30t + 28, 33t + 29]), [01]==01 (¢ even) or 10
(t odd).

Proof The number of blocks is

(22t +9) x 24 (66t +27) x (2+1) =242t +99  (case 1)
(11t +10) x 4 + (66t + 60) x (2 + 1) = 242t + 220 (case 2) ’

as expected. For case 1, the correctness of each orbit is shown as follows.

(I) By Lemma 5.2(1) ([Z2520] < 804021y B

(II) We only verify the case: t even. Since {M}o = [— (2t +7), 8t +6]U[19t +
7, 42—1t~+ 6) U {—(33t + 13)}, {M}, = [2t + 7,19t + 6], head(M) = —(33t + 13), and
tail(M) = (19¢ + 7)o. -

(IIl) We only verify the case: ¢ even. Since {No}o = ([—(33t + 13), %1t +
6\{—(2t+8)})u[30t+11,33t+13], {No}1=[2¢t+4, Be+6]U[—(Lt+11), —(12¢t+7)]
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and tail(No) = (30t + 11)o.
As for case 2, the correctness of each orbit is shown as follows.

(I) By Lemma 5.2(1) ([Z2££88] < 864160y

(1) Since {Ro}o = [—(9t+7), 0JU[21¢+20, 30t +28], { Ry}, = [—(241+20), — (15t +
13)] U [12¢ + 12, 21t + 19], and tail(Ry) = (30t + 28),.

(ITI) By Lemma 5.1(4). , )

Theorem 6.7 There exists a 6q-SCMD(7q+ 1) for ¢ =5 (mod 6).
Construction
(Case 1) Let g = 12t+5and t > 0. Construct a (72¢+30)-SCM D(84t+36) = (X, B)
as follows.
When t = 0, a 30-SCM D(36) is given in Appendix 6. Below, suppose ¢t > 0. The
point set is X = Zyy .13 X Zy, the block set B consists of three parts:

(1) 6-partite DC: 6-DC(Ag1[9t + 5, 21t + 8], —(t + 1)g);

(I1) FDC(N, (21t 4+ 9)o1), where N = (Aolt + 1,21t + 9], P, Ap[1,1]™1);
(III) SDC(M), where M = (Q, Ao ([1, 21¢ + 8]\[9¢ + 5, 15¢ + 5])~1),

5| (—Aa[2,15t +5],15) teven
F= { —Aoi[1, 15t + 5 todd A
0= (1ig, —Ao([2,21¢ + 8\ {t +1}) teven

T —Ao([1, 21+ 8\{t + 1}) t odd

(Case 2) Let g = 12t+11and ¢t > 0. Construct a (72t+66)-SCM D(84t-+78) = (X, B)
as follows. The point set is X = Zy1139 X Zy, the block set B consists of three parts:
(I) 3-partite DC: 3-DC(A1[2,a], — Ag[1,b] 7Y, — (16t + 15),),
3—DO(A10[2, (l], -Al[l, b}ﬁl, “(16t + 15)1),
(I1) SDC(D), where D = (Ag[3t + 4,21t + 19]\ {16t + 15}), cq1,
Ayfb+ 1,168+ 14]71, — ey, (=1 Ag[16¢ -+ 16, 21t + 19)1, R),

(a, b, )= (21t + 19,3t + 3,1) t even nd
GPOTU (218 4+ 18,3t + 4, — (42t + 40)) todd A
Re 0 t even
- (‘1313 711@) todd -~

Proof The number of blocks is

(Tt+3) x 24 (42t + 18) x 2 =98t + 42 (case 1)
(14 +13) x 2 X 24 (42t +39) = 98t + 91 (case 2) °

as expected. For case 1, the correctness of each orbit is shown as follows.

(I) By Lemma 5.2(1) ([T2£30] < 426418y N

(I) We only verify the case: ¢ even. Since {No}o = [~(10t+4),0]U[t+1, 32¢+8],
{Noh = [t + 2,11t + 3] and tail(Ny) = (19¢ + 8),.

(IIT)  We only verify the case: ¢ even. Since {M}y = ([-(%t +4),21t +
IMN{=1, 5} U [=(21F +8), (18 + 10)], {M} = [~ (18t + 9), —(Zt + 6)] U {~1},
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head(M) = —1, and tail(M) = —(18¢ + 9),.
As for case 2, the correctness of each orbit is shown as follows.

(I) Let S = (An[2,21t + 19],—Ao[L,3¢ + 3]7!), then {S}; = [-Zt + 12
{S}h = [2, 2t +10]. Obviously they are not congruent modulo 14¢+13 and tail(
(16t + 15) = 14¢ + 13. ~ '

(I) We only verify the case: t even. Since {Dg}y = [—(9t + 8),0] U ([t +
1,12t + 11I\{3¢ + 3}) U [19t + 18,21t + 19] U [—(21¢ +19), - (4t +19], {Do}1 =
[~ (5t +18), — (14t + 13)] U [12¢ + 12,3 + 17], and tail(Dy) = (19t + 18). O

),00,
S)-

Theorem 6.8 There erists a 6¢-SCMD(13q+ 1) for ¢ =5 (mod 6).
Construction
(Case 1) Let ¢ = 12t+5and ¢ > 0. Construct a (72¢4+30)-SCM D(156t+66) = (X, B)
as follows.
When t = 0, a 30-SCMD(66) is given in Appendix 7. Below, suppose ¢t > 0. The
point set is X = Zzg133 X £, the block set B consists of three parts:
(I) 3-partite DC: 3-DC(Agy[1, 24t + 9], — (38t + 16)10),
3-DC(Ap[1,24t + 9], — (38t + 16)q,);
(IT}y SDC(M), where M = (Ag[a, 39t + 14]71, —by, —(39¢ + 15),
A()[3t -+ 3, a — 2]_1, 10),
(I11) CDC(N), where N = (M Ay ([24t + 10, 39¢ + 16]\{38¢ + 16}),
—A0[2,39¢ + 16])71, (39t + 16)g, Ao[3, 3t + 2] 71, cg, —(a — 1)) and

N ) (664+4,1,2) t even
(@.b,¢) = { (6t+5,2,—1) todd

(Case 2) Let ¢ =12t +11 and ¢t > 0. Construct a (72t + 66)-SCM D(156t + 144) =
(X, B) as follows. The point set is X = Zygy72 X Zo, the block set B consists of four
parts:
(I) 6-partite DC: 6-DC(Ag[2, 12t + 11], = (7t + T)o);
(II) 2—pa7‘tite DC Q-DC(A()({?)t + 47 39t + 35}\{7t + 7}), apy, blO):
2-DC(— Ag([3t + 4,39t + 35\ {7t + 7}), —bo1, —a10);
(ITT) FDC(P, (39t + 36)01), where P = (M Ag[21¢ + 20, 39¢ + 35]71);
(IV) SDC(Q), where Q = (Ag[1, 3t + 3], —M Ay, ([12¢ +12, 21¢ + 19]\ {18 + 161},
Ao1[2,12¢ + 11]71, (39¢ + 36), (7L + 7)o, — Ap[1, 3t + 3]7!) and

(a,b)= (1,18t +16) t even
T} (18t+16,1) todd
Proof The number of blocks is

(26t +11) x 2 x 2+ (78t + 33) x (2+ 1) = 338t + 143 (case 1)
(13t +12) x 2+ (T8t +72) x (2+ 1+ 1) = 338t + 312 (case 2)

as expected. For case 1, the correctness of each orbit is shown as follows.
(I) By Lemma 5 (1) ((72&301 < 78f+33)
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(II) We only verify the case: ¢ even. Since Ny = [0, Bt+5]U[Lt 48,39+ 14U
[—(3t+7), (15t + 6)] U [ (12t + 4), — (2t + 5)] and tail(Ny) = —(15¢ + 6),.

(ITT) We only verify the case: ¢ even. Since {M}y = ([—(39¢ + 16), ON{— (&t +
14)}) U (24t + 11,39 + 16] U ([3¢ + 1, 15t+3]\{6t+2} ), {M}, = {~(39t+16)} U
(124t + 10,39t + 16]\{31¢ + 13}) and head(M) = tail{M} = 0,.

As for case 2, the correctness of each orbit is shown as follows.

(I) By Lemma 5.2(1) ([Z288] < 80723

(II) By Lemma 5.3(3). B

(II1) Since {Po}o = [0,18t + 16}, {Po}1 = [—(21¢ + 19), — (12t + 12)] U [30¢ +
28,39t + 35] and tail{ Py} = (18t + 16),. ~

(IV) We only verify the case: ¢ even. Since {Qo}o = [~ (36t + 33), —(3-t + 25] U
[—(gt+1),6t+5]u[§t+15,i‘21t+18]u{27t+ 11}, {Qo}y = [ (%t +23), (2t +
1O)N\{—(Zt + 12, — (2t + 16)} and tail(Qo) = (19t + 16)q. O

Theorem 6.9 There exists a 6q-SCMD(13q) for ¢ =1 (mod 6).
Construction
(Case 1) Let ¢ = 12t+7 and t > 0. Construct a (72t+42)-SCM D(156t491) = (X, B)
as follows. The point set is X = (Z7s1445 X Z2) U {oo}, the block set B consists of
three parts:
(I) 3-partite DC: 3-DC(Agi[1, 24t + 13], — (38t + 22)0),
3-DC(Ayo[1, 24t + 13], — (38t + 22)qy):
(IT) CDClo(Ao[1,39¢ + 22], (—1)1 Ag[6¢ + 4, 30t + 21]1);
(III) SDC(P), where P = ((~1)!(39¢ 4 22), —Aq[1, 6 + 3],
M Agy ([24t + 14, 39¢ + 22\ {38t + 22)).
(Case 2) Let ¢ =12t + 1 and t > 1. Construct a (72t + 6)-SCM D(156t + 13) =
(X, B) as follows. The point set is X = (Zrg46 X Z3) U {00}, the block set B consists
of three parts:
(I) 3-partite DC: 3-DC(Aq[2, 24t + 2], — (38t + 4)19),
3-DC(Ap[2, 24t + 2], — (38t + 4) 1 );
(I1) SDC(Q), where Q = (Ag[1, 4t], (24t + 3)o1, — M A (24t + 4,38t + 3], 110,
A0[114t]_1);
(IH) FDOOO((Bgf + 3)0, N, (39t + 3)01 , Fﬁl(]\/.), (39t + 3)1, (24t + 3)]0),
FDCo(=101, N, (39 + 3)10, F"1(N), Lo, (24t + 3)10),
where N = (Ag[4t + 1,39¢ + 2], (— 1)L A, [38¢ + 5, 39¢ + 2)).

Proof The number of blocks is

(261 +15) x 2 x 2+ (78t +45) x (24 1) = 338t + 195 (case 1)
(26t +2) x 2x 24 (T8t +6) x (1 +1+1) =338t +26 (case 2) ’

as expected. For case 1, the correctness of each orbit is shown as follows.
(I) By Lemma 5.2(1) ([1242] < T8L045)
(II) By Lemma 5.5.
(IIT) We only verify the case: t even. Since { P}y = [~ (18t+10), 3t +1Ju{-(39t+
22)}, {P}, = [21¢ + 12,36t + 21]\{28¢ + 16, 29t + 17}, head(P) = —(39t + 22), and
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tail(P) = —(18t + 10),.
As for case 2, the correctness of each orbit is shown as follows.

(I) By Lemma 5.2(1).

(T1) Since {Qo}o = [~9¢, 20] U~ (18t — 1), = 11¢]U[~(39¢ +2), — (38t + 2)] U [36t +
4,39t + 3], {Qo} = [22t + 3,36t + 3] and tail(Qp) = (381 + 4)o.

(III) By Lemma 5.1(4). O

Theorem 6.10 There exists a 6¢-SCM D(19q) for ¢ = 1 (mod 6).
Construction
(Case 1) Let g = 12t+1and ¢t > 1. Construct a (72t+6)-SCM D(228t+19) = (X, B)
as follows. The point set is X = (Z114049 X Zy) U {00}, the block set B consists of
four parts:
(I) 3-partite DC: 3-DC(Ag[1, 24t + 1], — (50t + 4)10),
3-DC(A10[1, 24t + 1], “(5(”, + 4)0] );
(I1) CDC(N), where N = (M Ag ([24t + 2,57t + 4]\ {50t + 4}),
— Ag[1, 61+ 171, (36t + 3)o);
(II1) CDCw(R), where R = ((—1)71(57t + 4)g, Ag[6t + 2,57 + 4],
(—1) Ag(36t + 4,57t + 3]71);
(IV) SDC(A[1, 36t + 2]).
(Case 2) Let ¢ = 12t + 7 and ¢t > 0. Construct a (72t + 42)-SCM D(228¢ + 133) =
(X, B) as follows. When t = 0, a 42-SCMD(133) is given in Appendix 8. Below,
suppose ¢t > 0. The point set is X = (Zy140466 X Z2) U {00}, the block set B consists
of five parts:
(I) 3-partite DC: 3-DC(Aq[1, 24t + 13], - (50t + 29),0),
3*DC(A10[1, 24t + 13], "‘(5015 + 29)01),
(I1) 2-partite DC: 2-DC(Ap[1, 36t + 19], —(51¢ + 29)¢1, — (247 + 14)19);
(II1) FDC(—Aq[6t + 7,42t + 26], (57t + 33)01);
(IV) CDCy (M), where M = ((24t + 14)¢;, — M Ay ([24¢ + 15,57t + 32]\ {50t+
29,51t + 29}), — (51t + 29)10, — Ag[1, 6¢ + 6]);
(V) SDC(Q), where Q = (—Ag[36t + 20, 57t + 33], (— 1) Ag[42t + 27, 57t + 32]71).

Proof The number of blocks is

(38t +3) x 2x 2+ (114t +9) x (2+2+1) =722t +57  (case 1)
(38t +22) x 2 x 2+ (114t +66) x (2+ 2 + 1) = 722t + 418 (case 2)

as expected. For case 1, the correctness of each orbit is shown as follows.

(I) By Lemma 5 (1) ([2u6] < 114; Lde49))

(1) Since {N}o = [—(39t+ 3), 0], (N}, = ([24t + 2, 57t +4]\ {37t + 3, 44t + 4}) U
{=(57t +4)} and hcad(N) = tail(N) = 0. ~

(III) We only verify the case: ¢ even. Since {R} = ([-(% +2), ON{~ (5t +
)} U6t + 2,42t + 3] U {57t + 4}, head(R) = (57t + 4)¢ and tail(R) = (42t + 3),.

(IV) It is trivial by Lemma 5.1(1).
As for case 2, the correctness of each orbit is shown as follows.

(I) By Lemma 5.2(1) ([726H12] < H4LE80)

(II) By Lemma 5.3(2).
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(III) It is trivial by Lemma 5.1(1).

(IV) Since {M}o= [~ (9t +7), —(3t + 1)] U ([~ (45¢ + 26), — (12t + )\ {—(25¢ +
15), =(55t + 17), = (32t + 19)}), {M}= [12t + 7,45¢ + 25]\{Z¢ + 14, %t + 18},
head(M)= —(12t + 7)o and tail(M)= —(3t + 1),.

(V) Since Qy = [— (54t +29), —(36¢+20)]U[0, 18+ 10] and tail(Q) = (18t+10)o.

]

7 Constructions of ISCMD

Theorem 7.1 There ezists a 6q-ISCMD(6q + 2q+ 1,2q + 1) for g = 1 (mod 6).
Construction
(Case 1) Let ¢ = 12t+1and t > 1. Construct a (72¢+6)-ISCM D(96t+9,24t+3) =
(X, B) as follows. The point set is X = (Za543 X Zo) U {001, ..., 0094143}, the block
set B consists of three parts:
(1) (36t + 3)-partite DC: (36t + 3)-DC (Agi[i,i + 1), i € [1, 6t + 1],
(36t + 3)-DC(Aolj, 5 + 1)), j € [1,6t — 1)y;
(I1) SDC(—(15t + 2)g, Ap[1, 6t + 2], M Ag, [6t + 3, 18¢ + 1],
—Ag[6t 4+ 1,6t +2]71, —Ay[1,6t — 1]71);
(III) CDClos, urys(Ao([6t, 18E\{15¢ + 2}), — Ao ([6t + 3, 18¢ + 1\{15¢ + 2})~,
(15¢ + 2)o, (18t + 1)0).
(Case 2) Let ¢ = 12t+7and t > 0. Construct a (72t+42)-ISCM D(96t+57, 24t +
15) = (X, B) as follows. The point set is X = (Zzge121 X Zo) U {001, ..., 0094115}, the
block set B consists of three parts:
(1) (36t + 21)-partite DC: (36t + 21)-DC(Ap[i,i +1]), i € [1,6t + 3,
(36t + 21)-DC(Aqoli, i + 1)), @ € [1,6t + 3]y
(IT) SDC(~(15t + 9)o, A1, 6t + 4], M Ay [6t + 5, 18¢ + 10], — Ap[1, 6t + 3]71);
(IT) CDCr, iy (Ao([61 + 4,18 + 9]\ {15 + 9}),
Ao([61 4 5,18t + 10]\{15¢ + 9}) 7, (15¢ + 9)g, — (18t -+ 10),).

Proof The number of blocks is

(36t +3) x (2+1) + (6t +1) x 2 =120t + 11 (case 1)
(36t +21) x (2+1) + (61 +4) x 2 =120t + 71 (case 2)

as expected. The correctness of each orbit is shown as follows.
(I) It is trivial.
(II) By Lemma 5.4(1)(2).
(III) By Lemma 5.6. m

Theorem 7.2 There exists a 6q-ISCMD(6q + 2q,2q) for ¢ =5 (mod 6).
Construction
(Case 1) Let ¢ = 12¢t+5 and t > 0. Construct a (72t + 30)-1SC M D(96t + 40, 24t +
10) = (X, B) as follows. When ¢t = 0, a 30-1SC M D(40, 10) is given in Appendix 9.
Below, suppose t > 0. The point set is X = (Zsg415 X Zo) U {00y, ..., 00ass10}, the
block set B consists of three parts:

() (36t + 15)-partite DC: (36t + 15)-DC (A1 [i,7 + 1]), 7 € [1, 6t + 1],
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(36t + 15)—DC(A10[Z,1 + 1]), 1€ “.) 6t + 1]2;
(I1) SDC(— (15t + T)q, Ao[1, 6t + 2), M Agy [6t + 3,18t + 7], —Ag[1, 6t + 1]7);
(IT) CDCoo,  yurpro(Ao([6t + 2, 18t + 6]\ {15¢ + 7}),
— Ag([6t + 3,18t + TI\{15¢t + 7}) L, (15t + 7)o, (18t + 7)p).
(Case 2) Let ¢ = 12¢+7 and t > 0. Construct a (72t+66)-15C M D(96t+88, 24t+
22) = (X, B) as follows. The point set is X = (Z3p433 X Z2) U {001, ..., 00u4s422 }, the
block set B consists of three parts:
(I) (36t + 33)-partite DC: (36t + 33)-DC{Ap[i, i+ 1]), 1 € [1, 6t + 5],
(36f + 33) DC(AM)[],_] + 1]), J € []., 6t + 3]2,
(I1) SDC(—(15t + 15)q, Ag[1, 6t + 6], M Ag,[6t + 7,18t + 16},
—Ap 6t + 5 6t +6]71, —Ap[1, 6t + 3]71);

Ao([ﬁt 7,186+ 16)\{15¢ + 15}) (15t+ 15), — (18t + 16)).

Proof The number of blocks is

(36t +15) x (2+ 1)+ (6t +2) x 2 =120t +49 (case 1)
(36t +33) X (24 1)+ (6t +5) x 2 =120t + 109 (case 2) ’

as expected. The correctness of each orbit is shown as follows.
(I) It is trivial.
(II) By Lemma 5.4(1)(2).
(II1) By Lemma 5.6. 0

Lemma 7.3 Let q be prime power and ¢ = 1 (mod 6); then there are at least 5
integers d; such that ¢ < d; < 3q and gcd(d;, 6¢) =1 for each j.

Proof Let ¢ = p". Since ¢(6p™) = 2p"~!(p — 1), there are p"~!(p — 1) integers w;
such that 1 < w; < 3¢ and ged(w;, 6¢) = 1 for each j.
Let S = {d| gcd(d, 6g) =1, ¢ < d < 3¢}. Note that ¢(p™) =p" !(p — 1), so we have

ISl="p*p— 1) = [o(p™) = (1) + 5] + (5] + 5] + 15D = 15 ])

= Bl +15 -5 -5 - 15+ 15

= U B B (T 4 [P - [P ))
= 30" - D~ (1% + 175 - 25D

Obviously, p"~! =1 or 5 (mod 6) when p" = 1 (inod 6).
Ifp"~' =1 (mod 6), then

3 « n-1_ . n—-1__ n
R e s

= -1 =30 - -




If p»~' =5 (mod 6), then

Ty nl_ n-—1 nl_:-
IS['_E‘;_]: %(p_l) ( 21+p32 ))"

= gl (p-4) 520
Therefore, |S| > 25 in both cases. The conclusion holds. O

Theorem 7.4 There ezists a 6g-1SCM D(12q + ¢, q), where q is prime power and
g =1 (mod 6).
Construction Let ¢ = 6t + 1 and ¢ > 1. Construct a (36t + 6)-1SCMD(78t +
13,6t +1) = (X, B) as follows. The point set is X = (Zag146 X Zo) U {001, ..., 006141 }5
the block set BB consists of five parts:

(1) 6¢- DC’( ) and 6q- DC(~—d ) 1 <5 < 3t, where ¢ < d; < 3q,

dy # 9+ 1, g(d(d,,6q) =1land 1<j <3¢
(II) FDC (A1, 6t — 1, —(9%+ 1)0,Am[6t+1 18t + 2], (18¢ + 3)01);
(IV) SDC(An (1,18t + 2]~1);

S = {(11,(12,' . ',(13,5,91& -+ 1}

Proof The number of blocks is (6t 4 1) x 2+ 6t x 2 + (36t + 6) x 4 = 168t + 26, as
expected. The correctness of each orbit is shown as follows.

(I) By Lemma 5.2(1) ([30L48 < 3646y

(II) By Lemma 5.7.

(L) Let P = (A[1,6¢ 1], (9t + 1), A [6¢ + 1,18t + 2]), then {P}o = [~ (3t —
1), 3t]U [~ (12t +2), — (6t + 1)], { P}, = [0,6¢], and tail(P) = —(12¢+2)¢. Obviously
PN F(P)=0,and it is easy to see Py N f(FP + 18t + 3) = ().

(IV) By Lemma 5.1(1), N = Ay, [1,18t + 2]~ forms a DP.

(V) Let N = (=Ao([1, 18 + 3]\{S}), (—1)! Ap([6¢, 18t + 2)\{S})~1), then N, =
(0,~1,1,-2,--) = (e1,b1, ¢, b9, --). Obviously the sequences ¢; and b; are mono-
tone increasing and decreasing respectively, and they are mutually distinct, so NV
formsa DP. . Finally, when constructing CDCl, ., we take (001, 11,009, 2,, ..., (6t+

1)1, 006141, NO) as the base block of the corresponding block-orbit. O

Theorem 7.5 There exists a 6g-ISCMD(12g + q+1,q + 1) for ¢ =5 (mod 6).
Construction Let ¢ = 6t +5 and ¢ > 0. Construct a (36t + 30)- ISCMD(78t +
66,6t+6) = (X, B) as follows. The point set is X = (Z35430 X Za)U {001, ..., 00p146 },
the block set B consists of five parts:

(I) 3-DC(Ag[1,12¢ + 9], (18t + 15));

(I1) 6¢-DC(~1);

(ILl) FDC(Ag[1,18t + 14], (18t +15)0);

(IV) SDC(An 1, 181+ 14]71);

(V) CDCro, _yyo(— (18t + 14)o, Ag[2, 18t + 14], Ag[12¢ + 10, 18¢ + 13] ).

Proof The number of blocks is (12t +10) x 2+ 1 x 2+ (36t + 30) x 4 = 168t + 142,
as expected. The correctness of each orbit is shown as follows.
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(I) By Lemma 5.1(1), D = Ao[1, 12649 forms a DP, and Dy = [— (6t +4), 6t +5)
is a interval with length 12t + 10, so they are not congruent modulo 12¢ + 10.

(IT) Tt is trivial.
(III) It is trivial by Lemma 5.1(1).
(IV) Tt is trivial by Lemma 5.1(1).

(V) Let N = (—(18t + 14), Ag[2, 18 + 14]], Ao[12¢ + 10,18t + 13]7"), Ny =
([—(12¢ +10),12¢ + 10]\ {1, — (9¢ + 7), — (9t + 8)}) U {18¢ + 14}. Obviously N forms
a DP. Finally, when constructing CDCy, . we take (001, 1;, 00,2, ..., (6t +
6)1, 0%st+6, ]VO) as the base block of the corresponding block-orbit. 0

8 The proof of Theorem 1.3 and 1.4

By [7] and all the Theorems in sections 6 and 7, we have the following table (the
block size is 6q):

g= (mod 6) | v=(mod-) | SCMD(v) | ISCMD(v,h) CS(v,6q,1) | Theorems
14g + 1 6. 1
1 2 +1 (6g) (8q+1,2¢ +1) 7.1
8g+ 1 7]
1 4q (6q) 10q 6. 2
1 5¢ + 1 (6g) 11g+1 6.3
' 8q 6.4
i 24 (6 (84,29) 7.2
5 4q + 1 (6g) 10g+1 6.5
5 5¢ (6q) 11q 6.6
5 T+ 1(129) | g+ 1 6.7
13¢ + 1 6.8
5 g+1 (129) (13¢ +1,q+ 1) 7.5
13¢ 6.9
1 7 (12q9) * (13¢, ) 7.4
19 6.10
1 7q (12q) 1 e 7]

The proof of Theorem 1.3 is trivial by section 2, 3 and the above table. Theorem 1.4
is a consequence of Theorem 1.3. r

The conclusion of Theorem 1.3 extends the existence results for M D(v, k, 1) as
well (refer to Theorem 1.1). Two possible exceptions in Theorem 1.3 correspond to
the two “x”s in the table. For the first “x”, the construction of Theorem 7.4, i.e.
6¢g-1SCMD(13q, q), holds only for odd prime powers ¢ = p™ (p > 3). For the second
“¥" the existence of a C'S(7q,6¢,1) has not been completely settled. These two
parts are still open.
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Appendix

1. 42-SCMD(70)
The point set is X = Z35 x Z,, the block set:
(I) 7—partite DC: 7“DC(A01[1, 5], ‘810);
(II) SDC(‘_AO[l, 17]\{11, 12}, “}60, 1207 701, *610, 1()),
(IT1) CDC(M Agi[9,17), — Aoy [1, 8] 71, 175, Ap[2, 15] 71, —11,).
2. 42-SCMD(78)
The point set is X = Z39 X Z5, the block set:
(I) 3-partite DC: 3-DC(Agy[1,13],1940);
(IT) SDC(—199, —Ao[1,17], —Api[14,15]71);
(ITT) C'DC(Ag[1,19], Agi[1, 18], Agi[16,19]71, 18,).
3. 30-SCMD(40)
The point set is X = Zy x Z,, the block set:
(I) 5-partite DC: 5-DC(An[1, 5], 110);
(II) 10-partite DC: 10-DC{ Ay (2, 3], —1¢);
(I11) FDC(10q, Ag[1,9], —An1[4, 5], —Ag1[8, 9], 10¢1);
(IV) SDC(Ao[2,9], =91, A10[6, 8], — Ap1[6, 7)).
4. 30-SCMD(51)
The point set is X = (Zy; x Z,) U {oo}, the block set:
(1) 5-partite DC: 5-DC{An |1, 5], 701);
(I1) SDC(~Ap[1,12], —Ag 1, 2]);

191




(III) CDCo (300, Ao[1,12], M Agi[8,12], —Agi[6, 7)Y, Ag1[4,6)).
5. 30-SC'MD(55)
The point set is X = (Zy7 x Z3) U {00}, the block set:
() 3-partite DC': 3-DC(Ap1[1, 9], 1310);
(II) SDC(134, —Ao[l, 13));
(IIT) C'DCo(Ao[1, 12}, M Ap1[10,12], (13)01, 910, Ao [4, 8], AslL, 3]).
6. 30-SCMD(36)
The point set is X = Z;3 X Z,, the block set:
(I) 6-partite DC: 6-DC(Ap1[1, 4], —1p);
(1) FDC(Ao[1, 8], Aoi[2, 7))
(HI) SDC(SOl, —110, A01[5, 8], ‘—AQ[2, 9]_1).
7. 30-SCMD(66)
The point set is X = Z33 x Z5, the block set:
(I) 3-partite DC: 3-DC(Apn[1,9], —1610) and 3-DC(A6(1,9], —160;);
(H) SDC("'150, —10, A0[4, 14], 10),
(III) CDC (M A1 [10, 15], — Ag[2, 16] 7Y, 160, 20, —30).
8. 42-SCMD(133)
The point set is X = (Zg X Z2) U {00}, the block set:
(I) 3partite DC: 3-DC(Ag[1,13], —29,) and 3-DC(A6[1, 13}, =291 );
(1) 2-DC/(Aq[1, 19], =280, —1510);
(III) FDC(~A¢|7, 26}, 33p1);
(IV) CDCoo (M Agy ([14, 32\ {15, 28}, 1501, 2810, — Ao[L, 6]);
(V) SDC(—Ao[20, 33], Ag[27, 32]71).
9. 30-ISCM D(40, 10)
The point set is X = (Z)5 x Zy) U {001, ..., 0010}, the block set:
(I) 15-partite DC: 15-DC(161, —210) and 15-DC'(119, —201);
() SDC(~Ty, Ao[1, 2}, MAn[3,7], —1);
(HI) CDCOOl 10(A0[276]7 AO[?)! 71-1).

,,,,,
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