The u-way intersection problem for cubes

Peter Adams and Darryn E. Bryant*

Centre for Discrete Mathematics and Computing
Department of Mathematics
The University of Queensland
Queensland 4072 Australia

Abstract

A collection of p 3-cube decompositions of a graph G is said to have
intersection size t if there is a set S, with |S| = t, of 3-cubes which is
contained in every decomposition, and no 3-cube which is not in S occurs
in more than one decomposition. We determine all integers n,t and p,
with p < 12, for which there exists a collection of 4 3-cube decompositions
of K,, with intersection size t. Also, we determine all integers m, n,t and p,
with g < 8, for which there exists a collection of u 3-cube decompositions
of K, with intersection size ¢.

1 Introduction

A great deal of work has been done in recent years on the intersection problem for
combinatorial designs. The question addressed in intersection problems is: given two
designs based on the same underlying set of elements, how many blocks may they
have in common? The intersection problem has been considered for many classes of
designs, including Steiner triple systems [8], m-cycle systems [4] and Steiner quadruple
systems [7]. For a fine survey on the intersection problem, the reader is directed to
Billington [3], and the references therein.

There is no reason to restrict one’s attention to the number of blocks that a pair of
designs have in common: one may consider the intersection problem for a collection
of 1 designs (defined on the same underlying set). Indeed, this problem has already
been considered for m-cycle systems [1] and in the case p = 3, for Steiner triple
systems [10] and latin squares [6]. In this paper we consider the u-way intersection
problem for decompositions of the complete graph into cubes of dimension three.
The case u = 2 was solved in [2]. The 3-cube, one of the most loved graphs, is the
graph C whose vertex set is {1, &2, T3, Z4, T5, Ts, T7, zg} and whose edge set consists
of the edges of two 4-cycles (71, 2, T3, 24) and (zs, 6, T7, Ts) and the edges {z1, x5},
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{9, 76}, {73, 27} and {z4,z3}. We denote this graph by (%1, z2, T3, T4, T5, T, T7, Ts]
and henceforth will refer to it simply as the cube. A C-decomposition of a graph G
is a set D of cubes whose edge sets form a partition of the edge set of G. We need to
take care when defining the intersection of y C-decompositions if u > 2.

Definition 1.1 A collection of u C-decompositions of a graph G have intersection
size t if there is a set S, with |S| =t, of 3-cubes which is common to each decompo-
sition, and no 8-cube which is not in S occurs in more than one decomposition.

In this paper, we determine all integers n,t and u, with p < 12, for which there
exists a collection of u C-decompositions of K, with intersection size t. Also, we
determine all integers m,n,t and p, with u < 8, for which there exists a collection of
1 C-decompositions of K, , with intersection size t. These values of y, for which we
solve the problem, are maximal in the sense that the range of expected intersection
sizes is reduced for larger . We have shown by exhaustive computer search that for
any (bipartite) graph G which can be decomposed into two 3-cubes, it is not possible
to find (u > 8) p > 12 C-decompositions of G, having intersection size zero. This
means that for g > 12 in the case G = K, and for p > 8 in the case G = Ky,
there does not exist a collection of y C-decompositions of G with intersection size
t=|E(G)|/12 — 2.

For a graph G, let I,(G) denote the set of integers ¢ for which there exists a col-
lection of i C-decompositions of G with intersection size t. We define J,,(G) to be
the set of expected intersection numbers. That is, J,(G) = {0,1,2,...,b} \ {b -1},
where b = |E(G)|/12 if there exists a C-decomposition of G, and Ju( ) = 0 oth-
erwise. Let I,,(n), Ju(n), I,(m,n) and J,(m,n) denote I,(K,), Ju(Kz), [u(Kmn) and
Ju(Kmp), respectively.

In [9], Maheo showed that there is a C-decomposition of K, if and only if n =1
or 16 (mod 24). Thus for 2 < pu < 12, Ju(n) = {0,1,2,...,b} \ {b — 1}, where
b=n(n—1)/24if n = 1 or 16 (mod 24), and J,(n) = @ otherwise. In [5], it was shown
that for m < n, there is a C-decomposition of Ky, , if and only if m = n = 0 (mod 3),
mn = 0 (mod 4) and m > 4. Thus for 2 < p <8, Ju(m,n) ={0,1,2,...,b}\ {61},
where b = mn/12 if m = n = 0 (mod 3), mn = 0 (mod 4) and m > 4, and
Ju(m,n) = 0 otherwise.

Lemmas 1.1 and 1.2 follow immediately from the definitions of J,(n) and J,(m, n).

Lemma 1.1 For all m,n and for 2 < p < 8, I,(m,n) C Ju(m,n).
Lemma 1.2 For all n and for 2 < pu < 12, I,(n) C Ju(n).

In Sections 2 and 3 respectively we will show that we have equality in the above
two lemmas, except for the isolated case that 1 ¢ 1,(6,6) for 4 =7 and p = 8.

We will use the following notation. Given a graph G and subgraph H, let G\ H be
the graph with vertex set V(G \ H) = V(G) and edge set E(G\ H) = E(G)\ E(H).
The graph K, \ K, is called the complete graph on v vertices with a hole of size u, with
the vertices of K, forming the hole. Given graphs G and Gy, with E(G1)NE(Gy) = 0,
let Gy + Gy be the graph with vertex set V(G + G2) = V(G1) U V(G2), and edge
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set B(G1 + G2) = E(G,) U E(G2). We will use the notation G, + Gy only when
E(G)) NE(G,) = 0.
We require the following straightforward lemmas; proof of the first is obvious.

Lemma 1.3 If G = G,+Gy+...4+G, and there is a collection of ;1 C-decompositions
of G; with an intersection of size ¢; (for i = 1,2,...,7), then there is a collection of ;1
C-decompositions of G with intersection size £, +t2 + ...+ t,.

Lemma 1.4 Let G; and G, be edge-disjoint graphs such that |E(G;)| > 36 and
|E(G2)| > 24. Suppose C|G, and C|G with I,(G1) = J,(G1) and 1,(Ga) = Ju(Ga).
Then Ip,(Gl -+ Gz) = J#(Gl + Gz)

Proof: Let ny = |E(G1)|/12 and let ny = |E(G2)|/12. Without loss of generality,
assume that n; > ny. Let ¢t € J,(G1 + Gy).

If t < ny —2, then there exists a collection of u C-decompositions of Gy with inter-
section size t and there exists a collection of yu C-decompositions of G, with intersec-
tion size zero. Thus by Lemma 1.3, there exists a collection of p C-decompositions
of G + G5 with intersection size ¢.

Ift = n; — 1 and ny # 2, there exists a collection of p C-decompositions of G
with intersection size n; — 2 and there exists a collection of p C-decompositions of
G, with intersection size 1. Thus there exists a collection of y C-decompositions of
G, + G4 with intersection size £.

Ift = n; — 1 and ny = 2, there exists a collection of p C-decompositions of Gy
with intersection size n; — 3 and there exists a collection of p C-decompositions of
G, with intersection size 2. Thus there exists a collection of yu C-decompositions of
G, + G, with intersection size t.

Finally, if ¢ > n;, there exists a collection of p C-decompositions of Gi with
intersection size n; and there exists a collection of p C-decompositions of Gy with
intersection size t—n;. Thus there exists a collection of ;2 C-decompositions of G +G2
with intersection size i.

Therefore, t € I,(G) + G2) and thus, I,(G1 + G2) = Ju(G1 + G2). O

2 The complete bipartite graph
We begin with the following theorem that settles the special case of Kgg.

Theorem 2.1 For 2 < p < 6, I,(6,6) = J.(6,6) = {0,1,3} and for 7 < p < 8,
1,(6,6) = Ju(6,6) \ {1} = {0,3}.

Proof: It has been shown by exhaustive computer search that 1 ¢ I3(6,6). See the
Appendix for proof that 0 € Iz(6,6) and 1 € I(6,6). Hence the result follows. O

Before we prove the main theorem for this section we need two lemmas.

Lemma 2.1 1,(9,12) = J,(9,12).
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Proof: See the Appendix for proof that 0,1,...7 € Ig(9,12). Clearly, 9 € I3(9,12),
as there are nine cubes in a decomposition of Ky 2. 0

Lemma 2.2 1,(6,12) = J,(6,12).

Proof: Since 0,3 € K and Kg12 = Ks6 + Ko, by Lemma 1.3 we have 0,3,6 €
Is(6,12). See the Appendix for proof that 1,2 and 4 € (6, 12). ]

Theorem 2.2 For 2 < 1 < 8 and all m,n except m = n = 6, I,(m,n) = J,(m,n).

Proof: In [5], it was shown that there is a C-decomposition of Ky, » if and only if
m =n =0 (mod 3), mn =0 (mod 4) and m > 4. Under these conditions, we can
assume without loss of generality that either

(C1) m =0 (mod 6) and n = 0 (mod 6), or

(C2) m =3 (mod 6) and n = 0 (mod 12).
Since {0,3} + {0,1,...,2y/12 — 2,zy/12} = {0,1,...,2y/12 + 1,zy/12 + 3} for
zy/12 > 4, if G = Kg6 + K, there exists a C-decomposition of K, and I(z,y) =
J,(z,y), then by Lemma 1.3 we have I,(G) = J,(G). Notice that if (z,y) # (6,6) and
there exists a C-decomposition of Ky, then zy/12 > 6. Now suppose there exists
a C-decomposition of Kp,, and (m,n) # (6,6). Then Ky, = Kg12 + > Keg or
Kpn = Kg12+3 1, Ko Hence, since 1,(9,12) = J,(9,12) and 1,(6,12) = J,,(6,12),
the result follows by induction. O

3 The complete graph

3.1 Small cases
In this subsection we show that I,(n) = J,(n) for n = 16 and 25.
Lemma 3.1 1,(16) = J,(16).

Proof: See the Appendix for proof that 0,1,...8 € I15(16). Clearly, 10 € I35(16),
as there are ten cubes in a decomposition of Kig. 0

Before proving that 1,(25) = J,(25), we need one more result.

Lemma 3.2 There are twelve C-decompositions of Kj3 \ K4 having precisely zero
common cubes, and twelve with precisely six common cubes.

Proof: See the Appendix for proof that 0 € I1a(K13\ K4). Clearly, 6 € I12(K13\ Ky),
as there are six cubes in a decomposition of K3\ Kj. 0O

Lemma 3.3 1,(25) = J,(25)

Proof: Let V4,V and V3 be three mutually disjoint vertex sets of sizes 12, 9 and 4
respectively. Let G, = K¢ have vertex set Vi U V3, let G & Kg12 have vertex set
Vi U V3 (and the obvious bipartition), and let G5 = K3 \ K have vertex set Vo U V3
(with the vertices of V3 in the hole). Then Kys = G1 + G2 + Gs.

Now using Lemma 1.3 with ¢, € I,(16) (see Lemma 3.1), t; € {0,9} (see Lemma
2.1) and t3 € {0,6} (see Lemma 3.2) it is straightforward to check that we have
1,(25) = J,,(25). |
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3.2 Constructions
Lemma 3.4 For 2 < p <12 and n =1 (mod 24), I,(n) = Ju(n).

Proof: Let n = 24r +1 and let Vi, V4, ..., V, be r mutually disjoint vertex sets of
size 24 and let oo & |Ji_, Vi. For each i, w1th 1<i<j<r, let Gi; = Ky have

vertex set V; UV, (and the obvious vertex partition), and for each ¢ = 1,2,...,r let
G; = Kas have vertex set V; U {oo}. Then K, = Z Gij+ Z G;.
1<i<j<r 1<i<r
Since I,(24,24) = J,(24,24) and I,(25) = J,(25), we conclude from Lemma 1.4
that I,(n ) = Ju(n). O

In the following lemma we use a similar construction to that described in [5].
Lemma 3.5 For 2 < ;1 < 12 and n = 16 (mod 24), I,(n) = Ju(n).

Proof: Let n = 24r + 16, A = {21,%3,...,%16} and Vi, V3, ..., V; be r mutually
disjoint vertex sets of size 24 such that V; N A = § for all 3. For each i,j with
1<i<j<r,let Gij = Koo have vertex set V; UV (and the obvious vertex
partition), for each ¢ = 1,2,...,r let G; = Kjs have vertex set V; U {z1}, and let
G} = K524 have vertex set V; U {z3,73,...,716} (and the obvious vertex partition).
Finally, let G & K¢ have vertex set A. Then

K,=G+ Z Gi;+ Z(Gi‘i‘G;)-
1<i<j<r 1<i<r
Since I,(16) = Ju(16), [,(24,24) = J,(24,24), I,(25)

= J,(25) and I,(15,24)
J,(15,24), we conclude by Lemma 1.4 that I,(n) = Ju(n).

O

Combining Lemmas 3.4 and 3.5 we have our main theorem.

Theorem 3.1 For 2 < pu <12 and for all n, I,(n) = J,(n).
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4 Appendix

In each case, a collection of 1 C-decompositions is given by D;UI (fori=1,2,..., p).

Thus the (possibly empty) set of cubes I is the intersection.

Let the vertex set of K¢ be {0,1,...,5}U {6,7,...,11}, with the obvious vertex partition.

(1) 0 € I5(6,6).

Dy ={[0,6,1,7,8,2,9,3],[0,9,4,10,11,5,6,3], [1,8,5,10,11,4,7,2]}
D, ={[0,6,1,7,8,2,9,4],[0,9,3,10,11,5,6,4], {1,8,5,10,11,3,7,2]}
Ds = {[0,6,1,7,8,2,9,5],[0,9,3,10,11,4,6,5], [1,8,4,10,11,3,7,2]}
Dy = {[0,6,1,7,8,2,10,3],[0,9,4,10,11,1,8,5],[2,7,5,9, 11,4,6,3]}
Ds = {[0,6,1,7,8,2,10,4],[0,9,3,10,11,1,8,5], [2,7,5,9, 11,3,6,4]}
Dg = {[0,6,1,7,8,2,10,5],[0,9,3,10,11,1,8,4], [2,7,4,9,11,3,6,5]}
D7 = {[0,6,1,7,8,2,11,3],[0,9,1,10,11,4,8,5], [2,7,5,9, 10,4,6,3]}
Ds = {[0,6,1,7,8,2,11,4],[0,9,1,10,11,3,8,5), 2,7,5,9, 10,3,6, 4]}
(2) 1 € I4(6,6). Let I = {[0,6,1,7,8,2,9,3]}

Dy = {[0,9,4,10,11,5,6,3],(1,8,5,10,11,4,7,2]} D, = {[0,9,4,10,11
Dy = {[0,9,4,10,11,5,8,1],[2,7,5,10,11,4,6,3]} D4 = {[0,9,5,10,11
Ds = {[0,9,5,10,11,4,7,2],(1,8,4,10,11,5,6,3]} De = {[0,9,5,10,11

2,1
3,1
1,2

»
4]

Let the vertex set of Kg 12 be {0,1,...,5}U{6,7,...,17}, with the obvious vertex partition.

(1) 1 € Is(6,12). Let I = {[0,6,1,7,8,2,10,3]}.

D, = {[0,9,1,11,12,2,13, 3],[0, 10,4, 14,15,5,6,3],(0,13,4,16,17,5,7,2],[1,8,5,14, 15,4, 11, 2],

[1,12,5,16,17,4,9,3]}

D, = {[0,9,1,11,12,2,13,4],[0,10,4, 14,15,5,7,2],[0, 13, 3,16, 17,5,6,4], (1,8,5,12,15,4,9, 3],

[1,14,5,16,17,3,11,2]}

Ds = {[0,9,1,11,12,2,13,5],[0,10,4,13, 14,5,6,3], [0, 15, 1, 16, 17,2, 14,4}, [1,8,4,12, 17,5,9, 3],

(2,7,4,11,16,5,15,3]}

Dy = {[0,9,1,11,12,2,14, 3],[0,10,4, 13, 15,5,6, 3], (0, 14,4,16,17,5,7,2],1,8,5,16, 17,4,9, 3],

[1,12,5,13,15,4,11,2])}
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Ds = {[0,9,1,11,12,2,14,4],[0,10,4,13,14,5,9,3],0,15, 1,16,17,2,13,5), [1,8,5,12,17,4,6,3]
[2,7,5,11,16,4,15,3]}

Do = {[0,9,1,11,12,2,14,5],[0,10,4,13,15,5,7,2],(0,14,3,16,17,4,6,5], 1, 8,4,12,13,5,9,3],
[1,15,4,16,17,3,11,2]}

Dr = {[0,9,1,11,12,2,15,3], [0, 10,4,13,14,5,7,2],[0, 15,4,16,17,5,6,3], [1,8,5,13,14,4,9,3},
[1,12,5,16,17,4,11,2]}

Dy = {[0,9,1,11,12,2,15,4], 0, 10,4, 13,14,5,8,1], [0, 15,3,16,17,5,6,4], [1,12,5,16,17,3,11,2],
[2,7,5,13,14,4,9, 3]}

(2) 2 € I5(6,12). Let I = {[0,6,1,7,8,2,10,3],[0,9,1,11,12,2,13,3]}.

Dy = {[0,10,4,14,15,5,6,3],[0,13,4,16,17,5,7,2], [1,8,5,14,15,4,11,2], [1,12,5,16,17,4,9,3]}

Dy = {[0,10,4,14,15.5.7.2), [0, 13,4, 16,17, 5,6,3],[1,8,5,14,15,4,9, 3),[1,12,5,16,17,4,11,2]}

Ds = {[0,10,4,14,15,5,8,1],[0,13,4,16,17,5,9,3], [1,12,5,16,17,4,7,2], [2,11,5,14,15,4,6,3]}

Dy = {[0,10,4,14,15,5,9,3],[0,13,4,16,17,5,8,1], 1, 12,5,14,15,4,7, 2], [2.11,5,16,17,4,6,3]}

Ds = {[0,10,4,14,15,5,11,2],[0, 13,4, 16,17,5,12, 1],[1,8,5, 14,15,4,6,3], [2,7,5,16,17,4,9,3]}

Dy = {[0,10,4,14,15,5,12,1},[0,13,4,16,17,5,11,2],[1,8,5,16,17,4,6,3], [2,7,5,14,15,4,9,3]}

Dy = {[0,10,4,14,16,5,6,3] [0,13,4,15,17,5,7,2],[1,8,5, 14, 16,4,11,2], 1,12, 5,15,17,4,9,3]}

Ds = {[0,10,4,14,16,5,7,2],[0,13,4,15,17,5,6,3],[1,8, 5,14, 16,4,9,3], [1, 12,5, 15, 17,4, 11, 2]}

(3) 4 € I5(6,12). Let I = {[0,10,4,14,15,5,6,3], [0,13,4,16,17,5,7,2], [1,8,5,14,15,4,11,2],

1,12,5,16,17,4,9,3]}

Dy = {[0,6,1,7,8,2,10,3],[0,9,1,11,12,2,13,3)} D = {[0,6,1,7,8,2,13,3],[0,9,1,11,12,2,10,3]}

Ds = {[0,6,1,7,12,2,10,3],(0,8,2,9,11,3,13,1]} Dy = {[0,6,1,7,12,2,13,3],[0,8,2,9,11,3,10,1]}

Ds = {[0,6,1,11,12,2,10,3},[0,7,3,8,9,1,13,2]} Ds = {[0,6,1,11,12,2,13,3],[0,7,3,8,9,1,10,2]}

D7 = {[0,6,2,8,11,1,10,3],0,7,1,9,12,3,13,2]} Ds = {[0,6,2,8,11,1, 13,3],[0,7,1,9,12,3,10,2]}

m Let the vertex set of Ky 12 be {0,1,...,8}U{9,10,...,20}, with the obvious vertex partition.

(1) 0 € I12(9,12).

D; = {[0,9,1,10,11,2,12,3],[0,12,4,13,14,5,9, 3], [3,16,8,18,20,4, 11,5, [0, 15, 1,16,17,2, 13, 5],
[0,18,1,19,20,2, 14,6}, 1, 11,6,17,20,7,9,8], 2,10,6,16,19,8,12,7],[3,15,7,17,19,5,10, 4],
[4,14,8,15,18,7,13,6]}
= {[0.9,1,10,11,2,12,4}, 0,12,3,13,14,5,9,4],[0, 15, 1,16, 17,2,13,6], [0, 18,1,19,20,2, 14,3},
[111317207105][21081619697][315416188195][417718208126],
(5,11,8,13,15,6,14,7]}
{[09110112125][01231314495][015116172134][018119202147]
(1,11,6,17,20,3,15,5],[2, 10,8,16,19,3, 18,5}, [3,14,6,16,17,8,9,7], [4,10,7,11,19,6,12,8],
[4,15,7,18,20,8,13,6]}

Dy = {[0,9,1,10,11,2,12,6}, [0, 12, 3,13,14,4,9,6}, [0, 15,1,16,17,2,13,7], [0, 18, 1,19,20,2, 14,5),
[1,11,3,17,20,7, 14, 8], 2, 10,8, 16,19, 3, 15, 6], [3, 16,5, 18, 20,4, 17, 6], [4, 10,5,11,18,7,9,8],
[4,13,5,15,19,8,12,7]}

Ds = {[0,9,1,10,11,2,12,7}, 0,12, 3,13,14,4,9,7],[0,15,1,16,17,2,13,8], [0, 18, 1,19,20,2, 14,8],

[1,11,3,17,20,5, 14,6}, [2, 10,3, 16,19,6,15,4], [3, 18, 5,19, 20,4, 17, 7}, [4, 10,8,11,13,5,9, 6],
[5,12,8,15,16,6,18,7]}

Ds = {[0,9,1,10,11,2,12,8,(0,12,3,13,14,4,9,8], [0, 15,1,16,17,2,14,3], [0,18,1,19,20,2,13,5],
[1,11,5,17,20,6,9,7}, [2,10,5,16,19,7,12,6], (3,10,6,15,19,4,17,8],(3,11,7, 18,20, 4, 16,8],
[4,13,7,15,18,6,14, 5]}

D- = {[0,9,1,10,11,2,13,3], 0,12, 1,14,15,2,16,3], [0, 13,4, 16,17,5,9,6], [1, 11,4, 15,20,5, 10, 6],
[0,18,1,19,20,2,17,3],[2,10,7,14,19,8,11,6],[3,9,7, 12, 18,8, 13, 6], [4, 12,5,18,20,8, 15,7,
[4,14,8,17,19,5,16,7]}

Ds = {[0,9,1,10,11,2,13,4], [0, 12, 1,14, 15,2, 16, 4], [0, 13,3, 16,17,5,9,6], [1, 11,3, 15,20, 5,10, 6],
[0.18,1,19,20,2,17,4], [2, 10,7, 14,19,8,13,6], [3,12,4,18,20,7,9,8], [3, 14,8,17,19,5,15,7),
5,12,8,16,18,6,11,7]}

93




- - .nl&ﬂ,-”a. .n,:rm.,. u&nnmv P T e T T e Y o T L) - - - - - - - - . -
L. P ot S v P s SO s . oY o YOS i PRl S o e = =S =8 S =5 =S =5 =R —
o~ S S el DO O~V © O~ IO @O w0 © W w T wmw wm = w ~— =
== NE O ER =S5 SR oI NG NI NSNS N O W M O 8 ¥ N W a8 W
—t o - o~ -~ - - v g e gt Tt e ped ] e el ~ ~ i - -t i - i —t — Lanl o i

" s N N© W N e T T T T T Wl a0 - - - - - - - . «@ -
o™ © c DS o 017585668780,8@60;6 ~ I~ © QY M~ M~ © @ T oo
S 88 KRS 8& RS STSIIN N RO RD R D % o 9 9 o 9o g o N o
oy r -~ P - -~ =t AN YO d -~ -~ = - =t =t o o o [ o (] o N~ -

L= S - = S = TR LTI LT [ S S - - - - - - - - ~ -
o3~ (i R R 1 o S O M N T - B = [ R SO S SO S T S &
o -~ -~ - o~ ~ v et Tt pd red ped g e -~ Tt - - v 1 T — — vt 4 — — AIM, —

- — — < — O e e e e e B DN V- - ) ~ - ~ - - - -
) I S 0 S Fob < S ops no0 L [C- N N N T o ©
g — —_ - O ot (O e oy e e vt e et MO ~ e e A=Y
i ot P -~ -~ P i e i e e B e B o R B ] - -~ it -~ —t —t i —t r—t —t i i — L —

-~ -~ o o (=] <o T R I R T R e e e o -~ - - - - -~ - - - ~
L., e | eI P B N W 2 N o e s B oL e o P ot i e P PRt oo S 2 &

- - ——— p— —— .6 7777777 ~N 13 - - -, = T~ LT ~ T~ ~O ~ T~ ~ e~ ol -
T NR X9 R9 AT v = el vl e S S S B R G RN T ST A AT . & B

-~ — — 0 - O S R O H LD D - . PR T BN T -~ TP~ BTN~ o ) -~
w3 © e e g A A O F O DD O N rd oy BDAN N DA DADRAD D= .
o P PP PPS PSR S Mg S S B VT I I I N I I S R S S T — -t

" o~ 00 I~ g (=Y N . A~ o~ S 3 e~ . N P O W 0000 000 OO M -
o0 b= . - -~ o~ - o~ At DN OO NN~ ~"MD ~ 00 _~ D~ R S S O R S S ~ <

PP N o8~ o~ S . e e = S S D . O OO RAINON MO0 MD D -~
D QO —t -t vt -, NV -NONOOND o CF v oyl pod yoed pod o] vl e pt O vt e el O -~ [
- e f o T SRR A AN o T F NS = 7:7’6>3»3a,%6:116,&0w7,qw7;1h0w5» N
TN S G e e Rl e B R e L L LA e
[ L P G S RO s o S A S S S T S S S S v A e A o5

o0 o o N DN O ~ A o~ e o~ o~ 0B ~00 0 00 - ™ SO O~NINOOMIEO~=OO -
(=] — — = -t — O 00 X Q0 M 0 00 e KD ) = =D PR v B T e B B B o B B B B I B B I B I ] -~ ©
— - PPS PPN - - =R ) e et R St SR S = TS AT B S o 1 AT < S 1S o ~<H —
Nef LB gim e S St SR STl Sy & O 0258 0508 N8 S8 800. B, & 5
faCA P - - PO Pt A A I s M A S S - =
o) ©Ww T W~ 5]4:]&1]31]7»}6»137»]5,5]&8].%3].%4],% S TWETERTOTOFBoN Yoo 5 -2

" e OB S G I S N A NP AN EUE T et NI LN NAF S SN T e
o D _— - — o~ . e passiny 1023133019151718]1111111111111211].“91
— - -~ - - o e Jd i SR S il e S . I Y S I ST P S T T A o PR

Y PO SRR - B S e e N . o N NSNS NS N NN NN s b
™ -~ -~ - D= P o~ S 0 N O N N P n om m00 ~00 abs O s s n n e o e e e s o s~ s e on ™~ ~ -

R Y A Y e R ] PR S A D s S~ e~ e N . M- OO0 0Q00VOOW0 N O®
a3 b A SN e CE S I~ O NN N APt B HO—~E . ANARANARAAARA~QA A -~ Q-
S g8 8 B O e S e M A B e B B N N e = SR S §
- — o~ — o~ )~ i — DD O LD WO M v D= o D e MWD 111111111111111111) ot
-~ -~ -~ - O ot IS e i i er e S R R T e T R T e D T S T N T SR S S S S RUUE ST N S — PPS

- -~ -~ -~ - — m e m e m e e QO I~ e~ et~ -~ — OO el P v O et O = OO v O 4 00 v D~ - © o0
-~ -t -~ - o P S N e e IR B = I =T S SN - | o S S i R R T T P ST R R S S o ~ o~

~ oy v oy oy — D n n e o, e~ W MUY M) D~ GO © o M~ 0~ 00 P00 © 0 O W W W M) . —

- -~ - - L) - -~ i S S S T S T ST S S S T S S — PPS
=) e e - Y = 03:30130;07323030303 . O NS NSRS NS RO SO o et
S v-sfan SN e SIS S Sl e e T T el et ~=a] RS - S R
SO Zge NN gOw s~ 2 T 20 R W W GO %00 S BREOBRE®mMOH I OMN~ OO0 ® O ©F

= =S G g R =T e Bt A LR S T ST S A S SN Y SN AL AT B S FOF S
- ' 1 A v | R A A RN S S S SRS AR S S P P
Y oN S ooal ool s B G I S B 15 6D B S B S DI e, NOONONONNENTNONWONI W, N0

SN S RIL R R w0 SHFOSFOTSF ST AT ST SA AR »w NONANANSININFIEING w O

Y P g Rl I et g SA ST A C A A GBS S oSS CE S S E ST TSNS STSSSS — s
173871.,;1..,2,1,»1a6:1~1h6,m SN FF TS ST FSFINFTSTHFS ¥ TS T F T A F AN A A

T SR FTrRd g R o SNSaHSadgarsdSacdoS o BT IS O S8 S8 SIS o 0

LTS =~ ST T g L T T T ~ L.
SHBSOR2OLIEN 2 gSTiSHSINS SIS g ¥ SaosuosagNsSSSadada = S
il ° - « - il i il i ] i it el i [ It i 1 il I ol
g 4 4 9 a5 4 4 d 48 3 d 24 a9 /8 /8 4978 78 1 TAQ

94



4,14,6,16,17,8,9,7],[2, 10,8,16,19,4,18,3],
,[4,14,7,17,18,6,12,8],[2, 10,8, 16,19,6,9,7],
3,15,8,16,19,5,11,4], (2, 10,6,16,19,8,13,7),
4,14,7,16,17,8,9,6], (2, 16,8,18,19,3,15,4],
[3,15,8,16,19,6,9,7], [2, 10,7,18,19,4,15,5],
[4,11,8,16,18,7,12,6], [2, 10,7,16,19,4,17,3],
,}[3, 16,7,17,20,6,9,8], [2, 16,8,18,19,4,15,3],

],[4,14,7,16,17,8,9,6],

}
13,7)}

)
)

2

6
9,8),(3,15,7,16,19,5,11,4],

12, 6]}
9,8],[3,15,8,18,19,4,10,5],

13,71}
Ig(9,12). Let I = {[0,9,4,13,18,5,11,8], [0,17,1,20,19,2, 18,3}, [1,10,5,14,19,6,12,8],

8
15,20,7,9,8], [3,12,4,17, 16,7, 10, 8]}.

9,7),3,15,7,17,19,5,10, 4],

13, 6]}
9,7),(3,15,7,17,19,5,10, 4],

12, 6]}

12,8),(3,15,7,16,19,5,11,4],
9,8),[3,15,7,16,19,5,11,4],

13,6]}
13,6]}

12,7),13,15,7,17,19, 5,10, 4],
13, 6]}
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14,6}, [1,11,6,17,20,7,9,8], [2,10,6,16,19,8,12,7},

, [
,[4,14,8,15,18,7,13,6]}.
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Dz = {[0,9,2,15,16,5,12,1],[0,10,3,12,13,1,9,4],[0,11,3,14,17,2,13, 5]}

Ds = {[0,9,2,15,16,5,13,1],[0,10,1,12,13,3,9, 4], 0, 11,3,14,17,2,12, 5]}

(8) 7 € I5(9,12). Let I = {[0,12,4,13,14,8,15,1], [0,15,2,16,17,3,13,5], [0,18,1,19,20,2,17,7],
[1,11,8,16,20,5,18,4], [2,10,6,14,19,8,17,4], [3,9,7,16,20,8, 13,6}, [3,14,7,18,19,5,15,6]}.
D; = {[0,9,1,10,11,2,12,3},[4,9,5,10,11,6,12,7]}

D, = {[0,9,1,10,11,2,12,7],{3,10,4,11,12,5,9,6]}

D3 ={[0,9,1,10,11,6,12,3],(2,9,4,11,12,5,10, 7]}

Dy = {[0,9,1,10,11,6,12,7],[2,9,4,11,12,5,10, 3]}

Ds = {[0,9,5,10,11,2,12,3],(1,9,4,10,12,6,11,7]}

De = {[0,9,5,10,11,2,12,7],[1,9,4, 10,12,6,11, 3]}

D7 = {[0,9,5,10,11,6,12,3],[1,9,4,10,12,2,11, 7]}

Ds = {[0,9,5,10,11,6,12,7],[1,9,4, 10,12,2,11, 3]}

Let the vertex set of K6 be {0,1,...,15}.
(1) 0 € I;2(16).

D, = {[0,1,2,3,4,5,6,7),0,2,4,6,7,5,3,1] [0, , ; 9,10,11,1,4},[0,8,2, 11
[0,13,1,14,15,2,10,3], 1,9, 5,12, 15,7, 10, 14], [3,6,8,11,13,15,12,9],
4,12,7,14,15,10,13,5], 2, ,14,8,4,13],[6,10,8,13,14,9,15,11}}

234568]{0246 10,8,2,11,12,7,10,3], [0, 5,8,9, 10,11, 1, 12],

1,14.15,2,7,3]. [1,3,6,10, 15, 13, 11, 1], [2,9, 15, 12, 14, 13, 10, 8],

11,9,13,6, 15.5], [L.4,12, 6,9, 10,5, 14], [4, 11, 12, 14, 15,8, 13, 7]}

2,3,4,5,6,9],[0,2,4,6,7,5,3,8 8,9,10,11,1,7],[0,8,2,11,12,4,7,3],

14,15,2,9,5],(1,3,6, 1 14],12,10,5,12,14,9,13,11],

4,1 ,6,7], (1,4, 1,[4,11,7,13,15,9,12, 8]}

,8,9,10,11,1,13),[0,8,2,11,12,3,7,4],

LIL 10, 14,8, 12], [2, 10,5, 12, 15,7, 14, 6],

1, [1,4,9,6,12, 14,15, 13}, [5,9, 14, 13, 15, 12, 11,8]}

1.10,2,4,6,7,5,3,10],[0,5,8,9, 10,11, 1, 14], [0, 8,2, 11,12,3,7,9],

,31,(1,3,6,7,10,13,12,15), [2,10, 4,12,

4,8,6 5,9,10,1

0 11,
1L,

0,8,2,11,12,3,9,6],
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[ 15,5,
1,[1,4,9,6,12,8,13,14], | 2,13,15,
'5,6,12], 0,2, 4,6,7, 5,3, 13], 0,5,8,9, 10, 11,1,3], [0,
5,
1

1,3], 11,12,7,9,13],

T Y

3 (1,4,10,12,15,8,13, 5], [2, 10,15, 12, 14,6, 3, 11],

2,
2
6,15,9,10,8,14,5],[4,9,6,11,13, 14,7, 15]}
7,5 2
1

[
4
,12], 1,

@\1

2,
0,

oo»-a

1

wr—a
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b,
ml—lw

1
'6,13],[0,2,4,6,7,5,3,12],[0,5,8,9,10, 11, 1,6, [0, 8,2, 11,12,4,7,9],
15,2,10,5], [1,3,9,4, 15,8, 13,11, [3,6, 14,7, 10,8, 1
,15,6,7,10],[1,7,15,9,12, 11,14, 2], [4, 10,9, 14,15, 1
[
1

’

Ko o
r—-o—-\Cﬂ.b.n—-

13]
5,1
2

p— e
e e e

2
2,5,13]}
,5,6,14],[0,2,4,6,7,5,3,15],0,5,8,9,10,11,1,15],0,8,2,11,12,3,7,6],
,15,2,9,11], 1,4, 13,6,7,10,3,9), (2, 10,8,12, 14,9, 13, 5],
,15,13,10, 5, [1,3,6,10,12,11,8,14], [4,8,7, 11,12, 15, 14,13]}
5.6,15), 0,2, 4,6,7,5,3, 14, [0, 5,8,9,10,11,2,7), 0,8, 1, 11,12, 3,6, 7],
15,2,9,10},[1,3,7,4,15,13,8, 1],[,9410111286]
14 .15, 1

,2,9,10],[1,3,7,
'5,0.11], [1,7, 13,1 ,14,9]}
,7,6],[0,2,4,7,8,5,3,1],
,2,10,6],[1,9,5,12, 15,
,11,12, 4], [2810,1 14, ,
7,8,[0.2,4,6,7,9,1,3], [0, ,2,8,9,
,15,2,6,5],[1,8,5,12,15,9,1
3,14,12, 15,6], [2,11,3, 1 , ,13,12,10,8]}
7,91,10,2,4,6,7,8,1,3],[0,5,2,9,10,3,11,1], [0, 8, 3,12, 13, 4,14, 1],

,4,10,2],[1,6,10,7, ,15,7,14,8),
113,9,10), [2,6,8, 12, 2,13,11,14, 10}
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(2) 1 € I15(16). Let I ={[0,1,2,3,4,5,6,7]}.
= {[0,2,4,6,7,5,3,1,[0,5,8,9,10,11,1,4],[0,8,2,11,12,3,9,6],

[0,13,1,14, 15,2,10,3],[1,9,5,12,15,7,10,14], [2,7, 11,12, 14,8,4,13],
3,6,8,11,13,15,12,9],[4,12,7, 14,15,10,13,5,[6,10,8,13,14,9,15, 11]}
Ds = {[0,2,4,6,7,5,3,8],0,5,8,9,10,11,1,3],[0,8,2,11,12,4,9, 6],
0,13,1,14,15,2,7,9],[1,4, 10,6,9,11,7,13],[1,10,5,12,15,8,14,3],
[2,10,9,12, 14,15,5,13], 3,6, 14,11,13, 15,12, 8], [4, 13,10,14,15,11, 12, 7]}
= {[0,2,4,6,7.5,3,9], [0,5,8,9,10,11,1,12], [0,8,2, 11, 12,3, 10,4],
[0,13,1,14,15,2,7,8],(1,3,6,10,15,11,8,13],[1,4,14,6,9,15,3,13],
2,9,11,12, 14,5, 13,7), 4,8, 10,9,13,12, 15,14}, [5,10, 14,12,15,7,11,6]}
Dy = {[0,2,4,6,7,5,3,10},[0,5,8,9,10,11,1,13},[0,8,2,11,12,3,9,4],
[0,13,2,14, 15,4,10,1],[1,3,6,9,12,13,8,10], [1,4,14,6,7,8,15,13],
[2,7,9,12,15,11,14,5),(3, 11,8, 14,15,6,12,7], 5,9, 15,10,13,11,12, 14]}
Ds = {[0.2,4,6,7,5,3,11],[0,5,8,9,10,11,1,6], 0,8, 2, 11,12,3,9,13),
[0,13,1,14, 15,2,7,10],[1, 3,10, 4,15,6,8,11}, (1,9, 5, 10,12,4,14,2],
3,13,6,14,15,8,12,9], 4,8, 14,13,15,7,12,5], 7,9, 10,13,14,11,12, 15]}
De = {[0,2,4,6,7,5,3,12],0,5,8,9,10,11,1,7],[0,8,2,11, 12,4,9,13),
[0,13,1,14, 15,2,10,4],[1,3,10,12,15,14,6,8], [1,4,13,6,9,11,8,3),
[2,7,15,12,14,8,10,5), (3, 11, 14,13,15,6,9,5], [7, 11,15, 13,14,12,9, 10}
Dy = {[0.2.4,6,7,5,3,13],0,5,8,9,10,11,1,14],[0,8,2, 11,12,3,9,7),
[0,13,2,14,15,1,7,8], [1,3,6,9, 10, 15, 11,12], 1,4, 10,6, 12, 13, 5,15],
[2,10,8,12,15,9,11,14},[3,10,13,11,14,7, 15,4], [4,8,13,9,12,6, 14, 5]}
Ds = {[0,2,4,6,7,5,3,14],[0,5,8,9,10,11,1,15],[6, 10,7, 12,15, 14,8, 13],
[0,8,2,11,12,3,9,14], 0,13, 1,14, 15,2, 10,5}, [1,3,6,9, 12,10,13, 5},
1,4,8,6,7,9,12,11], (2,7, 15,12, 14,13,11,4], 3,11,9,13,15,8,10,4]}
Dy = {[0,2,4,6,7,5,3,15],[0,5,8,9,10,11,2,7],[0,8,1,11,12,3,6,9),
[0.13,1, 14, 15,2,9,4], [1,3,9, 10,12, 14,5,15], [1,4,8,7, 15,13,6, 14],
[2,10,4,12, 14,8,11,13),[3,10,6,11,13,5,12,7],[8,12, 10,13,15,11,14, 9]}
D1o = {[0,2,4,6,7,5,8,1], 0,5,3,8,9, 10,1,11),[0,10,2,11,12, 3,9, 4],
0,13,1,14,15,2,12,5],[1,4,13,9,15,3,6,12],(2,7,9,8, 14,10,6, 15],
(311,12, 13, 14,6,8, 7], [4,10, 13,14, 15,11,5,9), 7, 11, 14,12, 15,13, 8, 10]}
Du = {[0,2,4,6,7,5,8,9],[0,5,3,8,9,10,1,12], (0, 10,2, 11,12, 3,9,5],
0,13,1,14,15,2,7,11],[1,4,3, 6 8,14,13, 10], [1,9, 13,11, 15, 14,12, 4],
[2.8,6,12, 14,7, 15,10}, (3. 11,6, 14, 15,8, 13, 5], 4,9, 11, 10,13,15,12, 7]}
D12 = {[0,2,4,6,7,5,8,10,(0,5,3,8,9,10, 1,6}, [0, 10,2, 11,12, 3,9, 1],
[0,13,1,14,15,2,7,12], [1,4,9,8,15, 11,5, 14], 2,8, 13, 12, 14, 11,10, 4]
3,4,15,6,11,13,5,12],[3,13,6,14,15,9,11,7],(7,8,12,9,13, 15,10, 14]}
(3) 2 € I1,(16). Let I ={[0,1,2,3,4,5,6,7], [0,2,4,6,7,5,3,1]}.
= {[0,5,8,9,10,11,1,4], [4,12,7, 14,15,10, 13, 5], [3,6,8,11,13,15,12,9], 1,9, 5,12,15,7, 10, 14],
[2,7,11,12,14,8,4,13],[0, 13,1, 14,15,2,10,3],[0,8,2,11,12,3,9,6], [6, 10, 8, 13, 14,9, 15,11]}
D, = {[0,5,8,9,10,11,1,12], (3, 10,8,11,15,13, 14,6, [0, 13, 1, 14,15,2, 10, 4),]1,4,13,9, 15,8, 6, 10],
[2,7,8,12, 14,11,13,5,[0,8,2,11,12,3,9,4}, (3,6, 12,13, 14,9,15,7], [5,9,7,10,15, 11,12, 14]}
Ds = {[0,5.8.9,10,11,1,13],[3, 6,13, 11, 14,12, 5, 15], 0, 13, 2, 14, 15,3, 10, 1], [1,4, 10,9,12,8,6, 11],
2,7,13,12,15,8,14,4],[0,8,2,11,12,3,9,7], [4,9,14,11,13,15, 10,8}, [5,9, 12,10, 14,6, 15, 7]}
Dy ={[0.5.8,9,10,11,1,14), 3,6,9, 11,13, 15,12, 14],[0, 13,2, 14,15,1,10,3], [1,4,10,9,12,8,13,5),
[2,7,11,12,15, 148,10}, 0,8,2, 11,12,3,9,13], [4.9,15, 11, 12,7.8,6], [4, 13,6, 14, 15,7, 10, 5]}
Ds = {[2.7,9,12,14,8,11,4],0,8,2, 11,12,3,9, 14}, (3,6, 14,10,13,11,15,8], 1,4, 10,9, 12,8,6, 13],
[0,5,8,9,10,11,1,15],[3,11,7,14,15,12,10,13], [0,13,1, 14, 15,2, 10, 5], [4,9,5, 13, 15,6, 12, 7]}
Ds = {[0,5,8,9,10,11,2,7], 3,6, 11, 13,14,12,15,4], [0, 13, 1, 14,15,2, 10,6}, [1, 4, 8, 12, 15,10, 14, 5],
2,9,13,12,14,15,7,11],[0,8,1,11,12,3,9,4],[3,10,9,11,15,13,6,8], [5,9,12,10,13, 14,7, 8]}
Dy = {[2,7,11,9,14,13,15,5],[0,8,1,11,12,3,9,6],[0,13,1,14, 15,2, 10,7}, [1, 4, 8,12, 15,9, 10, 14),
[0,5,8,9,10,11,2,12],(3,10,5, 13, 14,4, 1211),[3,6,8, 11, 15, 10, 13,4, [6, 13,9, 14, 15, 12,7, 8]}
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= {[0,5,8,9,10,11,2,13],[3,6,12,11,14,9,5,13], [4,10,8,13,15,5, 14, 6, [1,4,8,12,15,11,6,10],
2,7,10,9,12,15,14, 4], [0,8,1,11,12,3,9,7),(0,13, 1, 14,15,3,10,2], 7, 8,15,13,14,11,9,12]}
= {[4.11,14,12, 15,6,13, 5], [3, 10,4, 13, 14, 5,9,7],[0 s 1,11,12,3,9,13],[1,4,8,12, 15, 14,6,10],
0,5,8,9,10,11,2,14],[2,7,11,9,12,15,3,6], [0, 13, 14 15,2,10,8},[7,8,13,10,12,11,15,9]}
= {[0,5,8,9,10,11,2,15],[3,6,13,11,14,15,12,8], [0, 1 3 3,1,14,15,3,10,4],1,4,9, 12, 15,8,6,11],
2,7,11,9,10,12,4,13),[2,12,5,13, 14 ,6,10,7] [0,8,1,11,12,3,9,14], [5,9,10,14,15,7,8,13]}
= {[0,5,8,9,10,11,3,6], [4, 13,7, 14,15,12,11,6], [0, 13, 1, 4, 15,2,10,9], (1, 4,8, 12, 15,10, 13, 3],
(2, 7,8,11, 14,12,6,13),[3,9, 5, 10, 14, 11,15,8],(0,8,1,11,12,2,9,4}, [5,12,9,13, 14,10,7,15]}
Dy = {[0,5,8,9,10,11,3,12],(3,6,15,9,14,13,12,4],[0,13,1,1 4,15,3,10,5), [1,4,8, 12, 15, 10,6, 14],
2,7,15,11,14,8,13,9),[2,10,7, 13,15,8,11,4],[0,8,1,11,12,2,9, 6], [5,9,7,12,13, 10, 14,11]}

(4) 3 € I1(16). Let I = {[0,1,2,3,4,5,6,7], [0,2,4,6,7,5,3,1],0,5,8,9,10,11,1,4]}.

,2,11,12,3,9,6],[0,13,1,14,15,2,10,3],[1,9,5,12,15,7, 10, 14}, (2,7, 11,12, 14,8,4,13],

3,6,8,11,13,15,12,9], 4, 12,7, 14, 15, 10,13, 5, [6, 10, 8,13, 14,9, 15, 11}

Dy = {0.8.2,11,12,3,9,7},[0, 13, 1, 14, 15,2, 10, 5], [1,9, 5,12, 15,6, 13, 4], [2,7, 10,12, 14,13,3,6),
(3,11,4,14,15,12,8,7],[6,8, 13,10,11, 14,9, 15}, [8,10,9,11, 15, 14,12, 13]}

Ds = {[0,8,2,11,12,3,9,13],[0,13,1,14, 15,2, 10,6}, [1,9,5,12,15,7, 14, 4),(2,7,11,12,14,13,4,8]
[3,6,13,10,14,9,15,12], [3,11,8,13, 15, 14,10, 5}, (6,8, 15, 11,12, 7,10, 9]}

Dy = {[0,8,2,11,12,3,9,14],(0, 13,1, 14,15,2,10,7), [1,9,5,12, 15,6,13,11],[2,7,9,12,14,8,13,15]
(3,6,8,10,13,12,4,14],[3, 11,6, 14, 15,9, 10,5], [4, 11,7, 13,15, 8, 12, 10]}

Ds = {[0,8,2,11,12,3,9,15],[0,13,1,14, 15,2, 10,8}, [1,9, 5,12, 15,6, 10,7}, [2,7,11,12,14,13,8,4],
3,6,12,10,13,11,14, 15],3,11,9, 14, 15,4,13, 5], 6,8, 12,13, 14, 7,9,10]}

Dg = {[0,8,2,11,12,3,10,6],[0,13,1,14, 15,2,9,3],(1,10,5,12,15,7,9, 11}, [2,7, 13,12, 14,8,10,9],
3,6,14,11,13,9,15,8],(4,8,6,13,14, 12,15, 5], [4, 11,7,12, 15,13, 14, 10)}

Dy = {[0,8.2,11,12,3,10,7], (0,13, 1, 14, 15,2,9, 5], 1, 10,5, 12, 15,6, 13, 4] 1,[2,7,9,12,14,15,3,6],
3,11,12,13,14,4,8,7},[6,8,13,9, 11, 14, 10,15}, [8, 10,9,11,15, 12, 14,13])

Ds = {[0.8,2,11,12,3,10,9],0, 13, 1, 14,15, 2,9, 6], [1, 10, 6, 12, 15, 13, 3, 14], [2,7, 8, 12, 14,13,6, 11],
(3,9,7,11,15,5,12,4],[4,8,11,13, 14,10, 15,9, [5, 10, 12,13, 14, 7, 15,8]}

Dy = {[0,8,2,11,12,3,10,13],[0, 13,1, 14,15,2,9,7],(3,9,6,11,13,5,15,4], [1, 10,5,12, 15,8,14,9],
(2,7,11,12,14,13,9,10], (3,6, 12, 14, 15,13,8, 1], [4,8,7,12, 14, 6, 10, 15}

Dio = {[0,13,1,14,15,2,12,4),[6,8,13,11,14,7,9,15](3,6, 12, 11,13, 10,8, 4], [5, 12,9,14,15,7,11, 8],
(2,7,10,9,14,13.15.3) [1.9.5, 10, 15, 6,13,12], [0,8,2, 11, 12,3, 10, 14), }

Dy, = {[0,8,2,11,12,3,10,15), [0, 13,1, 14, 15,2,12, 5], [4,8,7, 11, 14,13,9,6], [1,9,5, 10, 15,3, 13, 6],
[2,7,12,9,14,10,13,15],(3,6,8, 11, 14,12, 10,9], [4, 12,11,13,15,8,14,7)}

D1s ={[0,8,2,11,12,3,13,4},(0,13,1,14,15,5,9,2], [1,10,2, 12,15,8,7,9],[3,6,9,10, 11,12, 14,13],

(3,9,11,14,15,13,8,4], [5, 10,15, 12, 14,6,11, 7], 6,8, 12, 13,15, 14, 10, 7]}

(5) 4 € I12(16). Let I = {[0,1,2,3,4,5,6,7], [0,2,4,6,7,5,3,1], [0,5,8,9,10,11,1,4],
0,8,2,11,12,3,9,6]}.

3,6,14,11,13,10,15,4), [3,
={[0,13,1,14,15,2,10,12],[1,9,5,12, 15,7, 14,4
3

10,12,
5, ],
'6.8, 11,15, 13, 10, 14]. [3, 10, 5, 13, 14,6, 15, 9],

Dy = {[0,13,1,14,15,2,10, 3}, [4, 12,7, 14, 15, 10,13, 5], (2,7, 11,12, 14,8, 4,13],
(3,6,8,11,13,15,12,9],[1,9,5,12, 15,7,10, 14], [6, 10,8, 13, 14,9, 15, 11]}
Dy = {[0,13,1,14,15,2,10,5,[1,9, 5,12, 15,7,13,8], (2,7, 11, 12, 14,10, 13,15},
[3,6,13,14,15,10,9, 11}, (3, 10,8, 11,13,12, 14, 4], [4,8,7,12, 15,6, 14,9]}
D; = {[0,13,1,14,15,2,10,6],[1,9,5,12, 15,7, 10,8}, [2,7,13,12, 14,11,9, 10,
(3,6,13,10,14,8,11,15], (3,11,4,13,15,12,14, 5], [4,8,7,12,15,13,14,9]}
Dy ={[0,13,1,14,15,2,10,7,[1,9,5,12, 15,10, 13, 8],[2,7,13,12, 14,9, 15,4,
(3,6,8,11,15,14,10,12], [3, 10, 6,13, 14,5,15,11], (4,8,7,11,13,14,12,9]}
= {[0.13, 1,14, 15,2, 10,8}, [1,9, 10,12, 15, 14,3, 13], 2,7, 9, 12, 14, 10, 13, 4],
3,6,14,11,15,10,5,9],[4,8,13,11, 15,12, 14,7], [5, 12,7,13,15, 11,8, 6]}
= {[0,13,1,14,15,2,10,9],1,9,5,12,15,13,14,7), 2, 7,11,12, 14, 10,8,4],
3,6, 14,15,5,13,8],(6,8,7,13,15,12,9, 11]}
[ 7,14,4], [
[

2,7,11,12,14,13,4,8),
[7,8,15,10,12,13,11,9]}
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