


























THEOREM 3.9 There ezist 4-fold 4-wheel systems of all orders congruent to 0, 1,
4 or 9 (modulo 12), which have a metamorphosis into a 4-fold bowtie system of the
same order.

Proof For orders 0 or 1 (mod 12), let the order be 12¢ or 12t + 1. We use the
3-GDD construction with b = 0 or 1 (respectively), £ = 2 and s = 6t. This uses a
3-GDD of type 6¢ (which exists for all ¢ > 3), a B-wheel system of 4K (Example
3.6), and 4-fold B-wheel systems of orders 12 or 13 (respectively). (See Examples 3.7
and 3.8.) When t = 2 we have the isolated cases of orders 24 or 25; 4-fold B-wheel
systems of these orders are given in the Appendix.

Now let the order be 12t + 4. We use the 3-GDD construction with h =0, { = 2
and s = 6t 2, together with a 3-GDD of type 8'6""! which exists for all ¢ > 4. This
also uses B-wheel systems of 4K, (Example 3.6), 4Kj6 (two copies of Example
3.2) and 4K,y (Example 3.7). The isolated cases which remain are 4Ky (see the
Appendix) and 4K, (take two copies of Example 3.4).

Finally, consider the order 12t + 9. We use the 3-GDD construction with h =1,
=2, s=6t+4, a3-GDD of type 416" (which exists for all t > 3), and B-wheel
systems given in Example 3.1 (take two copies to obtain A = 4), and in Examples
3.6 and 3.8. In the case t = 1, see the Appendix for 4K5;; when ¢t = 2, for 4K3 take
four copies of Example 2.2.

This completes the case A = 4. O

3.3 A=6
We need one extra example in this case.

EXAMPLE 3.9 There is a B-wheel system (V, W) of 6Ks.
Let V = {oo} U Z~. and take




o a B-wheel system of 6 K or 6K, (according as € = 0 or 1; see Example 3.9 or three
copies of Example 3.1);

e a B-wheel system of 6K or 6K;; (according as € = 0 or 1; see three copies of
Example 3.2 or two copies of Example 2.5).

This completes all cases. [

3.4

Here the order is 0 or 1 (mod 3). When the order is 0, 1, 4 or 9 {(mod 12), we may
take two copies of a 4-fold B-wheel system, found above. So we only need consider
the orders congruent to 3, 6, 7 or 10 (mod 12).

EXAMPLE 3.11 There is a B-wheel system (V, W) of 8Ks.
Let V = {c0} U Z5 and take W =
{oo—(i,i+2,i+4,i+3), co—(i,i+1,i+4,i+3), i~(i+1,i+2,7+3,i+4) | 0 < i < 4}.
Then a metamorphosis into bowties is given by
B = {(00,4,i+2;00,i+3,i+4), (00,4,i+3;00,i+1,i+4), (i,i+1,i+4;3,i+2,i+3) |
0<i<4}u{(,i+1,i+214,i+3,i+4)]|0<s<4}
O

EXAMPLE 3.12 There is a B-wheel system (Z;, W) of 8Kj.
Take W = {i~(i+1,i+2,i+4,i+6), i~(i+2,i+4,i+3,i+6), i-(i+2,14+3,i+4,i+5) |
0 <4 < 6}. Then a metamorphosis is given by
B={(i,i+2i+46,i+1,i+6), (5,i+2,i+64,i+3,i+4),
(4,5 +2,i+3;i,i +4,i+5) | 0 <1 <6}
U {(6,i+2,i+6;4,i+1,i+5)| 0 < < 6).

EXAMPLE 3.13 There is a B-wheel system (V, W) of 8K,,.
Take V = {4,i2 | 0 < ¢ < 4} and take
W = {ia=(i1, (6 + D)2, (i + 3)2, (i + 2)2), i2~((i + 1)2, (¢ + 3)2, (i + 2)2, (i + 4)2),
i1=((6 + 1, (0 + D1, 6+ 3)2, (1 + 4)2) i2-((1 + 41, (6 + 4)2, 41, ( + 1)a),
i1=((i + 1)1, 6+ 2)1, (8 + 3)1,42), 61-{(8 + D, do, (i + 2)1, (i + 1)),
(6 + 1)1, (i + )2, 3+ 2)1, (i + 4)2), a~(( 4 V1, (8 + 3)2, (¢ + 2)1, (1 + 4)2),
i1~((8 + 2)1, (8 + 1)2, (6 +3)1, (5 + 3)2) | 0 < i < 4}.
Then a metamorphosis into an 8-fold bowtie system is given by (V, B) where
B = {(ig, 41, (i + 2)2;80, (i + D)2, (i + 3)2), (d2, (i + 1)2, (i + 4)2582, (i + 3)2, (¢ 4+ 2)2),
(i1, (i + 4)1, (i + 42381, (0 + 1)1, (G + 3)2), (2, (i + 41, (1 + )2y i, (8 + 4)2,41),
(i1, (8 + V)1yd2381, 8+ 2)1, (0 + 3)), (i1, (6 + D1, (84 Dasin,d2, (6 + 2)1),
(1, (8 + D)1, (6 + B)2s41, (6 + 2)1, (5 + 4)2), (61, (7 + D, (§+4)2541, (6 + 3)o, (E +2)1),
(61, (i +2)1, ( + 3)2;41, (( + 1)2, (G +3)1) |0 < i < 4.

275




EXAMPLE 3.14 There is a B-wheel system (Z;5, W) of 8Ks.

W= {i~G+1,i+2,i+3,5+4), i-G+1L,i+2,i+3,i+4),
(i + 2,64+ 4,1+ 6, +8), i~({ +2,i+ 4,0 +10,i 4 7),
(i + 3,5+ 9,1+ 4,1+ 10), i~(i + 3,1 + 10,4 + 4,4 + 11),
i~(i+3,i+ 10,4+ 5,4+ 11) | 0 < i < 14},

This has a metamorphosis into an 8-fold bowtie system as follows:

B={(4,i+ 1,5 +21i,i+3,i+4), (4i+1,i+24,i+3,i+4),

(3,0 42,4 + 438,45+ 6,0 +8), (4,5 +2,1+4;4,5+10,i +7),

(8,5 4+ 3,3 49554, + 4,4 + 10), (4,0 + 3,4+ 104,45 + 4,4 + 11),

(8,5 + 3,4 -+ 10;4,i +5,i + 11) | 0 <4 < 14}
U{@,i+ 1,5+ 74,i+3,1+6)|0<i <14}
U{(6,0 + 5,0 + 10;4,5 4+ 1,i +7), (1,4 + 5,4 +10;4,4+2,i +7) | 0 < i < 4}
U{(26 + 6,24 + 5,24 +12;2i + 6,21 + 8,2 + 13),

(26 47,2 + 6,20 +13;20 + 7,20 + 5,21 + 12) | 0 <4 < 4},

O

THEOREM 3.15 There exist 8-fold 4-wheel systems for all orders 0 or 1 {(mod 3)
which have a metamorphosis into an 8-fold bowtie system of the same order.

Proof  For orders congruent to 0, 1, 4 or 9 (mod 12) we may double a 4-fold
system, which exists by Theorem 3.9 above. So we only need consider 3, 6, 7 or 10
(mod 12).

For orders 6 or 7 (mod 12):

We use the 3-GDD construction with h =0or 1, £ = 2, s = 6t+ 3, and use a 3-GDD
of type 3%**1 which exists for all ¢ (for instance, take a Kirkman triple system of
order 6t +3!). Then use two copies of B-wheel systems of 4K55, (Example 3.6), and
8K, or 8K, (Examples 3.11, 3.12).

For order 3 (mod 12), let the order be 12t + 3 and use the 3-GDD construction
with h = 1, £ = 2 and a 3-GDD of type 7'3%72, which exists for all £ > 3. With
B-wheel systems of 8K, (two copies of Example 3.6), 8K5 (Example 3.14) and
8K (Example 3.12), this completes the construction for this order except for ¢ = 2;
the isolated case 8Ky is given in the Appendix.

For order 10 (mod 12), let the order be 12¢+ 10. We use the 3-GDD construction
with h = 0, £ = 2 and a 3-GDD of type 5'3%, which exists for all t > 2. Then B-
wheel systems of 8Ky (Example 3.13), 8K, (Example 3.11) and 8Kj 52 (two copies
of Example 3.6) are used. When ¢ = 1 the isolated case 8Ky, is needed; this is in
the Appendix.

This completes the A = 8 case. O
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3.5

Here the expected orders are 0 or 1 (mod 4). For orders 0 or 1 {mod 8) we may
simply double a 6-fold B-wheel design; see Theorem 3.10. So we concentrate on
orders 4 or 5 (mod 8).

EXAMPLE 3.16 There is a B-wheel system of 12Kj.

Take vertex set Zs, and the fifteen wheels got from taking three copies of each of {i—
(41,44 2,5+ 4,4+ 3) | 0 < i < 4}. This has a metamorphosis into bowties as
follows: Take three copies of

{Gyi+1,i+30,5+2,i+4) | 0<i<4}
together with the bowties
{Gyi+1,i+24,i+3,i+4)|0<i<4).

O

THEOREM 3.17 There exist 12-fold 4-wheel systems of all orders 0 or 1 (mod 4),
which have a metamorphosis into a 12-fold bowtie system of the same order.

Proof As remarked above, we only need consider orders 4 and 5 (mod 8).

First suppose the order is 8¢ + 5. We use the 3-GDD construction with h = 1,
=2 s=4t+2, and a 3-GDD of type 2%*! or 412%-1 according as 2t + 1 is 0 or
1 (mod 3), or is 2 {mod 3). (These exist for ¢ > 1, ¢ > 2 respectively.) This requires
B-wheel systems of 12K 5 » (take three copies of Example 3.6), 12K (Example 3.16)
and 12K, (six copies of Example 3.1). There are no missing cases.

Next suppose the order is 8t + 4. We split this further into two cases. First
suppose that ¢ =1 or 2 (mod 3). Then we use the 3-GDD construction with h = 0,
£=2,s=4t+2 and a 3-GDD of type 6'4*"1, which exists for ¢t = 1 or 2 (mod 3),
t > 4. This then requires 12K 5, (three copies of Example 3.6), 12K, (three copies
of Example 3.7) and 12K3 (two copies of Example 3.9). When ¢t = 2, the isolated
case 12Ky arises; see the Appendix for this.

Now consider order 8t + 4 where ¢t = 0 (mod 3). So let t = 3T and consider the
order 24T + 4. We use the 3-GDD construction with h =0, £ =2, s = 12T + 2, a
3-GDD of type 816271 (which exists for all T > 2), and B-wheel systems of 12K5 5
(three copies of Example 3.6), 12K (six copies of Example 3.2), and 12K, (three
copies of Example 3.7). When T = 1 we have the isolated case 12Kyg; take three
copies of 4K, which is given in the Appendix.

This completes the case A = 12. 0

3.6

Here the order can be any value at least 5 (so that we have enough vertices to form
a 4-wheel!). By doubling a 12-fold B-wheel system we only need consider orders 2 or
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3 (mod 4). Moreover, by trebling 8-fold B-wheel systems, we also only need consider
orders 2 (mod 3). Thus orders 2 and 11 (mod 12) are the only ones we need to
concern ourselves with here.

As usual we start with some necessary small examples.

EXAMPLE 3.18 There is a B-wheel system (Z1;, W) of 24Ky;, where W is:

W= (i +T,i+8,i+9,i+ 1), i~(i +3,i+ 6,6 +5,i+8), i-(i +10,i +3,i -+ 1,i +5),
(i +2,i+T,i+3,i+8), i-(i+9,i+1,i+10,i+6), (i + 1,0 + 2,0+ 3,1+ 4),
41,0+ 2,0 43,0+ 4), -G+ L+ 20 +3,0+4), -+ Li+2,i+3,0+4),
(42,04, +6,i+8), i-(i+2,i+6i+4i+9), i-((+2i+6,i+4,i+9)
(206,040 +9), i-(i+2,i+T,i+3,i+8), i-(+2,i+T,i+3,i+8)

|0<i<10}.

This has a metamorphosis into a 24-fold bowtie system (Zy), B), where B is as follows.

B={(i,i +T,i+ 14,3 +8,i+9), (4i+3,i+8i,i+6,i+5),
(6, + 10,4 + 554,45 + 3,5 + 1), (5,5 + 2,8+ 84,4+ 7,6 +3),
(6,5 4+ 9,1 + 65,0 + 1,0+ 10), (3,3 + 1,7+ 44,4+ 2,0+ 3),
(iyi+ Li+ 45,0 +2,0+3), (6,i+ Li+454,4+2,4+3),
(6,5 + 1,0+ 45,4 +2,i +3), (i,5+2,4+8;4,4+4,i+6),
(3,4 + 2,8+ 954, + 4,5 +6), (4,8 + 2,1+ 9;4,% + 4,1 + 6)
(i, 4+ 2,0+ 956,0 + 4,5 +6), (5,i+2,i+8;4,i+3,i+7),

(i,i +2,i +8;4,i +3,i+7) | 0<i <10}
U {6, + 1, +6;4,6 + 4,6 +5), (6,0 + 1,4 +6;4,i+4,i+5),
(iyi + 1,4 + 534,45 + 2,1+ 3), (4,8 4+ 1,4+ 44,4 + 2,1+ 5),
(6, + 1,0 + 54,4 + 3,0 +4) |0 < i <10}

]

]

EXAMPLE 3.19 There is a B-wheel system (V, W) of 24Ky4, where V = {oo} U
Z3 and W is:

W = {oo—(i,4 + 3,i + 8,1 + 5), co—(i,4 + 3,4 + 10,7 +5),
oo—(i,4 + 4,4 + 9,1+ 5), 0o—(4,i +4,i +9,1 +35),
oo—(i,i 4 4,1 + 9,1 +5), co—(i,i + 4, + 10,4 + 5),
i—(i+ 4,5+ 6,5+ 5,4+ 7), (i + 8,4+ 3,4 4 10,i + 4),
(i + 12,5 + 5,1 + 6,4 +7), i-(i + 6,1+ 7,i + 9, +8),
i~(i +3,i +4,i+6,i+5), i-(i + 9,4 +10,4 + 11,4 + 12},
(i + 9,1 + 10,4 + 11,4 + 12), i~(6 + 9,1 + 10,4 + 11,4 + 12),
i—(i+ 9,6+ 10,i + 11,4 +12), i-(i + 5,5 + 7,4 + 9,1 + 11),
i—~(i + 5,4+ 7,4 + 9,4+ 11), i-(i 4+ 5,4 + 7,4 + 9,0 +11),
i-(i+ 3,5 +5,i+ 7,1 +10), i-(i+ 3,5 +6,i +10,i + 7),
i-(6+6,i+9,4+4,4+10) |0 <4 < 12}
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This has a metamorphosis into a 24-fold bowtie system (V, B), where B is as follows.

B = {(00,4,4 + 5;00,i + 3,1 + 8), (00,1,1 + 5;00,% + 3,4 + 10),

(00,4,4 + 5;00,4 + 4,1 +9), (00,4,i+ 5;00,i +4,i+9),

(00,1,4 + 5;00,4 + 4,4+ 9), (00,4, + 5;00,4 + 4,4 + 10),

(3,444, + T34, + 6,5 +5), (4,0 +8,i+4;4,5+3,i+10),

(3,3 + 12,5 + T;4,4 + 5,0+ 6), (i,i+ 6,4+ 8;¢,i+7,i+9),

(3,8 +3,5+ 54,0 + 4,5 +6), (5,i+9,7+12;4,i+ 10,4+ 11),

(6,4 + 9,4 +12;4,4 + 10,4 + 11), (4,4 + 9,1 + 12;4,¢ + 10,4 + 11),

(6,8 + 9,4 4+ 12;4,4 + 10,4 + 11), (3,4 + 5,4+ 11;4,i + 7,5 +9),

(4,8 + 5,8 + 114,80 + 7,5+ 9), (i +5,i+11;4,0+ 7,0+ 9),

(6,0 + 3,0 +10;4,5 4+ 5,5 +7), (3,5 + 3,4+ 7;4,1 + 6,4 + 10),

(4,4 + 6,4+ 10;4,5 + 9.5 +4) | 0 <@ < 12}

U (1,5 + 1,8+ 5;4,i + 2,5 +4), (5,5 +3,0+ 74,4+ 1,4 +2),

(4,8 4+ 1,4+ 334,i +4,i+5), (1,4 +3,5+6;4,1+1,i+2),
(4,04 3,4 +dd,i+ 14 +2), (4,0 4+ 1,4+ 24,4+ 3,1+ 4),
(4,3 +2,i+ 654, +3,i+5) |0 <4 <12}

O

EXAMPLE 3.20 There exists a 4-wheel system of 8(K7 \ K3) which has a meta-
morphosis into an 8-fold bowtie system. (Here (K7\ K3) refers to the complete graph
on 7 vertices with three edges forming a triangle removed from it.)

Let the vertex set be V = {0,1,2,3, 4, B, C'} where the “hole” or vertices of the
removed triangle is the set {4, B,C}. An 8-fold B-wheel system (V,W) with a
metamorphosis into an 8-fold bowtie system (V, B) is given by:

W = {0-(4,1, B,2), 0-(4,3,B,2), 0-(B,3,C,1), 1-(4,2,C,3),
1~(4,0,C,2), 1-(4,0,C,3), 2-(B,0,C,1), 2-(B,3,C,0),
2-(4,1,B,3), 3-(4,0,B,1), 3-(4,2,C,0), 3-(B,1,C,2),
A-(0,1,2,3), B-(0,2,3,1), C-(0,2,1,3), A-(0,1,2,3),
B-(0,2,3,1), C—(0,2,1,3)}.

Then a metamorphosis into an 8-fold bowtie system is given as follows.

B ={(0,4,2;0,B,1), (0,4,2;0,B,3), (0,B,1;0,C,3), (1,4,%1,C,2), (1,4,2;1,C,0),
(1,4,3;1,G,0), (2,B,1;2.C,0), (2,B,0;2,C,3), (2,4,3;2,B,1), (3,4,1;3,B,0),
(3,4,0;3,C,2), (3,B,2;3,C,1), (4,0,3;4,1,2), (B,0,1;B,2,3), (C,0,3;C,2,1),
(4,0,3;4,1,2), (B,0,1;B,2,3), (C,0,3;C,2,1)}

U {(4,0,2; 4,1,3), (1,4,0;1,B,3), (B,0,2;B,1,3),
(2,4,0;2,B,3), (C,0,2;C,1,3), (C,0,1;C,2,3)}.
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THEOREM 3.21 There ezists a 24-fold 4-wheel system of any order n > 5 which
has a metamorphosis into a 24-fold bowtie system of the same order n.

Proof As pointed out above, by doubling 12-fold systems or trebling 8-fold systems,
we only need consider orders n = 2 or 11 (mod 12).

First let n = 12¢-+2. We use the 3-GDD construction with h = 0, £ =2, s = 6t+1,
and a 3-GDD of type 71322, which exists for all t > 3. This uses B-wheel systems of
24K, (Example 3.19), 24K, (three copies of Example 3.11) and 24K, (six copies
of Example 3.6). Then Example 3.19 deals with a B-wheel system of order 14 (when
t = 1), and a B-wheel system of order 26 (when t = 2) is given in the Appendix.

Now let n = 12t + 11. We use the 3-GDD construction with h = 3, £ = 2,
s = 6t + 4, and a 3-GDD of type 4'2%, which exists for all ¢ > 1. This uses a B-
wheel system of 24K1; (Example 3.18), B-wheel systems of 24(K7 \ K3) (take three
copies of Example 3.20), and of 24K55 (six copies of Example 3.6).

This completes the existence of 24-fold B-wheel systems. O

4 Concluding remarks

First consider A = 10, 14 and 22, since there are three orders (v = 24, 72, 88) when
A = 2 for which existence of a B-wheel system is unknown, and the expected orders
for A = 10, 14 and 22 are the same as for A\ = 2. Since 10 = 4 + 6, 14 =6+ 8 and
29 = 10 + 12, for instance, and since for orders 24, 72 and 88, B-wheel systems exist
when A = 4, 6, 8 and 12, there are no orders for these values of X for which B-wheel
systems are unknown.

Now let A be any value. By combining smaller values of A with appropriate
numbers of copies of B-wheel systems of order 24, we obtain B-wheel systems of all
admissible orders, for any value of A (apart from B-wheel systems of orders 24, 72,
88 when A = 2). We record this as follows.

THEOREM 4.1 There ezists a A-fold 4-wheel system of any order given in Table
4.1, which has a metamorphosis into a A-fold bowtie system, except possibly one of
order 24, 72, or 88, when A = 2.

4-wheel system that has a
metamorphosis into a bowtie system

A (mod 24) order
1,57.11,13,17,19,23 | 1, 33 (mod 48)
2, 10,14,22 0,1,0,16 (mod 24)
3,0,15,21 1 (mod 16)
1,20 0.1,4,9 (mod 12)
6,18 0, 1 (mod 8)
8,16 0, 1 (mod 3)
12, 0,1 (mod 4)
24 any n > 5
Table 4.1
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APPENDIX

In each of the following examples, V is the vertex set, W is the set of 4-wheels and
B is the set of bowties obtained from a metamorphosis of W.

A=1, order 81| V =Zg;

W = {i~(i + 18,4 + 24,1 -+ 78,i + T6), i~(i + 41,7 + 73,i + 45,1 + 74),
(i + 1,0 + 10,6 + 14,1 + 31), (i + 12,1 + 34, + 13,1 + 56),
i-(i + 15,4 + 26,4 + 42,4 + 61) | 0 < i < 80}

B = {(i,s+ 18,1+ 24;i,i + 76,5 + 78), (i,4 + 41,4 + T4;i,i + 45,1 + 73),
(8 + 1,6+ 3134, + 10,0 + 14), (6,4 + 12,4 + 56;4,4 + 13,7 + 34),
(i,i+ 15,5+ 26;4,4 +42,i +61) | 0 < i < 80} U
{(i,i+17,i +46;i,i + 16,5 + 38) | 0 < i < 80} U
{(iyi + 9,7 + 324, +27,i+54) | 0 < i < 26} U
{(i + 36,4 + 27,4 + 594 + 36,4 + 45,7 + 68),
(5 + 54,4 + 45,4 + 7751 + 54,4 + 63,1 + 5),
(i + 72,1 + 63,4 + 1430 + 72,4, +23) | 0 < i < 8}.

A=1, order 97| V =Zgy;

W = {i~(i+5,i + 11,4 + 30,4 + 21), i~(i + 20,i + 69,3 + 57,4 + 70),
i—(i + 46,4 + 75,7 + T4,i +2), i~(i + 3,4 + 7,4 + 24,4 + 34),
i—(i + 8,1 +41,i + 83,4 + 45), i~(i -+ 26,1 + 58,4 +43,i +61) | 0 < i < 96}.

B = {(i,i+5,i +25;i,i + 1L, + 30), (3,4 + 20,4 + 69;1,i + 57,4 + 70),
(i, + 2,0 + 46345 + 74,5 + 75), (3,4 + 3,1+ 34;4,4 + 7,1 + 24),
(i,i+ 8,7 + 4531 + 41,4 +83), (1,1 + 26,1+ 58;4,i + 43,4 +61) | 0 <i < 96} U
{(i,i+6,i + 15,4 + 10,4 + 35), (4,4 + 4,1 + 33;4,4 + 12,1 + 50) | 0 < 4 < 96}.

A=1, order 129| V = Zjsq;

W = {i~(i + 104, + 122, + 113,i + 126), i—(i + 6,1 + 37,1 + 67,1 -+ 82),
(i + 33,1+ 68,1 + 63,5+ 77), i~(i + L,i + 11,4 + 19,5 + 21),
(i + 4,1+ 27,1+ 39,0+ 73), i~(i + 17,4 + 49,4 + 100,4 + 57),
(i -+ 24,1+ 79,1 + 41,5 + 83), i~(i + 26, + 84,1+ 36,4 + 101) | 0 < i < 128},
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B={(,i + 1047 + 126;i,i + 122,i + 113), (3,1 + 6,4 + 82,4, + 37,0 + 67),
(3,3 + 33,0+ 68;1,i+ 63,i + 77), (i,i + 1,i+ 2134, +11,i+19),
(3,8 + 4,0+ T3;4,0 + 27,0 + 39), (i1 + 17,6 + 57;4,1 + 49,7 + 100),
(1,6 + 24,0 +79;1,i + 41,6 +83), (3,1 + 26,5 + 84;i,i + 36,1 +101) |0 <i <128}
U {{i,i +5,4 + 184, + 23,6 + 54}, {i,i + 15,4+ 5944+ 10,i + 48} | 0 <4 < 128}
U {{6,i+43,i+86;4,i+2,i +34) | 0 < i < 14 and 16 < i < 42}
U {{101, 15, 58;101,67,69}, {17,15,49;17,112,114}}
U {{di +1,4i — 1,4i + 33;4i + 1,40 + 3,46 + 35}, {4 + 2,40, 4i + 34;4i + 2,4i + 4,43 + 36}

|11 <i <16}
U {{4 — 2, 4i — 4,4 + 30; 4i — 2,4i,4i + 32}, {4i — 1,46 - 3,4i + 31;4i — 1,4i +1,4i + 33}
|18 < i < 28}
U {{4i ~ 1,4 — 3,4 + 31;4i — 1,4i + 1,4i + 33}, {4, 4 — 2,4i + 32;4i, 4i + 2,40 + 34}
|29 <i <32}

A= 4, order 21 V = Zay;

W= {i-(i+1,i+2,i+3,6+4), i-G+2,i+4,i+6,i+9), i-(i+3,i+7,i+15,i+8),
i-(i + 4,1+ 13,0 + 5,4 + 14), i~(i + 5,4 + 15,4 + 6,1+ 16) | 0 <4 < 20}.

B = {(iyi+ 1+ dyiyi+ 2,6 +3), (10 +2,0+950,i+4,i+6), (5,1 +3,i+8i,i+7,i+15),
(i + 4,0+ 13,0+ 5,1+ 14), (i,é + 5,0 + 15;4,i + 6,6 + 16) | 0 < i < 20}
U {7+ 3+ 2054, + 1,§ + 10) | 0 < § < 20}
U {(i,i+ 2,6+ 10;4,i+ 7,6 + 14) | 0 < i < 6}
U {(i+18,i+8,i+10;i + 18,i +5,i + 16) | 0 < i < 3}
U {(9,7,17;9,1,20), (14,1,12;14,3,16), (15,2,13;15,4,17)}.

A=4, order 24| V = {oo}UZg3;

W = {oo-(i,i + T,i +20,i + 10), i~(i +15,i + 16, + 17, +3),
(6 + 2,6+ 17,0 + 9,0 + 18), i~(i + 17,4 + 18,6 + 19, + 21),
i~(5 4+ 11, + 13,6 + 16,4 +19), (i + 11,4 + 14,1+ 18,i +6) | 0 <i < 22}.

B = {(00,4,i + 10;00,i + 7,1 + 20), (3,4 + 15,0 + 3;i,i + 16,1 + 17),
(6,6 + 2,0 + 1735, + 9,0 + 18), (4,4 + 17,4 + 2134,4 + 18,0 + 19),
(4,6 + 11,4 +1954,% + 13,4 + 16), (3,6 + 11,6 + 1434, + 18,5 +6) | 0 <4 < 22}
U {(yi + 9,6+ 19;4,0 + 7,6 +8), (6, + 2,4+ 34,0 +5,i+7) |0 < <22}
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A=4, order 25, V = Zos;

W = {i-(6 + 13,5+ 1,i + 19,1 + 2), i~(i + 12,4 + 18,4 + 13,1 + 20),
(i + 1,0+ 2,0+ 3,0 +5), i~(i + 2,6 + 5,0 + 8,6+ 11),
(i + 4,0+ 14, + 10,5 + 21), i~(i + 6,6 + 15,5+ 9,i + 16) | 0 < i < 24},

B = {(i,i +13,i + 1;i,i + 19,6 +2), (5,4 +12,i + 18;4,4 + 13,1 + 20),
()i + 1, + 20,0+ 3,5 +5), (6,1 + 2,4 +54, +8,i + 11),
(6,6 + 4,0+ 2154,1 + 14,4 + 10), (3,6 + 6,4 + 16,4, +15,i +9) [ 0 <4 < 24}
U {(4, 6 + 10,7 + 1854, + 9,4 + 16), (4,3 + 11,4 +22;4,i + 1, +5) | 0 <i < 24},

A=4, order 28| V = {oo}UZoy;

W = {00—(i,i + 12,7 + 25,1 + 13), i~(i + 5,4 + 24,1 +22,i + 2),
i(i + 23,0 + 24,7 + 13,0 + 5), i—(i + 20,4 + 21,0 + 22,1 + 23),
i(i + 15,6 + 17,7 + 19, + 23), i~(i + 12,1 + 18, + 7,1 + 21),
i-(6 + 11,0+ 20,4 + 10,4 +21) | 0 < ¢ < 26).

B = {(00,i,i + 13;00,i + 12,i + 25), (i,6 + 5,0 + 24,4 + 24,1 + 22),
(i,i + 23,0 + 24540 + 13,1+ 5), (i, + 20,6 + 23;4,0 + 21,0 + 22),
(6,6 + 15,6 + 23;4,1 + 17,4 +19), (6,1 + 12,6 + 21,4 + 18,0 + 7),
(1,6 + 11,0 + 2134,1 +20,i + 10) | 0 < i < 26}
U {(,i+1,i+ 7,0 +4,i+12) | 0 < ¢ < 26}
U {(5,i+ 9,0+ 18530 + 1,4 + 12), (3,6 + 9,6+ 18;4,i + 2,4+ 13) | 0< i < 8}
U {(G,i+ 1,4 + 124, +2,i +13) | 9 <4 < 26}

A=28, order 22| V = {oc0}UZy;

W = {00—(i,i +6,i + 16, +10), 0o—(i,i + 8,1 + 18,7 + 10), i~(i + 13,0+ 18,i + 4,i + 1),
(i + 4,0+ 6,0+ 5, +8), i=(i + 9,6 + 10,4 + 21,4 + 2), (6 + 20,4 + 7,4 +8,i +9),
(i + 16,6 + 17,4 + 18,0 + 20), i~(i + 13,4 + 15,4 + 17,1 + 19),
(i + 9,6+ 12,0 + 15,1 + 18), i~(i + 8,4 + 12,4 + 17,i + 13),
(6 + 10,0 + 15,4 + 7,6 + 16) | 0 < < 20}.

B = {(00,4,i + 10;00,i + 6,i + 16), (00,i,% + 8;00,i + 18,4 + 10}, (i, + 14,1+ 19;i,i+4,i+ 1),
(6,6 + 4,5+ 6;6,8 + 5,5 +8), (4,4 +9,4 + 1054, + 21,3+ 2), (3,4 + 20,8+ 7;4,i +8,i +9),
(6,0 + 16,3 + 177;i,4 + 18, + 20), (3,7 + 13, 4 1954, + 15,0+ 17),
(4,1 + 9,1+ 1254,5+ 15,5+ 18), (4,4 + 8,1 +12;4,i +17,i + 13),
(4,3 + 10,4 + 15;4,i + 7,i + 16) | 0 < ¢ < 20}
U {6 +4,i+20;4,4+1,i+6), (6,5 +4,7+10;i,4+ 2,3+ 11),
(6,i+1,i+ T34, +2,i+5) | 0 < <20}
U {(F,i+ 7,4+ 14;4,i+ 1,1+ 10) | 0 < i < 6}
U {(26,2 - 1,20 +9;2i,2i + 1,20 + 10) | 4 < ¢ < 10}
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A =8, order 27| V = Zy;

W = ie(i 4+ 21,0 + 5,1+ 25,0 +9), i~(i +23,i +8,i+3,i +9), i(i+21,i +4,i+13,i+10),
(i + 17,0+ 23,0+ 22,6 + 24), i~(i + 3,0 + 8,1 + 11,0+ 10), i=(i + i +2,i +3,i + 4),
i+ L+ 2, i+ 4,i46), i+ 2,0+ 40+ T,i+ 11), i+ 4,0+ 9,0+ 17,1 +12),
i(i 5,1+ 17,0+ 6,3 + 18), i~(i + 6,0 + 18,4 + 8, + 19), i~(i +6,i + 19,0 +7,i+20),
io(i 47,0+ 18,1+ 8,0 +20) | 0 < i < 26},

B={ 0+ 21,44 5;4,1+ 25,1 +9), (i,i+23,i+8;i,i+3,i+9), (6,44 21,4 + 4;1,4 + 13,1 + 10),

(4,4 17,4 + 23;8,7 + 22,1+ 24), (6,0 + 3,5 + 84,1 + 11,1 + 10), (6,4 + 1,5+ 4;4,i+2,i+3),
(4, + 1,3 + 64,1+ 2,5+ 4), (6,5 + 2,0+ 44,1+ 7,0+ 11), (4,1 + 4,4 +9;4,i + 17,0+ 12),
(i,i+ 5,0+ 17;4,i + 6,0 +18), (3,4 + 6, + 18;4,4 + 8,i + 19), (3,4 + 6,4 + 19;4,i + 7,4 + 20),
(3,3 + 7,4+ 18;4,1 + 8,i + 20) ] 0 <4 < 26}

U {(i,i+1,i+8i,i+5,5+12), (i, + 3,4+ 14;4,4 + 13,i + 26),

(i,i+ 1,44 11;4,4+ 3,1+ 13) | 0 < i < 26}
U {(,i+9,i+18;4,i+1,i+8), (6,0 +9,i+18;1,i+2,i+ 14) | 0 <4 < 8}
U {(i,i+2,i+14;4,i+1,i+8) |9 <i <26}

A= 12, order 20| V = {co}UZ1y;

W = {oo~(i,i + 6,3+ 16,4 + 7), 0oo—(i,i + 7,4+ 16,i+9),
oo~(i,i + 7,1+ 17,i + 8), i~(i 4 11,4 + 16,4 + 15,1 + 1),
(4 4,54+ 6,0+5,i+8), i-(1+ 9,1 + 12,1 + 14,i + 2),
i(i + 10,3 + 18,7 + 16,4 + 2), i—(i + 15,3 + 16,1 + 17,4 + 18),
i-(i+ 15,1 + 16,1 + 17,1 + 18), i—(i 4 114+ 13,4 + 15,1 + 17),
i~(i + 8,4+ 10,1 + 13,1 + 16), i~(i + 4,1+ 7,1+ 11,4 + 15),
i—(5 + 5,0 + 9,4 + 14,0 + 10), i~(i + 8,4 + 13,1 + 6,0 + 14),
(i + 7,0+ 12,i+6,i+13) | 0 < i < 18}

B = {{c0,i,i+ 7;00,i +6,i + 16), (infty,i,i+ 9;00,i+ 7,1+ 16),
(00,11 + 8;00,& + T, + 17), (i,i + 11,4 + 1;4,i + 16,4 + 15),
(i,i+4,i+8;1,i+6,i+5), (6,i+9,i+2;4,i+12,i+14),
(i,i+10,i+2;i,i+18,i+16), (4,4 + 15,1 + 18;4,i + 16,1 + 17),
(6,6 + 15,1+ 18;4,i + 16,4 + 17), (4,4 + 11,i +17;4,4+ 13,1 + 15),
(3, + 8, + 16;4,i + 10,4 + 13), (4,4 + 4,1 + 154,49+ 7,0 + 11),
(3, + 5,1 +10;3,i + 9,4 + 14), (3, + 8,1 + 14;4,i + 13,1 + 6),
(4,i+7,i+13;4,i+12,i+6) | 0<i <18}

U {(i,i+5,i+10;i,i+7,i+14), (4,4 + 5,8 + 1254, + 4,0+ 8),
(6, + 3,8 +6;4,i+2,i +4), (4,8 + 3,1+ 88,0+ 1,0 +2),
(iyi+1+84,i+2,i+3) | 0<i< 18}
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[A=24, order 26| V = {o0}UZys;

W = {i-(i+13,i + 16,0 + 14,4 + 17), i~(i + 11,1 + 16,i + 13,0 + 19), i~(i + 7,4 + 10,1 + 8, + 12),
(i + 22,0+ 3,0 + 15, +5), i=(i + 19, + 8,5 + 4,1 + 10), i~(i + 14,0 + 15,4 + 21,4 + 20),
i=(i + 13,0 4+ 17,6 + 19,1 + 18), i~(i + 23,0 + 9,4 + 8, + 11), i~(i + 24, + 6,i + 1,i +9),
(i + 11,0 + 20,6 + 12,4 + 22), i-(3 + 21,1 + 22,7 + 23,0 + 24),
i=(i + 21,0 + 22,6 + 23,1 + 24), i-(6 + 21,1 + 22,1 + 23, + 24),

(i + 21,0+ 22,1 + 23,5 + 24), i~(i + 19, + 20,3 + 21,1 + 23),

i+ 17,6+ 19,0 + 21,4 + 23), i~(i + 17,4 + 19,1 + 21,0 + 23),

(i + 17,0+ 19,0 + 21,8 + 23), i~(3 + 15,0 + 17,4 + 19,1 + 22),

i-(i + 13,1 + 16,0 + 19,1 + 22), i~(i + 11,0 + 14,i + 17,i + 21),

i=(i + 9,4 + 13,0 + 17,1 + 21), i-(i + 8,6 + 12,3 + 16,3 + 20), i~(i + 5, + 10,4 + 15, + 20),
i(i 45, + 10,4 + 15, + 20), i—(i + 5,1 + 10,4 + 15,4 + 20), i~{i + 6,4 + 12,4 +19,i + 13),
i+ 12,i + 18,0+ 7,6+ 19), i—(i + 10,6+ 17, + 7,5 + 18), i~(i + 10,4 + 17,4 + 7,i + 18),
(i + 10, + 17,0 + 7,6 + 18), i=(i + 9,3 + 16,3 + 7,4 + 18), i~(i + 9,1 + 16,i + 7,4 +18),
00-(i,i + 11,1 + 24,7 + 12), 00-(i,4 + 11, + 24,4 + 12), 0o—(3, i + 11,4 + 23,1 +12),
co~{i,8 + 9,4 + 20,4 + 11), 00—(i,i + 9,1 + 20,1 + 11), co~(4,i + 8,1 + 17,5 +9) | 0 <4 < 24}.

Let B’ be the set of bowties (z,a,d;z,b,c) for each 4-wheel z—(a, b, c,d) written
as oriented in W above. Then

B=B' U {(i,i+3,i+14;4,i+7,4+16), (4,i+11,i+14;i,4+9,i+16),
(i, + 5,6+ 124,46 + 4,4+ 11), (6,4 + 5,4 + 12;4,4 + 3,1 + 8),
(i +6,i+12;45,i +1,4+2), (,i+4,4+84,i+1L,i+2),
(8,0 + 1,4 + 534,71 + 2. + 4), (6,8 +5,i+6;4,2+ 1,5+ 2),
(6,84 1,3+ 11;4,4 + 3,5+ 14), (5,4 + 2,4+ 6;4,i+ 7,4+ 11),
(4,4 4+ 10,4 + 11;4,5+ 3,1 +5), (4,5 + 3,8+ 9;4,i+ 5,1+ 8),
(3,4 + 1,5 + 34,4 + 5,5 + 6)}.
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