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Abstract 

An in-tournament is an oriented graph such that the in-neighborhood 
of every vertex induces a tournament. Recently, we have shown that 
every arc of a strongly connected tournament of order n is contained in 
a directed path of order r(n + 3)/21. This is no longer valid for strongly 
connected in-tournaments, because there exist examples containing an arc 
with the property that the longest directed path through this arc consists 
of three vertices. But in this paper we shall see that every strongly 
connected in-tournament has at most one such arc. More general, we shall 
prove that if a strongly connected in-tournament D of order n contains 
m - 2 :::; n - 3 arcs a3, a4," ., am such that the longest directed path 
through ak consists of k vertices for 3 :::; k :::; m, then all other arcs of D 
belong to directed paths of order at least m + 1. Furthermore, we shall 
show that every arc of a strongly connected in-tournament is contained 
in a directed path of order k + 2, when max{ 6+,6-} ~ k, where 6+ and 
6- is the minimum out degree and the minimum indegree, respectively. 

1. Terminology and introduction 

The vertex set and the arc set of a digraph D are denoted by V(D) and E(D), 
respectively. The number IV(D)I is the order of the digraph D. Throughout this 
paper we will consider digraphs without multiple arcs, loops, or directed cycles of 
length two. Such digraphs are called oriented graphs. If there is an arc from x to y 
in D, then y is a positive neighbor of x and x is a negative neighbor of y, and we 
also say that x dominates y, denoted by x -+ y. More generally, let A and B be two 
disjoint sub digraphs of D or subsets of V(D). If x -+ y for every vertex x in A and 
every vertex y in B, then we write A -+ B and say that A dominates B. Two vertices 
x and y of a digraph are adjacent when x -+ y or y -+ x. The outset N+(x) of a 
vertex x is the set of vertices dominated by x, and the inset N- (x) is the set of ver
tices dominating x. The numbers d+(x) = IN+(x)1 and d-(x) = IN-(x)1 are called 
outdegree and indegree, respectively. The minimum outdegree 8+ and the minimum 
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indegree 6- of D are given by min{d+(x) I x E V(D)} and min{d-(x) I x E V(D)}, 
respectively. For A ~ V(D), we define D[A] as the sub digraph induced by A. By 
a cycle (path) we mean a directed cycle (directed path). A cycle or a path of order 
m is called an m-cycle or an m-path, respectively. A cycle (path) of a digraph D 
is Hamiltonian if it includes all the vertices of D. We speak of a connected digraph 
if the underlying graph is connected. A digraph D is said to be strongly connected 
or just strong, if for every pair x, y of vertices of D, there is a path from x to y. A 
strong component of D is a maximal induced strong subdigraph of D. A digraph D 
is k-connected if for any set S of at most k - 1 vertices, the subdigraph D - S is 
strong. A minimal separating set of a strong digraph D is a subset S c V(D) such 
that D - S is not strong, but D - S' is strong for any S' c S. An in-tournament is 
an oriented graph with the property that the inset of every vertex induces a tourna
ment, i.e., every pair of distinct vertices that have a common positive neighbor are 
adjacent. A local tournament is an oriented graph such that the inset as well as the 
outset of every vertex induces a tournament. Throughout this paper all subscripts 
are taken modulo the corresponding number. 

Local tournaments were introduced by Bang-Jensen [1] in 1990 and there exists 
extensive literature on this class of digraphs, e.g., the survey paper of Bang-Jensen 
and Gutin [2]. In particular, the Ph. D. theses of Y. Guo [4] and J. Huang [5] have 
been devoted to this subject. As a generalization of local tournaments, Bang-Jensen, 
Huang, and Prisner [3] studied the family of in-tournaments. But in-tournaments 
have, as yet, received little attention. Except for the above mentioned article of Bang
Jensen, Huang, Prisner [3], these digraphs have only been investigated by Tewes [7], 
[8], [9], and Tewes, Volkmann [10], [11]. It is the purpose of this paper to give more 
information about the properties of in-tournaments. 

Very recently, we have proved [12] that every arc of a strongly connected tourna
ment of order n (even every arc of a strongly connected n-partite tournament) is 
contained in a directed path of order r (n + 3) /21. The following example shows that 
this is no longer valid for strongly connected in-tournaments. 

Example 1.1 Let D consist of the cycle XIX2" . XnXl together with the arcs XIXi 

for 3 ~ i ~ n - 1. Then it is straightforward to verify that D is a strongly connected 
in-tournament of order n, and that the longest path through the arc XIXn-l is only 
of order three. 

Definition 1.2 If the longest path through an arc uv consists of exactly m ver
tices, then we call uv an m-path arc. 

In this paper we shall see that every strongly connected in-tournament of order n 2: 4 
has at most one 3-path arc. More general, we shall prove that if a strongly connected 
in-tournament D of order n contains a k-path arc for every 3 ~ k ~ m ::; n - 1, 
then all other arcs of D belong to paths of order m + 1. Also strongly connected 
in-tournaments without a 3-path arc but containing a 4-path arc, have only one 
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4-path arc, when the order is at least six. Furthermore, if a strongly connected 
in-tournament has a k-path arc for each k = 3,4, ... , m but no (m + I)-path arc, 
then it contains no (m + 2)-path arc. In addition, we shall prove that every arc 
of a strongly connected in-tournament is contained in a path of order k + 2, when 
max{ 8+,8-} 2:: k. Different examples will show that these results are best possible. 

2. Preliminary results 

The following known results play an important role in our investigations. 

Theorem 2.1 (Redei [6]1934) Each tournament contains a Hamiltonian path. 

Theorem 2.2 (Bang-Jensen, Huang, Prisner [3] 1993) An in-tournament has a 
Hamiltonian cycle if and only if it is strongly connected. 

Theorem 2.3 (Bang-Jensen, Huang, Prisner [3] 1993) Let D be a strongly con
nected in-tournament and let S be a minimal separating set. Then there exists a 
unique order D1, D2, .. . , Dp of the strong components of D - S such that there are 
no arcs from Dj to Di for j > i, and for each i = 1,2, ... ,p - 1 there exists a vertex 
Wi E V(Di) such that Wi -+ Di+1' If in addition, xy is an arc from Di to Dj for 
i < j, then x -t (Di+l U Di+2 U ... U Dj ). 

Theorem 2.4 (Bang-Jensen [1] 1990) Let D be a strongly connected local tour
nament and let S be a minimal separating set. Then there exists a unique order 
D1 , D21 .. . , Dp of the strong components of D - S such that there are no arcs from 
Dj to Di for j > i, Di -t Di+l for i = 1,2, ... ,p - 1, and Di is a tournament for 
i = 1,2, ... ,po 

The unique order Db D2, •.• , Dq in Theorem 2.3 as well as in Theorem 2.4 is called 
the strong decomposition of D - S. 

3. General results 

Observation 3.1 Let uv be an arbitrary arc of a strongly connected in-tournament 
D. If D - u or D - v is strong, then D contains a Hamiltonian path starting with 
the arc uv or ending with the arc uv, respectively. 

Proof. If D - u is strong, then by Theorem 2.2, the in-tournament D - u has a 
Hamiltonian cycle VX2X3'" XIV(D)I-IV, Therefore, the arc uv is the initial arc of the 
Hamiltonian path UVX2X3 .•. XIV(D)I-l of D. Considering D - v instead of D - u, we 
obtain analogously a Hamiltonian path with the terminal arc uv. 0 

Theorem 3.2 Let u be a vertex of a strongly connected local tournament D such 
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that D - u is not strong. If D1 , D2, . .. , Dp is the strong decomposition of D - u, 
then the arcs from Di to Di+1 for 1 ::; i ::; p - 1 and the arcs in Di for 2 ::; i ::; p - 1 
are contained in a Hamiltonian path. 

Proof. In view of Theorem 2.2, each strong component Di with at least three vertices 
has a Hamiltonian cycle xix~ . .. XfV(Di)lxi for 1 ::; i ::; p. Since D is strong, there 
exists a vertex, say xi, in Dl such that u -+ xi and a vertex, say Xl, in Dp such that 
Xl -+ u. By Pi we denote a Hamiltonian path of Di for 1 ::; i ::; p. Theorem 2.4 
implies Di -+ Di+l for i = 1,2, ... ,p - 1. In the following we always use this fact. 
Case 1: Let X}X1+1 be an arc from Di to Di+1 for 1 ::; i ::; p - 1. 
Subcase 1.1: Let p :2: 3. If i :2: 2, then 

and if i = 1, then 

is a Hamiltonian path of D through the arc x}x~+l. 
Subcase 1.2: Let p 2. If u -+ xJ+1' then UXJ+IXJ+2 ... xJX~X~+l ... X~_l is a desired 
Hamiltonian path. If U does not dominate xJ+1' then let s :2: 2 be the smallest integer 
such that u -+ xJ+s' Then, because U and XJ+s-I are negative neighbors of xJ+s' we 
conclude that XJ+s-I -+ U. But now xJx~ is an arc of the Hamiltonian path 

Case 2: Let x}x~ be an arc of the component Di for 2 ::; i ::; p - 1. By Theorem 2.4, 
Di is a tournament, and thus, Di = Di - {x},xU is also a tournament. According 
to Theorem 2.1, D~ has a Hamiltonian path Pi- Hence, we deduce that x}x~ is an 
arc of the Hamiltonian path 

Example 3.3 Let T5 be the tournament with the cycle XIX2X3X4X5Xl such that 
Xl -+ {X3, X4}, X2 -+ {X4' X5}, and X5 -+ X3' Note that the arc XIX4 is not contained 
in a Hamiltonian path of Ts. Now let T7 be the tournament consisting of T5 and the 
two new vertices u and w such that T5 -+ w -+ u -+ X4 and {Xl, X2, X3, X5} -+ u. 
Then, T5 corresponds to the first component Dl of T7 u, and it easy to see that 
the arc XIX4 is not contained in a Hamiltonian path of T7. 
Using the same method, it is a simple matter to construct strongly connected tour
naments T of arbitrarily large order such that the strong components Dl and Dp of 
T u have arcs which are not contained in a Hamiltonian path of T. 

Remark 3.4 Example 3.3 shows that Theorem 3.2 is not valid for the arcs in Dl or 
Dp, even for tournaments, in general. But if u -+ Dl or Dp -+ u, then one can prove 
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analogously to Case 2 that each arc in DI or Dp is contained in a Hamiltonian path, 
respectively. 

Example 3.5 Let Tp be the transitive tournament with the vertex set {Xl, X2, .. . , xp} 
such that Xi -+ Xj for 1 ::; i < j ::; p. Now let D be the strongly connected local 
tournament of order p + 1 consisting of Tp, the new vertex u and the both arcs xp u 
and UXI. Then, D - U = Tp has the strong decomposition D1, D2, . .. , Dp such that 
V (Di) = {Xi} for 1 ::; i ::; p, and we observe that no arc XiXj with j ~ i + 2 is 
contained in a Hamiltonian path. 

In view of the Examples 3.3 and 3.5, we see that Theorem 3.2 is best possible. 

Observation 3.6 Let uv be an arc of an in-tournament D. If d-(u) = m, then 
D contains an (m + 2)-path with the terminal arc uv. 

Proof. It follows from the definition of an in-tournament that the induced subdi
graph D[N-(u)] is a tournament. Thus, according to Theorem 2.1, there exists a 
Hamiltonian path XIX2 ... Xm of D[N-(u)]. Consequently, XIX2'" XmUV is path of 
order m + 2 in D with the terminal arc uv. 0 

Theorem 3.7 Let uv be an arc of a strong in-tournament D. If 

max{d-(u),d+(v)} = m, 

then the arc uv is contained in a path of order m + 2. 

Proof. If d-(u) = m, then we are done by Observation 3.6. Now assume that 
d+(v) = m and let IV(D)I = n. By Theorem 2.2, D has a Hamiltonian cycle, 
and hence the in-tournament D - v contains a Hamiltonian path XIX2'" Xn-I. 
Let u = Xk for some 1 ::; k ::; n - 1. If k ~ m + 1, then XIX2'" XkV is a 
path of order k + 1 ~ m + 2 through the arc uv. If k ::; m, then, because of 
d+ (v) = m, the vertex v has at least m - (k - 1) positive neighbors in the vertex 
set {Xk+ll Xk+2, ... ,xn-t}. If j ~ k + 1 is the smallest index such that v -+ Xj, then 
j ::; n - m + k - 1. Therefore, the path XIX2 ... XkVXjXj+l ... Xn-l through uv con
sists of at least k+ 1+(n-1) - j + 1 ;:::: n+k+ 1- (n-m+k-1) = m+2 vertices. 0 

Corollary 3.8 Let D be a strongly connected in-tournament. If 

max{ 8+, 8-} ;:::: m, 

then every arc of D is contained in a path of order m + 2. 

The next example will demonstrate that Theorem 3.7 is best possible, even for the 
family of local tournaments. 

Example 3.9 Let Tk be a strong tournament and let T m+l be a transitive tour
nament with the vertex set {v, Xl, X2, ... ,Xm} such that Xi -+ Xj for 1 ::; i < j ::; m 
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and v -+ {Xl, X2, ... , Xm }. If the digraph D consists of the tournaments Tk and T m+ I 
and the vertex U such that U -+ (V(Tk) U {v}), {XI,X2, ... Xm } -+ u, and Tk -+ v, 
then it is a simple matter to verify that D is a strongly connected local tournament 
with d+(v) = d-(u) = m containing the (m + 2)-path arc uv. 

4. Strong in-tournaments containing a 3-path arc 

First, we present a structure result of strongly connected in-tournaments containing 
a 3-path arc, which implies that only one such arc exists. 

Theorem 4.1 Let D be a strongly connected in-tournament of order n 2:: 4 con
taining a 3-path arc uv. Then, D has no further 3-path arc, D - u is not strong, 
and the strong decomposition Db D2, ... , Dp of D - u has the following properties. 
The strong component Dp consists of a single vertex, say wp, such that wp -+ u, 
V(Dp- l ) = {v}, N-(wp) = {v}, and u -+ (Dl U D2 U ... U Dp-d. 

Proof. From Observation 3.1 it follows that D-u is not strong. If D1 , D2, ... , Dp are 
the strong components of D - u, then in view of Theorem 2.3, there are no arcs from 
Dj to Di for j > i, and for each i = 1,2, ... ,p - 1 there exists a vertex Wi E V(Di) 
such that Wi -+ Di+l. Since D is strong, there is a vertex wp E V(Dp) with wp -+ u. 
First, we show that v E V(Dj ) implies V(Dj ) = {v}. Because otherwise, the strong 
component Dj consists of at least three vertices, and according to Theorem 2.2, Dj 

has a Hamiltonian cycle, say VXIX2 . .. XtV with t 2:: 2. Then the arc uv belongs to 
the 4-path UVXIX2, a contradiction to the hypothesis that uv is a 3-path arc. 
Since wp E V(Dp) with wp -+ u, we conclude that j =f:. p. Analogously, we can show 
that V(Dp) = {wp}. Furthermore, if we assume thatj::; p-2, then v = Wj -+ Dj+ll 
and hence, UVWj+lWj+2 is a 4-path containing the arc uv, a contradiction. Conse
quently, j = p - 1, and therefore V(Dp _ 1) = {v}. 
Next we note that there are no arcs xu and xWp such that x is a vertex of DI U 
D2 U ... U Dp- 2, because otherwise, xuvwp and xWpuv would be a 4-path through uv, 
respectively. This implies, in particular that N-(wp ) = {v}. The vertices u and W p-2 

are negative neighbors of v, and thus they are adjacent. Since there is no arc from 
Wp-2 to u, we deduce that u -+ Wp-2. If Dp- 2 consists only of the single vertex Wp-2, 
then u -+ Dp- 2 ' In the other case we use the facts that Dp- 2 has a Hamiltonian cycle, 
that there is no arc from Dp- 2 to u, and u -+ Wp-2, to verify that u -+ V(Dp- 2)' If 
we continue this process, we finally arrive at u -+ (Dl U D2 U ... U Dp - 1)' We notice 
that all other arcs of D do not influence the property that uv is a 3-path arc. 
Finally, we show that all arcs different from uv are contained in a 4-path. If UXi is 
an arc with Xi E V(Di) for 1 ::; i ::; p - 2, then VWpUXi is a 4-path through UXi as 
well as through vWp and wpu. Each arc XiYi of Di for 1 ::; i ::; p - 2 belongs to the 
4-path WpUXiYi. In the case that XiYj is an arc from Di to Dj for 1 ~ i < j ~ p - 1, 
we see that XiXj is an arc of the 4-path WpUXiYj' Since we have discussed all possible 
arcs, the proof is complete. 0 
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Theorem 4.2 Let D be a strongly connected in-tournament of order n ~ 5 contain
ing a 3-path arc but no 4-path arc. Then n ~ 6 and D contains no 5-path arc. 

Proof. Let uv be the 3-path arc of D, and let D I, D2, ... ,Dp be the strong decompo
sition of D - u. Then, Theorem 4.1 implies V(Dp) = {wp}, wp -t u, V(Dp-d = {v}, 
N-(wp) = {v}, and u -+ (DI U D2 U ... U Dp- I)' Since D contains no 4-path arc, 
we deduce that IV(Dp- 2)1 ~ 3 and thus, n ~ 6. By Theorem 2.2, there exists a 
Hamiltonian cycle bi b2 ... btbl of Dp- 2 with t ~ 3, and in view of Theorem 2.3, we 
assume without loss of generality that W p-2 = bi -t v. 
First, we show that all arcs, different from uv, of the subdigraph induced by the 
vertices u, v, wp, bl , b2, ... ,bt are contained in a 6-path. The path vWpubibi+l ... bi- I 

for 1 ::; i ::; t shows that the arcs Ubi, vWp, and wp U are contained in a path of 
order at least 6. If bi -t v for any 1 ::; i ::; t, then biv is an arc of the path 
bivwpubi+lbi+2 ... bi - I which is of order at least 6. Each arc bibj with i, j =I- 1 be
longs to the 6-path bi vwpubibj . An arc bib i with i ~ 3 is contained in the 6-path 
bibI vwpub2, and an arc bi bi with i =I- t is contained in the 6-path vwpublbibi+l. 
Using in particular the fact that u -t (Dl U D2 U ... U Dp-d, we now prove that the 
other arcs are also contained in a 6-path, when p 2: 4. Each arc UXi with Xi E V(Di) 
for 1 ::; i ::; p - 3 belongs to the 6-path btbi VWpUXi. If XiYi is an arc of Di for 
1 ::; i ::; p - 3, then it is contained in the 6-path bi VWpUXiYi. Finally, let XiYj be an 
arc from Di to Dj for 1 ::; i ::; p-3 and i < j :::; p-I. If j ::; p-3, then b1vwpUXiYj is 
a 6-path through the arc XiYj' In the case j = p - 2, we observe that Yj = bs for any 
1 ::; s :::; t, and obviously, vWpuxibsbs+1 is such a desired 6-path. In the remaining 
case j = p - 1, we have Yj = v. Since i :::; p - 3, we observe that xivwpublb2 is a 
6-path with the initial arc XiYj' Consequently, D contains no 5-path arc, and the 
proof is complete. 0 

Next we will show that Theorem 4.2 is sharp in the sense that there exist in
tournaments containing a 3-path arc, without 4 or 5-path arcs, however with 6-path 
arcs. 

Example 4.3 Let D be consists of the cycle C = bi b2 ... bnb1, the arcs bi bi for 
3 :::; i :::; n - 1, and the vertices u, v and W3 such that bi -t v -+ W3 -t U -t 
(V (C) U {v}). Then, it is straightforward to verify that D is a strongly connected 
in-tournament of order n + 3 with the 3-path arc uv, without a 4 or a 5-path arc, 
but D contains the 6-path arc b1bn - l . 

Example 4.4 Let D be consists of the cycle C = blb2b3bIl the vertices u, v, WI 

and W4 such that WI -+ C and bi -t v -+ W4 -t U -t (V (C) U {v, WI}). Then, D is a 
strongly connected in-tournament of order 7 containing the 3-path arc UV, without 
a 4 or a 5-path arc, but with the two 6-path arcs UbI and ub3 . 

Example 4.5 Let D be consists of the cycle C = bI b2 b3 bl , the vertices u, v, W4, and 
an arbitrary tournament Tl such that bi -t v -t W4 -t U -t (V(C) U V(T1 ) U {v}) 
and Tl -t C. Then, D is a strongly connected in-tournament with the 3-path arc 
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UV, without a 4 or a 5-path arc, but D contains the 6-path arc UbI' 

Theorem 4.6 Let D be a strongly connected in-tournament of order n ~ 5 contain
ing the 3-path arc UV. If DI , D 2, . .. , Dp is the strong decomposition of D - u, and if 
D contains an k-path arc for each 4 :S k :S m :S n - 1, then V(Dp+2- k ) = {Wp+2-k}, 

N- (Wp+3-k) = {u, w p+2-d, and UWp+2-k is the unique k-path arc for 4 :S k :S m. 

Proof. We proceed by induction on m, using the structure of D, described in Theo
rem 4.1 and parts of the proof of Theorem 4.2. 
Let m = 4. Suppose first that IV(Dp - 2 )1 ~ 3. Then, by the proof of Theorem 4.2, we 
see that all arcs different from uv of the sub digraph induced by the vertices u, v, wp 

and the vertex set V(Dp - 2) are contained in a 6-path. But since D contains 4-path 
arc, we deduce that p ~ 4. 
Next we prove that all arcs different from uv and ux with x E V(Dp_ 2 ) belong to a 
5-path of D, independently from the order of D p- 2' Every arc UXi with Xi E V(Di) is 
contained in the path Wp_2VWpUXi for 1 :S i :S p-3. Thus, vWp and wpu are also arcs 
of a 5-path. Every arc XiYi of Di is contained in the path VWpUXiYi for 1 :S i :S p - 2. 
Now let XiXj be an arc from Di to D j for 1 :S i < j :S p - 1. If j :S p - 2, then 
the 5-path VWpUXiXj has the terminal arc XiXj' If j = p - 1, then Xj = v, and XiV 

belongs to the 5-path XiVWpUXs with s =I- i, P - 1, p and Xs E V(Ds). 

All together we see there exists at most a 4-path arc in D, if p ~ 4 and if Dp - 2 con
sists of the single vertex W p-2. But in this case, certainly, UWp-2 is the only 4-path 
arc of D, when N-(v) = N-(Wp-l) = {U,Wp_2}' 

Now let 5 ::; m :S n -1 and assume that D contains a k-path arc for each 4 :S k :S m. 
Then, D contains a k-path arc for each 4 :S k :S m - 1, and by the induction hy
pothesis V(Dp+2- k ) = {Wp+2-k}, N-( Wp+3-k) = {u, Wp+2-k}, and UWp+2-k is the 
unique k-path arc for 4 :S k :S m - 1. Analogously to the case m = 4, one can prove 
that IV(Dp+2 - m ) I ~ 3 is not possible, and thus p ~ m, and that all arcs different 
from UV, UWp+2-k for 4 :S k :S m - 1 and ux with X E V(Dp+2- m) are contained in 
an (m + I)-path, independently from the order of Dp+2- m ' Consequently, D p+2- m 

consists of the single vertex Wp+2-m. In addition, from the hypothesis that D has an 
m-path arc, it follows that N- (Wp+3-m) = {u, Wp+2-m} and this implies that UWp-2 

is the only m-path arc of D. 0 

Using Theorem 4.6, it is no problem to obtain the next result, analogously to Theo
rem 4.2. 

Theorem 4.7 Let D be a strongly connected in-tournament of order n 2: m + 2 
containing a k-path arc for each k = 3,4, ... , m but no (m + I)-path arc. Then 
n ~ m + 3 and D contains no (m + 2)-path arc. 

Theorem 4.8 Let D be a strongly connected local tournament of order n ~ 4 
with the 3-path arc UV. Then all arcs of D which are not incident with U are con
tained in a Hamiltonian path. 
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Proof. By Observation 3.1, we assume without loss of generality that D - u is 
not strong. If Dl , D2, ... , Dp is the strong decomposition of D - u, then by Theorem 
4.1, V(Dp) = {wp}, wp --+ u, V(Dp- l ) = {v}, N-(wp) = {v}, and u -+ (Dl U D2 U 

... U Dp- l )' Furthermore, Theorem 2.4 implies Di -+ Di+l for i = 1,2, ... ,p - 1. In 
the following let xi x~ ... xfv(Ddlxi be a Hamiltonian cycle of the strong component 
Di for 1 :::; i :::; p - 2, when IV(Di) I ~ 3, and define by Pi a Hamiltonian path of D i. 
By Theorem 3.2 and Remark 3.4, every arc from Di to Di+l for 1 :::; i :::; p - 1, and 
each arc of the component Di for 1 :::; i :::; p - 2 is contained in a Hamiltonian path 
of D. Now, let x~xt be an arc from Di to Dt for 1 :::; i :::; p - 2 and i + 2 ::; t ::; p - l. 
Then, because of Di -+ Di+l for i = 1,2, ... ,p - 1, we deduce that 

iii t t t 
P 1P 2 ... ~-lXj+lXj+2'" xjxkXk+l ... Xk-1Pt+l'" VWpUPi+l'" P t - 1 

is a Hamiltonian path through x~xL and this completes the proof. 0 

Obviously, in Theorem 4.8, the arc wpu and all arcs from u to Dl are also con
tained in a Hamiltonian path, even in a Hamiltonian cycle. Example 4.3 shows that 
Theorem 4.8 is no longer valid for in-tournaments in general. 

5. Strong in-tournaments without a 3-path arc 

Next we describe the structure of strongly connected in-tournaments containing a 
4-path arc but no 3-path arc. We shall see that such in-tournaments have only one 
4-path arc, when the order is at least six. 

Theorem 5.1 Let D be a strongly connected in-tournament of order n ~ 6 contain
ing a 4-path arc uv but no 3-path arc. If D l , D2, ... , Dp is the strong decomposition 
of D - u, then p ~ 4, Dp consists of a single vertex, say wp such that wp -+ u, 
V(Dp-d = {wp-d, u -+ (Dl U D2 U ... U Dp- 2), v E V(Dp-d u V(Dp_2), and D has 
no further 4-path arc. In addition: 
If v E V(Dp-d, then V(Dp-d = {v}, V(Dr) = {wd, and N- (wp) = {WI, v}. 
If v E V(Dp- 2 ), then V(Dp- 2 ) = {v} and there are no arcs from Dj to the vertices 
Wp-l or wp for 1 ::; j :::; p - 3. Furthermore, if u -+ Wp-l, then v -+ wp' 

Proof. From Observation 3.1 it follows that D - u is not strong. Since D is strong, 
there exists a vertex wp E V(Dp) with wp -+ u. 
Suppose first that v E V(Dp). Since the vertex wp =f. v is also in Dp, the strong 
component Dp consists of at least three vertices, and according to Theorem 2.2, Dp 
has a Hamiltonian cycle, say VXIX2 .•. XtV, with t ~ 2. If t ~ 3, then UVXlX2X3 is 
5-path through UV, a contradiction. Thus, t = 2. The vertices u and X2 are adjacent, 
since they are negative neighbors of v. If X2 -+ u, then Wp-lXlX2UV is a 5-path, a 
contradiction. Consequently, U -+ X2 and wp = Xl -+ U. But now it follows easily 
from the hypothesis n ~ 6 that uv is not a 4-path arc, a contradiction. 
Second, let v E Dp- 1' If IV(Dp-dl ~ 3, then there exists a Hamiltonian cycle 
VXIX2' .. XtV of Dp- 1, and WpUVXIX2 is a 5-path through UV, a contradiction. This 
implies V(Dp_l) = {v}, and similarly we find that V(Dp) = {wp}. Since uv is a 
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4-path arc, there exist an arc wu or wWp with W E V(D j ) for 1 ::; j S; p 2. In both 
cases we deduce that W E V(D1 ) and \V(DI )\ = 1. This is a contradiction if wu is 
an arc of D, because there is also an arc from u to D I . In the other case we see that 
W = WI, N-(wp ) = {WI, v}, and p ~ 4. Analogously to the proof of Theorem 4.1, we 
obtain u -+ (DI U D2 U ... U D p- 2 ), and this implies that D has no further 4-path 
arc. 
Suppose third that v E V(D j ) for any j S; p - 2. The cases j S; p - 3 or j = p - 2 
and \V(Dp- 2)\ ~ 3 lead to a contradiction, and thus, V(Dp_ 2 ) = {v}. This implies 
immediately V(Dp) = {wp}, V(Dp- 1 ) = {Wp-I}, and p ~ 4. Next we note that there 
are no arcs XiWp-l or XiWp with Xi E V(Di) for 1 S; i S; P - 3, because otherwise 
XiWp-lWpUV or XiWpUVWp_1 would be 5-paths through UV. Obviously, there is no arc 
from Dj to u for j ::; p - 3, and hence, analogously to the proof of Theorem 4.1, 
we obtain U -+ (Dl U D2 U .. , U D p- 2 )' If U -+ Wp-l, then it follows that v -+ w P' 

because otherwise UWp_l would be a 3-path arc. With help of the hypothesis n ~ 6, 
it is straightforward to verify that there is no further 4-path arc in D. 0 

Remark 5.2 For n = 5 there exist exactly three non isomorphic strongly connected 
in-tournaments containing a 4-path arc but no 3-path arc. Let C = UWIW2W3W4U be 
a 5-cycle. 
If T5 is the tournament consisting of C such that U -+ {W2' W3}, WI -+ {W3, W4}, and 
W4 -+ W2, then T5 contains the the unique 4-path arc UW3' 

If D5 is the in-tournament consisting of C such that U -+ W2 and W3 -+ u, then D5 

has even the two 4-path arcs UW2 and W3U. If we add in D5 the arc W2W4, then we 
obtain an in-tournament with the unique 4-path arc UW2' 

With help of Theorem 3.2 and Theorem 5.1, one can prove the next result, anal
ogously to Theorem 4.8. 

Theorem 5.3 Let D be a strongly connected local tournament of order n ~ 6 
with the 4-path arc uv but without a 3-path arc. Then all arcs of D which are not 
incident with U are contained in a Hamiltonian path, with exception of the arc vWp , 

when v = Wp-2 and U and Wp-I are not adjacent. But in this situation the arc vWp 

is contained in an (n - I)-path. 

Our next example shows that Theorem 5.3 is not valid for strong in-tournaments 
in general. 

Example 5.4 Let D be consists of the cycle C = bi b2 ... bnbl , the arcs bi bi for 
3 S; i S; n - 1, and the vertices u, v, W2 and W3 such that bi -+ v -+ W2 -+ W3 -+ U -+ 
(V(C) U {v}) and v -+ W3. Then, D is a strongly connected in-tournament of order 
n + 4 without a 3-path arc containing the 4-path arc UV. We observe that D has the 
(n + 3)-path arc VW3 and the 7-path arc bIbn- 1, so that b1bn- 1 is not contained in a 
Hamiltonian path, when n ~ 4. 

We also have a corresponding result to the Theorems 4.1 and 5.1, when uv is a 
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5-path arc and D contains neither a 3-path arc nor a 4-path arc. Since the descrip
tion of such in-tournaments is long and not very transparent, we omit it here. But 
especially, we have found the following uniquenes theorem. 

Theorem 5.5 Let D be a strong in-tournament of order n ;:::: 8 containing a 5-
path arc but neither a 3-path arc nor a 4-path arc. Then, D has exactly one 5-path 
arc. 

Next we present an example that demonstrates that the condition n ~ 8 in The
orem 5.5 is necessary. 

Example 5.6 Let m ~ 5 be an integer, and let the strongly connected in-tournament 
D consists of the cycle XIX2 ... Xm-2Xm-lYlY2 ... Ym-2Xl such that Xl -+ {X3, X4, ... , 

xm-d and Xm-l -+ {Y2, Y3, ... ,Ym-2}' Then, D is of order 2m - 3 with the two 
m-path arcs XIXm-l and X m -lYm-2. 

Theorems 4.1, 5.1, 5.5, and Example 5.6 leads us to the following conjecture. 

Conjecture 5.7 Let m ~ 6 be an integer, and let D be a strongly connected 
in-tournament of order n ~ 2m - 2. If D has an m-path arc but no k-path arc for 
3 :::; k ::; m - 1, then there exists exactly one m-path arc. 

Example 5.6 shows that the condition n ;:::: 2m - 2 in Conjecture 5.7 would be 
best possible. 
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