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Abstract
The Steiner distance dg(S) of a subset S of nodes of a connected graph
G is the minimum number of edges in a connected subgraph of G that
contains S. We consider the behaviour of the expected value pr(n) of
dr(S) and the probability py(n,m) that dr(S) =m —1 over all subsets
S of k nodes of trees T of order n from certain families of trees.

1. Introduction

The Steiner distance dg(S) of a subset S of nodes of a connected graph G is the
minimum number of edges in a connected subgraph of G that contains S.Fork > 2,
the total Steiner k-distance D(G) of a connected graph G is the sum of dg(S) over
all subsets S of k nodes of G. The total Steiner 2-distance of a graph, also known
as the Wiener Index or the total distance of a graph, has been rather extensively
studied (see, e.g., the references in [2] or [3]). The average Steiner k-distance pi(G)
of a connected graph G of order n is given by ux(G) = Dy(G)/(})-

Dankelmann, Oellerman, and Swart [2] showed that if G is a connected graph
of order n and 2 < k < n, then

k1< ue(G) < (n+ D)k~ 1)/(k+1)

with equality on the left if and only if G is (n — k + 1)-connected or n = k and
equality on the right if and only if G is a path or n = k. They also showed that if
T is a tree of order n and 2 < k < n, then

k(n —1)/n < pi(T) < (n+1)(k = 1)/(k + 1)
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with equality on the left if and only if 7' is a star or » = k and equality on the
right if and only if 7 is a path or n = k.

Our main objects here are to consider (a) the expected value pg(n) of dr(S)
and (b) the probability pi(n,m) that dp(S) = m — 1 over all subsets S of k nodes
of trees T of order n in certain families of trees. In §2 we describe the families we
shall be considering, the simply generated families, and we state some technical
results we shall need later. In §3 we derive a formula for pg(n) that we use in §4
to determine the asymptotic behaviour of pg(n) for 2 < k < n.

Then in §5 we derive, in effect, an expression for the generating function for
the probabilities py(n,m). We use this expression in §6 to determine the limiting
behaviour of pi(n,m) for fixed k as n — oo, assuming that m = O(n?/3); we
also use it to determine the behaviour of the second moment of dr(S) for fixed k.
We illustrate some of these results for three particular families in §7; we conclude
with an example that shows that the behaviour of px(n) for non-simply generated
families can be quite different from its behaviour for simply generated families.

2. Preliminaries

We recall that ordered trees are (finite) rooted trees with an ordering specified
for the branches incident with each node as one proceeds away from the root (see
[6; p. 306]). Given a sequence I' = {po,@1,...} of non-negative numbers, with
po = 1, we define F = Fr to be the set of weighted ordered trees such that each
ordered tree T is assigned the weight

N{(T
w(T) =[],

i

where N;(T) denotes the number of nodes of T of out-degree i (i.e. incident with 4
edges leading away from the root). We call such a family a simply generated family
of trees (see, e.g., [8] or [12]).

Let F, denote the subset of trees of Fr that have n nodes and let y, = 3 w(T);

TEF,

we refer to y, as the number of (weighted) trees in F,,. It is not difficult to see that
the generating function ¥ = > [°y,2™ of the simply generated family F satisfies
the relation

(2.1) YV =z3(Y),

where ®(t) = 1+ 5 1" p;t'. Three familiar examples of simply generated families
are the ordinary ordered trees for which ®(t) = (1 —¢)™" and y, = (**7')/n; the
rooted labelled trees for which ®(t) = €' and y, = n"~!/n!; and the binary trees
for which ®(¢) = 1 +#? and yom—1 = (Z’ff)/m and yo,, = 0.

We shall assume henceforth that F is some given simply generated family of
trees. And when deriving general results of an asymptotic nature we shall assume

that the function ®(t) appearing in relation (2.1) is analytic in the disk |t| < R < oo
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and that

w; >0 for i>1 and ¢; >0 forsome ¢>1;

ged{i:i>1 and ¢; >0} =1; and
7®'(r) = ®(r) for some 7, where 0< 7 < R.

It follows from these assumptions (cf. [8; p. 1000] or [12; p. 32]) that 7 is unique and
that Y'(x) is analytic in the disk |z| < p = 7/®(7) except at = p; furthermore
Y'(z) has an expansion in the neighbourhood of p of the form

3

(22) Y(z) =7~ bp— )"/ —balp—2) -,
where b = @(T)(2/T<I>”(T))l/2. Hence, by Darboux’s theorem (cf. [13, p. 150]),

(23) U = cp"n =2 (14 0(n "))
as n — 0o, where ¢ = (@(T)/Qﬂ’@"(’r))lﬂ.
We shall also need the following results later.

Lemma 1. Let F(t) and G(t) be functions that are analytic in the disk |t| < R,
and whose power series have non-negative coefficients (not all zero); let 0 < T < R;.
If m = O(n*/?) as n — oo, then

["]: {G(Y (@) (F(Y (2))™) - ¥/}
(24) = G(T)Fm(T)(Q,}TAn)—1/2p—ne—(Bm)2/2An
x (1+0(1/n) + O(m/n) + O(m* /n*)),

where A = 12®"(1)/®(r) and B = TF'(1)/F(7).

This can be proved by a straightforward extension of an argument based on the
saddle-point method used to prove a related result in [10]; see also [4], [8; pp. 1002-
1004, and [9]. (Note that if m = 0 and G(Y') = Y, then relation (2.4) is equivalent
to (2.3).)

Lemma 2. Suppose that f € C'(0,1) and that

sup [f(t) - 4%(1 = 1)*| = M < oo,
o<1

where 1 < a < 2. Then, forn=2,3,...,
n—1

n X s - [ s <m0 )

Jj=1
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where H = H(a) is independent of f.

The proof of this lemmais based upon the Mean Value Theorem and the assumed
estimate for f'(t), appropriately applied to subintervals of length 1/n of the interval
(0, 1); we shall omit the details.

3. A formula for pi(n)

Let px(n) denote the expected value of the Steiner distance d7(S) where the
expectation is taken over all subsets S of k nodes of all trees T" in F,,. The weights
of the trees are taken into account (here and elsewhere), so that each tree T in F,,
has probability w(T)/yn,, whence,

k() = (Z) -3 w(T)- Du(@).

TEF,

In this section we derive a formula for px(n) in terms of the numbers y;,ys, ...
and uy,ug, ..., where uj denotes the number of (weighted) trees T' € Fj, with a
distinguished terminal node (of out-degree zero); that is, uo = 1 and

wj= Y w(T)- No(T)

TeF;

for j > 1, where (as before) No(T') denotes the number of nodes of out-degree zero
in the tree T.

Proposition 1. Let 2 < k < n; then

PSS (| My | R

where

n—1
(3:2) Y uiyn—j = (n = yn.
=1

Proof of (3.2). Suppose 1 < j < n—1 and consider one of the u; trees Tj11 € Fji,
with root node r and distinguished terminal node v. If we identify the node v with
the root node of one of the y,_; trees T,,_; € Fp_;, we obtain a tree T, € F,
rooted at node r and with a distinguished edge, namely, the edge incident with v
in the tree Tjy1; note that w(Tji1) - w(Th—;) = w(Tn). When we carry out this
construction in all possible ways, then each tree T, € F,, is obtained n — 1 times
(and with the proper weight). This implies relation (3.2).

50




We note, for later use, that (3.2) implies that
(3.3) U(z) =1+ Zujxj =2zY'/Y;
1

and this implies, upon appealing to relation (2.2) and Darboux’s theorem or to
relation (2.3), that

(3.4) Un =77 0yn + O(yn)

as n — oo. {A weaker form of this relation, without the error term, was proved in

[7; p. 164].)

Proof of (8.1). Consider the collection of partially coloured trees T, in which one
edge and the members of a k-set S of nodes of T}, have been given a special colour.
The right hand side of relation (3.1) counts the total number of objects in this.
collection (taking the weights of the trees into account, as usual).

The coloured edge wv of any such partially coloured tree T, partitions the nodes
of T, into two subsets, A and B, where we may suppose that the root node of T,
and node w belong to A and that node v belongs to B. If the coloured edge does
not belong to the subtree determined by the set S of k coloured nodes, then either
S C Aor S C B. It follows from this observation and the reasoning used in the
derivation of relation (3.2) that the sum in the left hand side of relation (3.1)
counts the objects in the collection in which the coloured edge does not belong to
the subtree determined by the %k coloured nodes.

Finally, it follows from the definition of px(n) that the first term in relation (3.1)
counts the objects in the collection in which the coloured edge does belong to the
subtree determined by the &k coloured nodes. Relation (3.1) must therefore hold,
since the two sides count the same thing.

4. The behaviour of pi(n)

We now use the preceding results to determine the asymptotic behaviour of
pui(n) as m — oo; we found it necessary to treat different ranges of values of k
separately.

Theorem 1. If k is any fized positive integer, then

(4.1) st = (= 2 () sy + ot
as n — oo, where A = 72®"(1)/®(7).

If k= o(n) as k, n — oo, then
(42) px(n) = (2kn/A) /2 + O((n/K)/2) + O(h).
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Ifk/n — B as k, n — oo, where 0 < 3 < 1, then

(4.3) pi(n) = (1 = 7Y (p(1 = B))) + ofn).
Ifd :=n —k = o(n) as k, n — oo, then

(4.4) pr(n) =n—1—pr~1d+ O(d?/n).

Proof of (4.1) and ({.2). We assume for the time being only that k = o(n) as
n — oco. It follows from relations (3.1) and (3.2) that

Hie(n)(n)kyn = Z{ k= (n = )k }uyn—j-

J=1
Now u; = 771 jy; + O(y;) by (3.4) and

n—1

(4.5) > Yi¥n—j = O(yn)

j=1
by [8; Lemma 3.1(iii}]; therefore,

n-1

pe(n)(nYeyn =71 _{(n)k — ()k — (n = 5k} - 3Yjyn-5 + O((n)kyan)-

J=1

If we replace j by » — j in the third sum on the right-hand side and then combine
it with the second sum, we find that

n—1

pr(n)(n)eyn =77 Z{j(n)k = n(§)k} - Yiyn—j + O((n)kyn),
(4.6) pi(n) = 1 z—:{l (= Dr—1/(n = 1)k—1} - 5Y5¥n—j/Yn + o(1).

We now observe that
(7)) YiYn—g/yn = ci P —j/n) P {1+ 0L —/m) 7Y}
by (2.3). Furthermore,if 1 <k <j<n—1,then
(/)" > (Gl )k = (G~ k)/(n — F))
= (j/m)f {1 = k(n—j)/i(n - k)}*
> (j/n)* - {1 = K (n - ) /i(n - k)};
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consequently,

(4.8) @/ (n)x = (G/n)* - {1+ Ok~ (1~ j/n)) }

since we are assuming that & = o(n); we note that this relation still holds if j < k.
Hence, relations (4.6) - (4.8) imply that

(4.9) pr(n) =cr™! Z{l = (i/n)* 1} 5TV = §/n) T A+ B+ O(1),

where

= 0@ YL G/ )

i=1

and
n-—1 '
)Y G = )T
j=1

It is not difficult to see that 1 —¢¥=! < k(1 —¢) if 0 < ¢ < 1; hence

n—1

— O(kn3/2) . z]-—:}/Z(n __j)—~3/2

J=1
=0(k),
where we have appealed to [8; Lemma 3.1(iii)] at the last step. Furthermore,
~—O(k2 3/2— k Z]k 5/2 _ O(k)
=1

Thus it follows from (4.9) and these estimates that

pr(n) = crin"/? i f(G/n) +O(k),

=1

where
F#) = (1 —t-1 2 (1 - )82,

We may apply Lemma 2 to this sum with o = 3/2. It can be shown that M < k-1,
say, and that f(1/2) <4 for all k; consequently,

(4.10) pr(n) = er "0t I + O(F),
where

1
Iy = / (1 — 5172 (1 — )= 2ds.
0
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One way of evaluating this integral is to integrate by parts, observing that
d
dt

and then make the substitution ¢ = sin® u. Hence,

(2t1/2(1 _ t)-1/2) _ t—1/2(1 . t)‘3/2,

1 1
h:(L%bﬂ-wﬂﬂ—Q”ﬁL+%k~U/’ﬁ*ﬂﬂ—ﬂqﬂﬁ

0
/2
(4.11) =4(k — 1)/0 sin? 72 u du
2k — 2
= 2n(k —1)4! k(k——l)'
Now
(4.12) omer ! = (2n/A)/2,

by the definitions of ¢ and A following (2.3) and (2.4). Thus we may conclude from
(4.10) - (4.12) that
(o) = (k= 18+ (3 ) (2mnf)7 + 001

provided that k = o(n). This is the required conclusion (4.1) when k is fixed;
if k — oo but & = o(n), then conclusion (4.2) follows upon applying Stirling’s
formula.

We remark that the result

paln) = 5 (2mn/4)? + 0(1)

was proved earlier in [3] by a different argument. It is not difficult to see that
u3(Tn) = 3/2 pus(Ty) for any tree T, with n > 3 nodes. This implies that

pan) = 3 ma(n) = 5 (2en/A)2 + O(1),

in accordance with (4.1) when k = 3.

Proof of (4.8) and (4.4). 1t follows from (3.1) and (3.4) that
n—1

pe(n)(m)kyn = (n = 1)(n)kyn — »_{()k + (0 = §)k}ujyn-;

=1

n—k
= (n —1)(n)kyn — (0 = )i{¥n—j + un—jy;}

=1

n—k
=(n = 1)()kyn — (7' + O(1)) - Y (0 = §)kYjYn—;

=1
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or that

(4.13) pr(n)=n—1- (T‘1n+0(1)) ‘ i:f(mk;j)yb

j=1
where
ks 3) = ((n = 5)e/(n)e) - (yn—i/yn).

We now assume that k/n — 3 as k,n — oo, where 0 < 8 < 1. Then, using the
facts that (n — j)k/(n)x = (n — k);/(n); and that y,—;/yn — p’, in view of (2.3),
we find that o

f(n.k;j) = (1= 8)7p’

for every fixed value of j, as k,n — oo. Also, clearly,
Flnk;3) < (1=3/n)* (yn—s/yn);

and it follows from (2.3) that yp—;/yn < K(1 — §/n)~3/%p for all n and j, where
K is a suitable constant. Hence,

f(n, k;5) < K(1—j/n)F=* ) < Kp?

for all n,%, and j, since we may assume that k > 2. Now S y;p’ converges, so
we may apply Tannery’s theorem to the sum in the right-hand side of (4.13) and
conclude that

n—k 0
> Fnkiys = 3 (1= 8Y Py =Y (L= B)p)

as k, n — oo. This and (4.13) imply conclusion (4.3).
We remark that it can be shown, by a more refined argument, that if 2 <k <
n — 1 then

(4.14) pe(n) =n —1—77'nY ((1 - k/n)p) + O((n/k)ln)‘
In particular, if k = #n + o(n), where 0 < 8 < 1, then (4.14) implies that
pr(n) =n— 77 'aY (1 - B)p) + O(k — Bn) + O(1),

a slightly stronger version of conclusion (4.3). Conclusion (4.2) can also be deduced
from (4.14).
It remains to establish conclusion (4.4). If d =n — k, then

(n — )/ (n)k = (n = k);/(n); < (d/n)’
for 1 <j <n — k. Furthermore,
Yn—191/Yn = p + O(1/n)
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by (2.3). Therefore,

n—k
> fn,k;5)y; = dya—iy1 /nya + O(d? /n?) Zyn Y3/ Un

J=1
~ dpfn + O(d n?),

where we have used relation (4.5) again at the last step. Thus it follows from (4.13)
that if d = n — k = o(n), then

pr(n) =n—1— (17'n+ O( (1)) - (dp/n + O( d2/n2))
=n-1-71""pd+ O(d?/n),

as required.

5. A probability generating function

Suppose that 2 < k < m < n and let s, (T) denote the number of subsets S
of k nodes of the tree T' € F,, such that dy(S) = m — 1. In this section we derive
an expression for the generating function of the numbers

Ni(n,m) = Y w(T) - sg,m(T).
TeFn

For expository purposes we shall regard the coefficients ; in the function ®(t)
as formal variables for the time being; in particular, we shall let ¢y denote the
(formal) weight factor associated with each terminal node of trees in F. We first
consider the case when n = m

Proposition 2. Let ®(t) = oo + @1t + pat? + -+ and Q(t) = pat + gt + -
Then

(51) Nlm,m) = k-85 () i(”;_’fjl) (43 25) @er—.

Proof. We recall that if ¥ = Xy,2™ satisfies the relation ¥ = z®(Y), then it
follows from Lagrange’s inversion formula that

ym = Y w(T) =m "™ (1)
TE€Fm

Let ymp denote the number of trees T}, € F,, with p terminal nodes and let Yrmp
denote the number of these trees in which the root has out-degree one (where, as
usual, the weights of the trees are taken into account). It is not difficult to see that

52 Ymp = m (7] (Z) 5 (2(t) —w0)" "
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and
m— m —1 m—1-—
(5.3)  Ypp = Q1Ym—1,p = (m — n~em ( . > o (®(t) — o) Popnt,

If a tree T}, has p terminal nodes then, clearly,

m—p m—p—1
#hm{Tm) (k—p> . (k“P"1>
according as the out-degree of the root of Tj, is not or is equal to one. It there-
fore follows, appealing to relations (5.2) and (5.3), the binomial theorem, and the

appropriate definitions, that

(5.9
Nim,m) = (CE20) e =i+ (32221 v}
-SA( ) v (0 )
) (") (220 et@w o)™
SEDRDY (" (" 2 ) b — )" ot}
e () B - e
S (N LU
= (7 et + e
(7= D)e e + @)™ o)}
Now
(5.5 (rram)™ =3 (") F) @ wer,




and

(5.7) m—1\ (m—k\ (m-2\/m-k-1\ (h+k-1 m—2
T\k-1 h k-1 h S\ k-1 h+k-2)
We now substitute expansions (5.5) and (5.6) into the last line of expression (5.4);

when we simplify, using identity (5.7), and note that [t*~1]®*(£)Q"(t) = 0if h > k
we obtain the required relation (5.1).

3

We now consider the general case.
Theorem 2. Let

P =P(z,t) = z@(Y(:c) + t) =z®(Y) + m@'(Y)t + :c@"(Y)tQ/?! 4

and
Q=Q(z,t) =t {z®(Y(2) + t) — 2®(Y(2)) — 2@/ (Y (2))¢}
=z®"(Y)t/2! + 2@ (V)2 /3! + - - - .
Then
(5.8)

Ni(n,m) = k1 [tF 1z Pk

S (e

h=0

Proof. We begin by observing that

Ni(n,m) = 3" w(Tn) - s1m(Th)
T

Il
——

> stm(Tm) } - w(T)

S Y @)} sem(T).
T,

m TniTm CTh

We already have an expression for

Nk(m,m) — Z W(Tm) : Sk,m(Tm)

Tm

in Proposition 2. We shall make certain modifications to the expression for Ny(m,m)
that will have the effect, for each tree Ty, of replacing the weight factor w(T,,) by
the sum Z’w(Tn) of the weights of all trees 7}, that contain 7}, as a subtree.
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Consider any term in expression (3.1) for Ni(m,m) that is associated with
some tree Ty,. Such a term, apart from numerical factors, is a product ¢g4, - -+ @q,,
of m factors; and each factor g corresponds to a node v of out-degree d in Ty,.
Suppose that in a tree T;, that contains T,, as a subtree there are e additional
edges attached to node v (and leading away from the root of T}, ). These additional
e edges could be attached to v amongst the d original edges leading away from v
in (d+1){(d+2)---(d+e)/e! = (d+e)q/d! ways; and the generating function that
enumerates the (weights of) the branches determined by these additional e edges is
simply Y ¢(z). The weight factor ¢4 originally associated with node v in T}, should
now be replaced by the weight factor ¢g4.. Consequently, to obtain the generating
function for all the trees obtained by attaching additional branches to the nodes of
T, each factor g4 that appears in expression (3.1) should be replaced by

w{ (j) wa+ (dj; 1> par1Y (z) + <d;2> Par2Y () + - } = 2@ (Y)/d!;

the additional ¢ factors are to take the nodes v of T, into account. This may be
accomplished formally by making the following replacements in the right hand side
of (5.1):

(i) the function ®(t) = 3 pat? is replaced by z3 O (Y )t?/d! = P(a,t);
d d

(ii) the function Q(t) = 3 pat?! is replaced by z 3 (@D (Y)t4=1/d! = Q(x,1);
i>2 d>2
(iii) the factor ¢; is replaced by z®'(Y).

We are almost, but not quite finished. If a tree T, contains the tree Tp,, let
Ty ; denote the subtree of T}, determined by all nodes z such that the path from
z to the root of T, contains the root of Tp,; and let T4, denote the subtree of T,
determined by the root Ty, and any nodes not in T,,_;. In the last paragraph we
described how to obtain the generating function for the trees Ty, —;, in effect. Now
the tree Tj;; is either the trivial tree consisting of a single node (if the roots of
Tr and T, coincide) or it is a non-trivial tree rooted at the root of the tree T},
with a distinguished terminal node, namely, the root of Ty,. The number of such
trees is u;. So once we have made the replacements to expression (5.1} described
in (i) - (ili) above, we should multiply by U(z) = Y”/Y, in view of (3.3), to take
into account the possibilities for the trees Tj41. The coefficient of t*~'z™ in the
resulting expression equals Ng(n,m). This completes the proof of the theorem.

We remark, by way of illustration, that when k = 2 relation (5.8) implies that
Na(n,m) = [2"{Y (2@ (V)" + (m - 2)V2 (28" (Y)/2) (2®'(V)) "} - 2Y"/ V.
In this case the subtree T), considered above is simply a path of length m — 1. The
node of T}, that is closest to the root of a tree T;, containing Ty, is either one of
the end-nodes of the path T,, or one of the m — 2 interior nodes of the path. The

two terms in the expression for Ny(n,m) correspond to these two alternatives. The
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factors Y, 2®'(Y), and £®"(Y")/2 correspond to the nodes of out-degree 0,1, and
2 in the path T,.
6. A limiting distribution

Suppose that 2 < k < m < n and let pxg(n,m) denote the probability that
dr(S) = m — 1 over all subsets S of k nodes of all trees T € Fy, i.e.,

pelnsm) = Natn) /()

We now determine the limiting behaviour of pi(n, m) for fixed values of k if m =
O(n?/3) as m,n — oo.

Theorem 3. Let k be any fized integer, k > 2. If m = O(n*/3) as m,n — oo, then

A ) (Am )k—‘ﬂ’in_

oy Can e~ AM2n (1401 /m)+O(m/n)+0(m? /n?)),

pi(n,m) = g

where A = 728" (1) /®(r).
Proof. Suppose that 0 < h < k — 1 and let the function G4(Y) = Gi(Y(2)) be
defined as follows:
FHGL(Y) = [F{PRQ"Y
. . k ) . h
- zk+h[tk_1]<z <I>(’)(Y)t3/j!> (Z q><f>(y)tf“1/jz) .
j20 jz2

For example,
(6.1) Ci-a(V) = (2(¥))"(2"(¥)/2)

and

k—1

Gra(Y) = k(8(1)" @' (¥V) (2"(1)/2)"

+(k—2)(2(V)" (@"(7)/2) " (2" (v)/31).

Then formula (5.8) of Theorem 2 can be rewritten as

@) i) ()= S s,
where
= )= (1) (")




and

m—k—h

(6.4) faln,m) = " G (1) (1)) Y'Y

for0<h <k-1.
We evaluate f5(n, m) by appealing to relation (2.4) with G(Y) = G(Y), F(Y) =

®’(Y"), and with n and m replaced by n—m and m —Fk — h, respectively. To simplify
the resulting expression we note that

(m —k — h)?/(n —m) = m?/n + O(m/n) + O(m® /n?),

(n— m)_1/2 =n"12. (1 + O(m/n)),

B =7F'(r)/F(r) =7®"(r)/®'(7)
— P28 (r)/a(r) - 4,

and that
p®' (1) = 7®'(7)/®(7) = L.

In this way we find that if 0 < h <k — 1, then
(6.5) faln,m) = Ga(r)p~™HF+4(2mAn) 1 2e= A /2. (14 O(m/n) +O(m? /n?)).
In particular,
G (7) = (2(n)"(2"(1)/2)" 7 = r(4/2) 1ot

from (6.1), so
(6.6)

fet(nym) = T(A/2)" 2mAn) V2" mem A/ (1 4 O(m /) + O(m? /)

= (4/2)" 7 ngpe A (14 O(m/n) + O(m? n?)),

appealing to (2.3) at the last step.

We now observe that the coefficient az—1(m) dominates the remaining coeffi-

cients that appear on the right-hand side of (6.2). For,

h+k*1~ (k- Dk—1-1
2k-1) (m-— k—h)g—1-n

an(m)/ak—1(m) =
(6.7)

< (k= 1)/(m— k= )" = O((1/m)* )
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it 0 < h <k - 1. Moreover,

wtm = 20 () (570)

(6.8) |
2 (14 0(1/m))

from (6.3). When we combine relations (6.2) and (6.5) - (6.8) we find that

pi(n,m) = (1+ O(1/m)) .ak_l(m)fm(n,m)/ (Z) "
- (k. f2)' (%Tg_)k~2 %l_ e‘Am2/2n . (1 + O(l/m) -+ O(m/n) + O(m:}/n?)),

as required.

Corollary 3.1. Let k be any fized integer, k > 2. If A is any positive constant,
then

1 A
> peln,m) = Ho2) / w2 du + O(n™'7?)
m<(2An/A)1/2 -0
as n — oo.

This result follows readily from Theorem 3.

Let vx(n) denote the expected value of dr(S) - (dT(S) + 1) over all subsets S of
k nodes of all trees T € F,,. It is possible to derive a rather complicated formula
for vg(n) analogous to formula (3.1) for pk(n); but we were not able to deduce
the asymptotic behaviour of vx(n) from this formula. However, Theorem 2 can be
used to determine the behaviour of both px(n) and vgx(n) when k is fixed. We shall
give the argument only for v¢(n) since the argument for ug(n) is very similar (and
would not add anything to the results of Theorem 1).

Theorem 4. If k is any fized positive integer, then
ve(n) = 2(k — L)n/A + O(n'/?)

as n — 0o, where A = 728" (7)/®(r).

Proof. For any fixed value of k, consider the generating function

Viz) = Z:yk(n) (Z) Yna™.

(6.9) by(e) =(h+k—1) (h _]L— k) PR (2, 1) Q" (2, 1)}
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for 0 < h < k-1, where P(z,t) and Q(z,t) are as defined in Theorem 2. We assert
that

(6.10) th IO satass

This expression follows upon multiplying both sides of equation (5.8) by m(m—1)z"
and then summing over m and n; to simplify the right-hand side of the resulting
expression, we interchange the order of summation and appeal to Newton’s bi-
nomial theorem and the identity (1 — m@'(Y))_l = zY'/Y. We will determine
the asymptotic behaviour of vx(n) by applying Darboux’s theorem to the function
V(z).

We recall that zY”'/Y and, for any fixed j, the function z®U) (V) are analytic
in the disk |z| < p except at @ = p (cf. [8; p. 1000]); and, in view of (2.2), they
have expansions in the neighbourhood of p of the form

(6.11) Y'Y = (pb/27)(p — 2)"Y? +ay +as(p — )2 4 - -
and
(6.12) 2@ (V) = pdD (1) +c1(p — ) * +ea(p— ) +--- .

Thus 1t follows from (2.2) and (6.9) - (6.11) that V(z) is analytic in the disk |z| < p
except at # = p and that it has an expansion in the neighbourhood of p of the form

(6.13) V(e) = be-1(p) - (pb/27)* (p— ) * 7% + w1 (p— 2)™F +

If we now apply Darboux’s theorem [13; p. 150] to V(z), using expansion (6.13),
we find that

(6.14)

1

i) (Y = beos o2 btk [l )4 0k )
We observe that
(pb/27)? = p?®%(7) /2738 (r)
= p®(7)/272@" (1) = p/24,
by the definitions of b, p, and A given in §2; moreover,
by (z) = 2(k — 1) <2kk_ 1> Ve (v)/2)
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Therefore,

b1 (p)(pb/27)2FH = 4(k — 1) (2’“,; 1> =BG

after some simplification. If we substitute this in the right-hand side of (6.14),
recall that T'(k +1/2) = n'/2(2k)!/4*k!, simplify, and appeal to (2.3), we find that

vi(n) <Z> yn = 4(k — 1) (2'“’6‘1) (2’:), 5 @rAn) T nfpTm 4 Ok )
= 2(k — 1)A™ n*ly, [+ O(n*Hoy,).

This suffices to complete the proof of the theorem.

7. Special Cases

We now illustrate some of the preceding results for three particular families of
simply generated trees. Let F denote the family of ordinary ordered trees (cf. [6;
p. 112] or [12; p. 30]), for which ®(t) = (1 — ¢)~! and

1 12y _ N~ (2n -2\ 2"
(7.1) Y=o {l-(1-42) }_;<n_1 —.
In this case the expression in Theorem 2 can be simplified to yield the explicit
formula
( )= m+k—3 2n -2\ | (n
Pe\n,m) = Yk 2k-3 n—m 0 k Yn
(7.2)

() (o) = ()

And it follows from (3.3) and (3.1) that u; = (2j — 1)y; for j > 1 and that

() (n)kyn = (n = 1)(n)kyn — Z {G)e + (n =) 325 = Dyjyn—;

|
—

n

= (n —1)(n)kyn — 2(n — 1) (3)kYjYn—j-

.
I

When we divide by (n — 1) and express this last relation in terms of generating
functions and simplify, making use of (7.1), we find that

& i) = -0 (3 )k (00,
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Hence
o) = =107 (57 b= 2) 7 (1 067

for any k, as n — oo, and

p(n) = ((k = D(n = 1) (L+0((n = k) /hn))

as k, n — oo. (Formula (7.3) can also be deduced from formula (7.2).) It can also

be shown that u (n) the expected value of (dT(S)) over all subsets S of k nodes
of the ¥, ordered trees T € F,, is given by the surprisingly simple formula

pO () = (k= 1)(n —1).

Now let F denote the family of rooted labelled trees, for which ®(t) = e’ and
Yn = n""1/n! (cf. [5; p. 174] or [6; p. 392]). In this case it follows from (3.3) that
u; = jy; = j7/j! for j > 1; and it is not difficult to see that the argument used to
derive formula (4.13) leads here to the exact formula

pr(m) = = 1) Z( Y Gy =iy,

Note that this implies relations (4.3) and (4.4) in this case. Furthermore, it can
also be shown, using a modified version of relation (5.8), that if 2 < k < n then

Z ek (et — 1))

j=k

for the family of labelled trees. We remark that this expression can be used to give
an alternate derivation of relation (4.1) in this case. In particular, it also implies
that

n

pa(n) = (n/(n)2) > (5)2(n);n~

j=2

and
n

pa(n) = (n/2(n)s) (i +3)(4)a(n)n ™7 = 3/2 pua(n).

j=3

Let F now denote the family of binary trees (cf. [6; p. 389] or [12; p. 29]), for
which ®(t) =1 +#* and

(7.4) Y =(1/22){1 - (1-42®)'} = > (2::12) z2m—1 |

m
1
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In this case it follows from (3.3) that u; = 3 (7 +2)y;+1 when j is even (both sides
equal zero when j is odd) and hence, by (3.1), that

oy

pr(n)(n)kyn + 3 Z Nk + (n = 3)k}F +2)yjt1Yn—j = (0 —1)(n)kYn,

where we assume that n is odd (and that the sum is over even integers j). The
function ®(t) = 1 + t? does not satisfy all the conditions stated in Section 1 that
we have assumed were satisfied when deriving asymptotic results. Nevertheless, it
can be shown that the conclusions of Theorems 1, 3, and 4 and Corollary 3.1 still
hold for the family of binary trees provided that n is an odd integer. In particular,
it can be shown, making use of relation (7.4), that if n is odd and k/n — 8 as
k, n — oo, where 0 < 3 < 1, then

!Lk(n) — 271,61/2()81/2 + (2 _ ﬁ)l/z)—l + o(n)

In the accompanying table we give the first four digits of some values of 1 —
1Y (p(1 - B)) for these families of trees; these numbers give the limiting values
of pp(n)/n if k/n — B, in view of relation (4.3).

3 Ordered Labelled Binary
Trees Trees Trees
.10 .3162 .3016 3732
.25 .5000 .5801 .5485
.50 7071 7680 7320
75 .8660 .8981 .8729
.90 .9486 9617 .9498

Table: Values of 1 — 771 (p(1 - 8))

We conclude with an example that shows that the analogue of Theorem 1 does
not necessarily hold for non-simply generated families of trees. We recall that a
tree T,, with n labelled nodes, rooted at node 1, is a recursive tree if n = 1 or if
n > 2 and T, is obtained by joining the n-th node to a node of some recursive tree
Tn-1 (see, e.g., [11] or [8]). Let pi(n) now denote the expected value of dr(S) over
all subsets S of k nodes of the (n — 1)! recursive trees T with n labelled nodes.

Theorem 5. If2 <k < mn, then

(7.5) pr(n) = kn(n —k+1)7" -En:j'l —1— e,

=k
where 0 < e < (n—k)/n(k - 1).
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Sketch of Proof. When we adapt the argument that led to relation (3.1) to the
family of recursive trees, we find that

(o= (o5 n(()+ (1)
—(n—1) (:) (n—1)!

or that
(16) () + 1)~ s = (m)s— S AG)e + 0= e} 3G+ 1),

We now assert that

n+1—k

(7.7) k~Z<n—J WiG+1) =k Z (n—5)e-1/7

j=1
n
E =1
-1 J .
=k

The first equality follows from summation by parts and the second is an identity
that can be proved by induction on k. Furthermore,

n—1

(78) S (/3G +1) < (n—2)/n- S0 = Dos = (1 — 2)(n — 2 [l — 1)
j=k

i=k

Counclusion (7.5) now follows from (7.6) - (7.8). We remark that the particular
result

pa(n) = 20n+1)(n— 1735 2,

which follows readily from (7.6) and (7.7), was given earlier in [11].

Analyzing the behaviour of the second moment seems to be a more complicated
problem. It can be shown, however, that if k is fixed then the variance of dr(S)
over all subsets S of k nodes of the recursive trees T with n nodes equals O(log n).
So it follows from Chebyshev’s inequality that the Steiner distance of recursive
trees T}, is concentrated around k log n when k is fixed and n is large.
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