Bicyclic Antiautomorphisms of Directed Triple
Systems with 0 or 1 Fixed Points

Neil P. Carnes, Anne Dye and James F. Reed

Department of Mathematics, Computer Science & Statistics A
McNeese State University
P.O. Box 92340, Lake Charles, LA 70609-2340, USA

Abstract

A transitive triple, (a,b,¢), is defined to be the set {(a,b), (b,¢), (a,¢)}
of ordered pairs. A directed triple system of order v, DTS(v), is a pair
(D, 8), where D is a set of v points and f is a collection of transitive
triples of pairwise distinct points of D such that any ordered pair of
distinct points of D is contained in precisely one transitive triple of 5. An
antiautomorphism of a directed triple system, (D, §), is a permutation of
D which maps 8 to 871, where 37! = {(c, b,a)|(a, b,c) € 8}. In this paper
we give necessary and sufficient conditions for the existence of a directed
triple system of order v admitting an antiautomorphism consisting of two
cycles of equal length and having 0 or 1 fixed points.

1 PRELIMINARIES

A Steiner triple system of order v, STS(v), is a pair (S, 3), where S is a set of v
points and 3 is a collection of 3-element subsets of S, called blocks, such that any
pair of distinct points of S is contained in precisely one block of 3. Kirkman {4]
showed that there is an STS(v) if and only if v = 1 or 3 (mod 6) or v = 0.

A transitive triple, (a,b,c), is defined to be the set {(a, b), (b, ¢}, (a, ¢)} of ordered
pairs. A directed triple system of order v, DTS(v), is a pair (D, ), where D is a
set of v points and B is a collection of transitive triples of pairwise distinct points
of D, called triples, such that any ordered pair of distinct points of D is contained
in precisely one element of 3. Hung and Mendelsohn [2] have shown that necessary
and sufficient conditions for the existence of a DTS(v) are that v = 0 or 1 (mod 3).

For a DTS(v), (D, ), we define 87 by B~ = {(¢,b,a)|(a,b,c) € 8}. Then
(D, B7!) is a DTS(v) and is called the converse of (D, ). A DTS(v) which is iso-
morphic to its converse is said to be self-converse. Kang, Chang, and Yang [3] have
shown that a self-converse DTS(v) exists if and only if v = 0 or 1 (mod 3) and
v # 6. An automorphism of (D, B) is a permutation of D which maps g to itself. An
antiautomorphism of (D, () is a permutation of D which maps 3 to 8~!. Clearly, a
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DTS(v) is self-converse if and only if it admits an antiautomorphism. Let (S, 8') be
an STS(v). Let 8 = {(a,b,¢), (c,b,a)|{a,b,c} € f'}. Then (S,S) is called the cor-
responding DTS(v), and the identity map on the point set is an antiautomorphism.
This yields a self-converse DTS(v) for v =1 or 3 (mod 6).

An antiautomorphism, «, on a DTS(v), (D, §8), is called cyclic if the permutation
defined by o consists of a single cycle of length d and v—d fixed points. Necessary and
sufficient conditions for the existence of a DTS(v) admitting a cyclic antiautomor-
phism have been given by Carnes, Dye, and Reed [1]. We call an antiautomorphism
aon a DTS(v), (D, B), bicyclic if the permutation defined by « consists of two cycles
each of length N = (v — f)/2 and f fixed points. In this paper we consider bicyclic
antiautomorphisms of directed triple systems with 0 or 1 fixed points.

If N is the length of a cycle, we let the cycles be (0;,1;,2;,...,(N—-1);),1 € {0, 1},
and let co be the fixed point for the 1 fixed point case. Let A = {0,1,2,...,(N-1)}.
We shall use all additions modulo N in the triples. For a;,b;,¢cx € D — {00}, 1,5,k €
{0,1}, (@i, bj, ci) € B, let orbit (as, bj, i) = {((a+1t)s, (b+1);, (c+1)x)|t € A,teven}U
{((c+t)k, (b+1);, (a+1)i)|t € At odd}. If oo is a fixed point and a;,b; € A —{oo},
4,5 € {0,1}, (a;,00,b;) € B, let orbit (a;,00,b;) = {((a +t);,00,(b+1);)|t € At
even} U {((b+1);,00,(a+1t);)|t € A,t odd}. Clearly the orbits partition .

LEMMA 1: A DTS(v) admitting a bicyclic antiautomorphism with 0 or 1 fized points,
where v = 2N orv =2N + 1, N being the length of each of the cycles, has no orbits
of length less than N, except possibly orbits of length N/2. If an orbit of length N/2
occurs it s only in the 1 fized point case with N = 2 (mod 4).

Proof: Suppose that a DTS(v) exists with a bicyclic antiautomorphism o having an
orbit of length I < N. Let (a,b,¢) be a triple of the short orbit with b not a fixed
point. Then o!(a, b, c) = (a,b,c), thus o!(b) = b, a contradiction to [ < N. If oo is a
fixed point, clearly the only orbit of length [ < N is orbit (0;, 0o, (N/2),), ¢ € {0, 1},
for N =2 (mod 4). ]

We say that a collection of triples, {3, is a collection of base triples of a DTS(v)
under « if the orbits of the triples of 3 produce § and exactly one triple of each
orbit occurs in 3. Also, we say that the reverse of the transitive triple (a, b, ) is the
transitive triple (c, b, a).

2 BICYCLIC ANTIAUTOMORPHISMS WITH 0 FIXED
POINTS
LEMMA 2: Let (D, () be a DTS(v) admitting a bicyclic antiautomorphism with 0

fized points, where v = 2N, N being the length of each of the cycles. Then v = 16
(mod 24).

Proof. Suppose N is odd. Let a,b,c € D. Then o (a,b,c) = (c, b, a) and we have an

STS(v) so that v =1 or 3 (mod 6), which implies that v is odd. Hence N is even.
So v =0 (mod 4). Let (0;,1;,2;,...,(N —1);), i € {0,1}, be one of the cycles.
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(0;, (N/2);) occurs in a triple, say (0;, (N/2)i,a;), (0i,a;, (N/2):), or (a5, 0;, (N/2):),
j € {0,1} If N/2 is odd then OzN/z(Oi, (N/2),-,a,») = ((a + N/2)j,0,;, (N/Q)z),

a/2(0;, az, (N/2)i) = (03, (a + N/2);, (N/2)s), or o/(a;,0:, (N/2)i) = (0i; (N/2)s,
(@ + N/2)J) which leads to the contradiction that the ordered pair (0;, (N/2);) is
contained in two distinct triples. Therefore N/2 is even so that N = 0 (mod 4),
which implies that v = 0 (mod 8). The facts that v = 0 or 1 (mod 3) and that v =0
(mod 8) together imply that v = 0 or 16 (mod 24).

If v = 0 (mod 24), the number of triples will be [24k(24k — 1)]/3 = 8k(24k — 1),
and the number of orbits will be [8k(24k—1)]/12k = 16k—2/3. Because this quantity
cannot be an integer, we must have a short orbit, a contradiction to Lemma 1.

Therefore, we must have v = 16 (mod 24). O

LEMMA 3: Ifv = 16 (mod 24) there ezists a DTS(v) which admits a bicyclic anti-
automorphism with 0 fized points.

Proof: Let v =24k + 16, N = 12k + 8.
For k = 0 the base triples are (0p, 01,4;) and (01,0, 40), along with the following
and their reverses:
(0, 11, 21), (0o, 31, 61), (0o, 51, 71), (0o, Lo, 30)-
For k = 1 the base triples are (0, 01, 10;) and (05, Og, 10¢), along with the follow-
ing and their reverses:
(00, 21, 81), (00, 31, 71), (0o, 41, 61), (0o, 121, 191), (0o, 131, 18y), (0o, 141, 171),
(01, 40, 50), (01, %, 150), (01, 110, 190), (0o, 20, 50), (0o, 40, 110), (01, 11, 91)-
For k = 2 the base triples are (0g, 01, 16;) and (01, 0o, 164), along with the follow-
ing and their reverses:
(0o, 21, 141), (00, 31, 131), (0o, 41, 121), (0o, 51, 111), (0o, 61, 101), (0o, 71, 91),
(00,184, 314), (0, 194, 301), (00, 201, 29;), (0, 211, 281), (0o, 221,271),
(007 2315 261)7 (Ola 707 80)7 (017 150) 240)) (01; 1707 310)7
(00, 20, 154), (00, 30, 11), (0o, 40, 100), (00, 50, 120), (04, 14, 151).
For k > 3 the base triples are (Og, 01, (6k +4)1) and (01, 0o, (6k +4)o), along with
the following and their reverses:
(00; 217 (6k + 2) ) (007 317 (6k + 1)1)7 ey (00; (3k + 1)11 (3k + 3)1)7
(0o, (6k + 6)1, (12k + 7)1), (O, (6k + 7)1, (12k + 6)1), .- ., (Oo, (9% + 5)1, (9 -+ 8)1),
(01, (3k + 1)o, (3% + 2)o), (01, (6k + 3)0, (9% + 6)0), (01, (6k + 5)o, (12k + 7)o),
(001 (2k + 3)0a (4k + 1) ) (00? (2k + 4)05 (4k)0)7 AR (00> (3k)09 (3k + 4)0)>
(0g, (4k + 4)q, (6k — 1)0), (0o, (4k + 5)o, (65 — 2)o), - - -, (0o, (5k)0, (5k + 3)o),
(00, 20, (6k7 -+ 3)0) (Oo, (Qk 3)0, (6]6)0) (09, (2k - 1)0, (5k + 1)0),
(00, (2/47)0, (4k + 2)0) (00, (2k + 1)0, (5k -+ 2)0), (01, 1y, (6](7 + 3)1) O

By the previous two lemmas we have the following theorem.

THEOREM 1: There exists a DTS(v) admitting a bicyclic antiautomorphism with 0
fized points if and only if v = 16 (mod 24).

255




3 BICYCLIC ANTIAUTOMORPHISMS WITH 1 FIXED
POINT

LemMA 4: Let (D,[) be a DTS(v) admitting a bicyclic antiautomorphism with 1
fized point, where v = 2N + 1, N being the length of each of the cycles. Thenv = 3
(mod 6), with v # 3.

Proof: Clearly, since v = 2N + 1, v must be odd. Also, we must have v = 0 or 1
(mod 3). Thus v =1 or 3 (mod 6).

If v = 1 (mod 6), the number of triples will be [(6k + 1)6k]/3 = 2k(6k + 1),
and the number of orbits will be [2k(6k + 1)]/3k = 4k + 2/3. Because this quantity
cannot be an integer, we must have a short orbit of length | # N/2, a contradiction
to Lemma 1. ’

. Clearly, if v = 3, we have three fixed points; therefore, we must have v = 3 (mod
6), with v # 3. |

LEmMMA 5: If v = 3 (mod 12), v # 3, there exists a DTS(v) which admits a bicyclic
antiautomorphism with 1 fized point.

Proof: Let v=12k+3, N =6k+ 1,k > 1.

Peltesohn [5] proved that a cyclic STS(v) exists if and only if v = 1 or 3
(mod 6) with v # 9. Let (S, 8) be a cyclic STS(N) with its cyclic automorphism
(00, 10, 20, - . ., (6k)o). Let ' be a set of base blocks of (S, 3).

The base triples are the following: (0o, 00, 0;),

(0o, 11, (6K)1), (00, 21, (6k — 1)1), ..., (0o, (3K)1, (3k + 1),),
and all triples (a, b, ¢) where {a,b,c} € 3. a

LEMMA 6: Ifv =9 (mod 24) there exists a DTS(v) which admits a bicyclic antiau-
tomorphism with 1 fized point.

Proof: Let v=24k+9, N = 12k + 4.
For k = 0 the base triples are the following and their reverses:
(00, 00, 20), (01, oo, 21), (O(), 01, 11), (01, 10, 2())
For k > 1 the base triples are the following and their reverses:
(00, o, (6k + 2)0), (01,00, (6k + 2)1),
(00,01, (6k +1)1), (09, 11, (6k)1), - - -, (0o, (3k)y, (3k + 1)1),
(00, (6k + 2)1, (12k + 2)1), (Oo, (6](1 + 3)1, (12]6 + 1)1), . (00, (gk + 1)1, (gk + 3)1),
(01, (8k + 2)o, 1o),
(00, (2K + LYo, (4 -+ 1)o), (Oo, (2k + 2)o, (4k)o), . ., (Op, (3k)o, (3 + 2)y),
(00, (4]{) + 2)0, (6/() + 1)0), (00, (4k -+ 3)0, (6]6)0), ceey (00, (5kl + 1)0, (5k + 2)0) 0O

LEMMA 7: If v = 21 (mod 24) there ezists a DTS(v) which admits a bicyclic anti-
automorphism with 1 fized point.

Proof. Let v = 24k + 21, N = 12k + 10.
. For k = 0 the base triples are (00,01,40), (00,51,60)», (01,00,41), (01,10, 81),
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(Ola 201 31); (01, 307 61)7 (017 607 21), (017 807 11)1 (]-1, OOa 21) and (117 60, 41), along with
the following and their reverses:
(0o, 00, 59), (01, 00, 51), (0o, 1o, 30)-
For k = 1 the base triples are (0q, 40, 120), (0o, 50, 109), (0o, 70, 140) and
(09, 90, 18¢), along with the following and their reverses:
(009 o0, 110)7 (Ola 00, 111)7
(007 011 101)» (007 11: 91)7 R (003 41, 61))
(007 121’ 211)> (00; 1317 201)7 RN (007 1617 171);
(017 1107 170): (003 107 30)'
For k = 2 the base triples are (0, 49, 120), (0o, 110, 220), (0o, 130, 26¢) and
(g, 159, 300), along with the following and their reverses:
(001 0, 170)’ (017 00, 171)7
(OO> 017 161)7 (OOa 113 151), vy (005 713 91)1
(007 181, 331)3 (OOa 1917 321)7 ERRS (00, 2'511 261),
(017 170) 260): (007 10y 6O)a (00) 20’ 160)5 (00’ 307 100)
For k = 3 the base triples are (0g, 49, 200), (0o, 130, 260), (0o, 150, 300) and
(09, 214, 42), along with the following and their reverses:
(00) oo, 230), (017 00, 231),
(001 01; 221)7 (00: 117 211): R (00) 101, 121))
(0, 241, 451), (0, 251,441), . . ., (0g, 341, 351),
(Ola 230) 350), (00: 107 190)7 (007 207 110)) (007 307 100)7 (005 507 220)7 (007 607 140)
For k = 4 the base triples are (0g, 49, 120), (0, 230, 460), (0o, 250, 500) and
(09, 270, 540), along with the following and their reverses:
(007 o0, 290)? (Ola GO, 291):
(0071013 281)? (007 11, 271): LR (00» 1317 1‘51))
(007 3013 571)7 (00; 3117 561)7 try (OOa 431, 441))
(01; 2907 440), (007 1()7 140)7 (007 203 240)3 (005 307 210),
(003 507 160)7 (007 60> 260)5 (00’ 707 170)7 (003 90, 280)
For k = 5 the base triples are (0, 49, 120), (00,29, 580), (0o, 310,620) and
(0o, 339, 665), along with the following and their reverses:
(00, 0, 350): (017 00, 351))
(OOa 01) 341), (007 11’ 331), ey (OOA) 161) 181)7
(007 361, 691)7 (003 37y, 681)a B (005 524, 531))
(Ola 3507 530): (007 10a 230)) (003 201 300)1 (007 307 190)7 (00, 507 200)7
(007 607 320)7 (00’ 707 210)7 (007 907 340)7 (00: 1007 270)3 (OOa 1107 240)
For k = 6 the base triples are (0g, 1o, 20), (0o, 60, 40), (00,39, 780) and
(00, 790, 76¢), along with the following and their reverses:
(007 00, 410)» (Ola 00, 411),
(00: 017 401)3 (00) 117 391), sy (007 1917 211)3
(00, 421,81,), (0o, 431, 80;), .. ., (0p, 611, 621),
(01: 410, 620)1 (007 507 340)’ (007 707 300)7 (007 80’ 360)7 (003 90, 260)7
(007 1007 320)7 (007 110, 310)7 (007 1207 370)5 (007 130) 400)) (007 1407 380)7
(00, 1507 330)) (00, 1601 350)
For k > 7 the base triples are (0g,10,20), (0o,30,60), (00,40, (12k + 8)¢) and
(0o, (6% + 3)o, (12k + 6)o), along with the following and their reverses:
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(00, 00, (6k + 5)g), (01, 00, (6k + 5)1),

(00, 0y, (6]6 + 4) ) (00, 1, (6](2 + 3)1), ey (00, (3k + 1)1, (3k -+ 3)1),

(0o, (6k + 6)1, (12k + 9) )> (0o, (6K + 7)1, (12k + 8)1), ..., (0o, (9% + 7)1, (9% + 8)1),
(0o, (2K + 6)o, (4k — 1) ) (0o, (2k + 7)o, (4k — 2)o), - . ., (0o, (3k — 1)o, (3k + 6)p),
(0o, (4K + 4)o, (6K)o), (0o, (4k + 5)o, (6k — 1)o), - - -, (0o, (5k — 2)o, (5k + 6)o),

(0o, 5o, (5K + 4)0), (0o, (2k — 50, (5k)a), (0o, (2k — 3)o, (4k + 2)o),

(0o, (2k — 2)o, (5k + 2)o), (o, (2k — 1)g, (5k + 1)o), (0o, (2k)o, (6k + 1)o),

(00, (2k + 1)o, (6k + 4)q), (0g, (2k + 2)o, (6K + 2),),

(0o, (2k + 3)o, (5K + 3)0), (0o, (2k + 4)o, (5% + 5)o). .

By the previous four lemmas we have the following theorem.

THEOREM 2: There exists a DTS(v) admitting a bicyclic antiautomorphism with 1
fized point if and only if v = 3 (mod 6), with v # 3.
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