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Abstract Letv >5 and be positive integers and let DD(v,k,A) denote the
packing number of a directed packing with block size 5 and index A. The
values of DD(v, 5, A) have been determined for . = 1,2 with the possible
exceptions of (v, 1) = (15,1) (19,1) (27,1), [7, 8, 19]. In this paper we
determine the values of DD(v, 5, ) for all v 2 5and A > 3 except possibly
(v, M) = (43,3).

1. Introduction

Letv, k and A be positive integers. A transitively ordered k-tuple (a,, ..
a,) is defined to be the set {(aya)!1<i<j< k} consisting of ﬁk—i:ﬂ
ordered pairs. A directed packing (covering), denoted by

DP(v, k, &), (DC(v, k, 1)) is a pair (V,A) where V is a set of v elements and
A is a collection of transitively ordered k-tuples (called blocks) of V such
that every ordered pair of V occurs in at most (at least) A blocks. Let
DD(v, k, 1) denote the maximum number of blocks in a DP (v, k, A) and
DE(v, k, A) denote the minimum number of blocks in a DC (v, k, A). A

DP(v, k, A) directed packing design with |a| =DD(v, k, ) will be called a
maximum packing. Similarly, a DC(v, k, A) directed covering with [A[ =
DE(v, k, A) is called a minimum covering. If one ignores the order of the
blocks, a DP(v, k, 1) (DC(v, k, 1)) is a standard (v, k, 2A) packing (covering).
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So we have the following:

DD, k, ) < [ﬂl’g—}i— zxﬂ = DU(v, k, A) and DE(v, k, &) 2 [-% [ — zxn = DL(v,
k, A) .

where [x] is the largest and [x] is the smallest integer satisfying [x] < x<
[x]. When DD(v, k, A) = DU(v, k, 1) the directed packing is called optimal
and denoted by ODP(v, k, A). Similarly, when DE(v, k, ) = DL(v, k, A) the
directed covering is called minimal and denoted by MDC(v, k, A). Further as
a consequence of Hanani’s result [15, P.362], this bound can be sharpened
in certain cases.

(v-1)

— = 1(mod k) then

Theorem 1.1 I 2A(v - 1) = 0 mod(k - 1) and 2Av
DD(v, k, &) < DUV, k, A) -

=

A directed packing with a hole of size h, DP(v, k, &) is a triple (V, H, A)
where V is a v-set, H is a subset of V of cardinality h, and A is a
collection of transitively ordered k-tuples, called blocks, of V such that
1) no 2-subset of H appears in any block;

2) every 2-subset of V appears in at most A blocks.

Further, a DP(v, k, A) with a hole of size h is said to be maximum if it
contains DU(v, k, A) — DU(h, k, X) blocks.

A directed balanced incomplete block design, DB[v, k, A] is a DP(v, k, A),
where every ordered pair of V is contained in exactly A blocks. If a

DBJv, k, A] exists then it is clear that DD(v, k, A) = 21 ;((Z ; = DU(v,k,A)

and D.J. Street and W.H. Wilson [20] have shown the following:

Theorem 1.2 Let A and v > 5 be positive integers. Necessary and
sufficient conditions for the existence of a DB[v, 5, A] are that (vA) # (15,
1) and that A(v - 1) = O(mod 2) and Av(v - 1) = O(mod 10).

The following result was established in [7,8,9].

Theorem 1.3 Letv > 5 be an integer. Then DD(v, 5, &) = DU(v,5,A) - e for &
— 1.2 (v, ) # (15, 1) where e = 1 if 2A(v - 1) = O(mod 4) and 5"&’2—“—1—) =
1(mod 5) and e = 0 otherwise with the possible exception of (viA) = (19, 1)
27, 1).

Corollary 1.1 Letv =0 or 1(mod 5), v 2 5, be an integer. Then
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DU(v, 5, A) = DD(v, 5, &) for all integers A 2 1 with the exception of (v, A) =
(15,1).

Proof ForA = 1 or 2 the result was established in Theorem 1.3. For A = 2r,
where r is a positive integer, notice that there exists a DB[v, 5, 2r]. For i
=2r + 1, v#15 it is easy to see that DU(v,5, 2r + 1) = DU(v,5,2r) +
DU(v,5,1). For v=15 notice that a DB[15,5,3] exists by Theorem 1.2 and
then DU(v,5,2r +1) = DU(v,5,2r-2) + DU(v,5,3).

In this paper we are interested in determining the values of DD(v, 5, 1) for
A > 2. Our goal is to prove the following.

Theorem 1.4 Letv =5 and A.> 2 be integers. Then DD(v, 5, A) = DU(v, 5, A)
~ewheree=1if 2 v - 1) =0 and e = 0 otherwise, with the possible

exception of (v,A) = (43,3).

in what follows, we will use the following obvious fact. For brevity, we
will not mention it subsequently.

Lemma 1.1 If there exists a DB[v,5,A] and DU(v,5,1") = DD(v, 5,A7) then
DU(v,5,A" + 1) = DD(v, 5, A" +A).

Finally, about the notation of <a b ¢ d> U {(h,,h,} we refer the reader to
[9], and a block <a b-cd>u {h;,h,} means that h; i = 1, 2 is to be
inserted in the middle.

2. The Structure of Packing and Covering Designs

Let (V, A) be a (v, k, &) packing design, and for each 2-subset e = {x, y} of V
define m(e) to be the number of blocks in A which contains e. The
complement of (V, A) denoted by C(V, A) is defined to be the multigraph
spanned by the edges not packed in (V, A). 1t is clear that the number of

edges in C(V, A) is 7&(;’) -|a] (]2‘). The degree of a vertex x in C(V, A) is Mv
- 1) =g (k - 1) where r, is the number of blocks through x. In a similar

way, one can define the excess graph, E(V, A}, of a (v, k, A} covering design
to be the multigraph spanned by the edges covered more than A times in (V,

A). The number of edges in E(V, A) is |a] (]2<) -7\(;’) and the degree of each
vertex x in C(V, A) is xr(k -~ 1) - Mv - 1) where r, is as above.
Lemma 2.1 [10] Letv=2 or 4 (mod 5), v 2 9, be a positive integer. Then

the complement graph of a (v, 5, 4) optimal packing design consists of two
vertices joined by 4 edges.
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Lemma 2.2 [16] Letv=3 (mod 10) v 2 23, v = 53, 63, 73, 83. Then the
complement graph of a (v, 5, 2) minimal covering design consists of two
vertices joined by 4 edges.

3. Recursive Constructions

In order to describe our recursive constructions we need the notions of
transversal designs and group divisible designs. For the definition of
these combinatorial designs see [15]. We shall use the following
notations: a T[k,A,m] stands for a transversal design with block size k,
index A and group size m. A (K,\) - GDD of type 1% 2%, 3%. . . stands for a
group divisible design with block size from K, index A, and there are i
groups of order 1, r groups of order 2, s groups of order 3, etc. We remark
that the notions of transversal designs and group divisible design can be
easily extended to the directed case, and we write DT and DGDD with the
appropriate parameters.

The following theorem is most useful to us. For a proof see [3] and
references therein.

Theorem 3.1 There exists a T[6, 1, m] for all positive integers m = 2, 3, 4,
6 with the possible exceptions of m e {10, 14, 18, 22}.

Let k, A, m and v be positive integers. A modified group divisible design,
MGDIk, A, m, mn} is a quadruple (v, B, v, A) where V is a set of points with
[v]=mn,y={G,,..G,} is a partition of V into m sets, called groups,

A ={R,,.. Ry} is a partition of V into n sets, called rows, and § is a family
of k-subsets of V, called blocks, with the following properties.

1) |BnGy /< 1forallBePandG;evy.
2) |BrRyj < 1forallBe Bandrje A.
3) |ry =mforal Rje Aand |Gy = n for all G;e v.

4) Every 2-subset {x, y} of V such that x and y are neither in the same
group nor same row is contained in exactly A blocks.

5) |GRy = 1forall G;e yandRr;e A.

A resolvable modified group divisible design, RMGD[k, A, m, v] is a
modified group divisible design the blocks of which can be partitioned into
parallel classes. It is clear that RMGD[S5, 1, 5, 5m] is the same as RT[S, 1,
m] with one parallel class of blocks singied out, and since a RT[5, 1, m] is
equivalent to T[6,1,m] we have the following.
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Theorem 3.3 There exists a RMGD[5, 1, 5, 5m] for all m # 2, 3, 4, 6 with
the possible exceptions of m e {10, 14, 18, 22}.

The following is our main recursive construction [6].

Theorem 3.4 If there exists a RMGDI[5, 1, 5, 5m] and a (5, L) -~ DGDD of type
4™ s and there exists a maximum DP(20 + h, 5, A) with a hole of size h
then there exists a maximum DP(20m + 4u + h + s, 5, A) with a hole of size
4u+h+swhere0su<sm-1.

in a similar way one can show

Theorem 3.5 If there exists a RMGDI5, 1, 5, 5m], a (5, A) - DGDD of type 2™
or 2™ *1 and there exists a maximum DP(10 + h, 5, 1) with a hole of size h
then there exists a maximum DP(10m + 2u + h + 2e, 5, A) with a hole of
size 2u + h + 2e where e = 0 if the DGDD is of type 2™ and e = 1 if the DGDD
is of type 2® *Yand0<us<sm-1.

The appilication of theorem 3.4 requires a (5, A) - DGDD of type 4™s?.
Notice that we may choose s = 0 if m =1 (mod 5), s =4 if m =0 or 4 (mod

5)and s = 5—(—115:—1—1 if m=1 (mod 3). Further, we may apply the following
[14]

Theorem 3.6 There exists a (5, 1) - DGDD of type 4™8* for all m = 0 or
2(mod 5), m 2 7 with the possible exception of m = 10.

The following two theorems are the directed versions of theorem 2.11 and
theorem 2.18 of [6].

Thecrem 3.7 If there exist a RMGD[5, 1, 5, 5m}]; a (5, A) - DGDD of type ¢™;
a maximum DP(20 + h, 5, A) with a hole of size h and an ODP(20 + h, 5, })
then there exists and an ODP{20m + h, 5, A).

Theorem 3.8 If there exists a (k, 1) - DGDD of type 5™; a (5, A) - GDD of
type 4% and a maximum DP(20 + h, 5, A) with a hole of size h and an
ODP(20 +h, 5, A) then there exists an ODP(20m + h, 5, A).

Again the following theorem is the directed version of theorem 2.4 of [6]
Theorem 3.9 If there exists a (6, 1) - DGDD of type 5™ and a maximum

DP(20 + h, 5, A) with a hole of size h then there exists a maximum
DP(20(m - 1) + 4u + h, 5, 1) with a hole of size 4u + h.
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Lemma 3.1 There exists a (6, 1) - DGDD of type 5.

Proof Let X = 2,5 with groups {i, i + 7, i + 14, i + 21, i + 28}, i € z,. Then
the blocks are <1 5 17 0 2 11> (mod 35) <22 10 13 18 2 0> (mod 35).

4. Directed Packing With Index 3

We first mention that the result for v = 0 or 1 (mod 5) was established in
corollary 1.1. For all other values of v we proceed as follows.

Lemma 4.1 Letv= 2(mod 10), v 2 12, be an integer. Then DU(v, 5, 3) =
DD(v, 5, 3).

Proof DU(v, 5, 3) = DU(v, 5, 2) + DU(v, 5, 1).

Lemma 4.2 Letv= 4(mod 10) be a positive integer. If there exists a
maximum DP(v, 5, 1) with a hole of size 4 and a MDC(v, 5, 2) then DU(v, 5,
3) = DD(v, 5, 3). :

Proof For all v = 4(mod 10) v 2 14 the construction is as follows:
1) Take a maximum DP(v, 5, 1) with a hole of size 4, say, {a, b, ¢, d}.

2) Take a MDC(v, 5, 2). This design has a triple say {a, b, c} the ordered
pairs of which appear in three blocks [5].

Lemma 4.3 (i) There exists a maximum DP(26, 5, 3) with a hole of size 6.
(i) There exists a maximum DP(v, 5, 1) with a hole of size 4 for v = 34,
54, 74, 94.

Proof (i) for a maximum DP(26, 5, 3) with a hole of size 6 take the blocks
of maximum DP(26, 5, 1) with a hole of size 6 [19] together with the
blocks of maximum DP(26, 5, 2) with a hole of size 6 which can be
constructed by taking a DTI[5, 2, 5]. Add a point to the groups and on the
first four groups construct a DB(6, 5, 2) [20] and then take this point with
the last group to be the hole.

(i) Forv =34 let X = 2, x %5 U {=3i.,. Then the blocks are
< (0,1) (1,11) (1.2) (1,7) (0,0) > mod(-, 15)

<(1.,1) (0,0 (1,2 (1,0 (1,4 > mod(, 15)

< (1,12) (0, 2) », (0, 0) (1,9) > mod (-, 15)

< (1. 14) (0, 0) =, (0, 5) (1, 8 > mod (-, 15)

< (0,7) (1, 5) =5 (0, 0) (1, 12) > mod (-, 15)
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< (1, 6) (0, 3) (0, 0) =, (1, 14) > < (1,7) (0, 4) (0, 1) =, (1, 0) >
< (1, 8) (0, 5) (0, 2) =, (1,1)> <(1,9) (0, 6) =, (0, 3) (1, 2) >

< (1, 10) (0, 7) w, (0, 4) (1,3) > < (1, 11) (0, 8) =, (0, 5) (1, 4)>

< (1, 12) (0, 9) =, (0, 6) (1, 5) > < (1, 13) (0, 10) =, (0, 7) (1, 6) >
< (1, 14) (0, 11) = 4( 8) (1,7) > <(1,0) =, (0, 12) ©, 9 (1, 8) >
< (1, 1) =, (0, 13) (0, 10) (1, 9) > < (1, 2) =, (0, 14) (0, 11) (1, 10) >
<(1,3) (0, 12) o, (0, 0) (1, 11) > < (1, 4) (o 13) w0, (0, 1) (1, 12) >
< (1, 5) (0, 14) =, (0, 2) (1, 13) >
<(1,4+j)(0,4+j)(0,11+j)(0,6+j)(0,j)> je z
<(1,4+1(0,4+1) (0 11+ (0, 1)(06+1t)>t=9, 10, ..., 14
<(0,k) (0,3 +K) (0,6+k) (0,9+K) (0,12 +K) >k=0,1, 2.

For v = 54 apply Theorem 3.5 withm=5,h=2,e=0,u=1 and A =3 and
see [20] for a (5, 3) - DGDD of type 2° and 2°¢ and for a maximum

DP(12, 5, 3) with a hole of size 2 take a maximum DP(12, 5, 2) and a
maximum DP(12, 5, 1) with a hole of size 2 [8, 19].

For v = 74 take a T[5, 1, 7] and inflate the design by a factor of 2, that is,
replace each quintuple by the blocks of a (5, 1) - DGDD of type 2° [20]. To
the groups add 4 new points and construct a maximum DP(18, 5, 1) with a
hole of size 4 [19].

For v = 94 take a ({5, 6}, 1) - GDD of type 9° 1* and inflate the design by a
factor of 2, that is, repiace each block by the biocks of a (5, 1) - DGDD of
type 2° and 2%, To the groups add two points and on the first five groups
construct a DP(20, 5, 1) with a hole of size 2 [19] and take these two
points with the last group to be the hole of order 4.

Corollary DU(v, 5, 3) = DD(v, 5, 3) for v = 34, 54, 74, 94.

Proof By the previous lemma there exists a DP(v, 5, 1) with a hole of size
4. Furthermore there exists a DC(v, 5, 2) for the stated values of v in
lemma [5] such that there is a triple the ordered pairs of which appear in
three blocks. Hence DU(v, 5, 3) = DD(v, 5, 3) by lemma 4.2.

Lemma 4.4 Let v= 14(mod 20) be a positive integer then DU(v, 5, 3) = DD(v,
5, 3).

Proof For v = 14 the construction is as follows:

1) Take the following blocks of a DP(14, 5, 1) on z,, U {a, b} where the
first three blocks are taken under the action of the permutation « and the
last two under the action of the permutation § where o= (0123) (456
7)(891011)and B =(810) 4 6) (3 11) (B 7).
<7111a0><0b914><061182>, <a84115><95886 b>.
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Close observation of this design shows that (0, 5), (5, 0), (5, 7), (7, 5), (1,
6), (6, 1), (2, 7), (7, 2), (7, 6) and (6, 5) appear in zero biocks. Further,
this design has the following two blocks <9 5 8 6 b> <a 10 6 9 7>. Replace
these blocks by the blocks <958 0 b> <a 102 9 7>.

2) Take a DC(14, 5, 2) [5]. Close observation of this design shows that we
may permute the points so that the ordered pairs of {5, 6, 7} appear in
three blocks and it has the two blocks <9 8 1 0 b> <a 10 2 1 9> which we
replace by <9 8 1 6 b> <a 10 6 1 9>. It is easy to see that the above two
steps yield the blocks of a DP(14, 5, 3).

For v = 34 , 54, 74, 94 the result follows from the corollary.

For v = 134 apply Theorem 3.8 withm =7, h=6andu=2and A =3.

For all other values of v simple calculations show that v can be written in
the form v = 20m + 4u + h + s where m, u, h and s are chosen so that

1) There exists a RMGDI5, 1, 5, 5m].

2) There exists a (5, 3) - DGDD of type 4™ s*.
3)0su<gm-~1,s=0(mod 4)and h = 6.

4) 4u + h + s = 14, 34, 54, 74, 94.

Now apply Theorem 3.4 with A = 3 to get the result.

Lemma 4.5 Letv = 4(mod 20), v 2 24, be an integer. Then DU{v, 5, 3) =
DD(v, 5, 3).

Proof For all such v, the construction is as follows:
1) Take a (v - 1, 5, 1) optimal packing design in decreasing order [4] [17].

The complement graph of this design contains v — 1 edges and v ~ 1
vertices each having degree 2. So we may assume that (e,a), (d, b) and (d,
¢) are arcs of the complement graph.

2) Take a B[v + 1, 5, 1] in increasing order and place the point v + 1 at the
beginning of each block. Assume we have the block <v + 1 a b ¢ v>. In this
block change v + 1 to d and in all other blocks change v + 1 to v. Further,
assume in this design we have the block <x e z w v> where {x, z, w} are
arbitrary numbers, different from a and d, arranged in increasing order. In
this block change v to a.

3) Take a DP{v, 5, 2) with a hole of size two say {d, v} [5].
Further, permute the points of this design so that we have the block
<w z d x a>. In this block change a to v.

It is clear that the above three steps yield the blocks of an ODP(v, 5, 3)
for ail v = 4(mod 20) v 2 24.
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Lemma 4.6 Letv=7 or 9 (mod 10),v 2 7 be an integer. Then DU(v, 5, 3) =

DD(v, 5, 3).

Proof Forv=7or 9 (mod 20) v 2 29 it has been shown that maximum
DP(v, 5, 1) with a hole of size 7 or 9 exists [7]. By taking 3 copies of a
maximum DP(v, 5, 1) with a hole of size 7 or 9 we get a maximum DP(v, 5,
3) with a hole of size 7 or 9. Hence, to complete the proof of this lemma
we need to show that DU(v, 5, 3) = DD(v, 5, 3) forv =7, 9, 17, 19, 27.

For v = 7, 9, 19, 27 see next table.

v Point Set

7 Z4UH,

9 Z,xZ;UH;,

19 2, x2Z4UH,

27 2,x%xZ,5 UH;

Base Blocks

<012h,h,>+i,iez;, <h,h; 230>+ ie 2,
<h;h; 210>+i,iez, <032h, hy>+i,ie 2z,
<h,021h;>+i,ieZ, <h; 203 hy>+1i,ie 2z,

<(0,0) (0,1) by (1,1) hy> <hy (1,0) (0,1) hj (0,0)>

<, (0,0) (1,2) (0,1) hy>  <(1,1) (0,0) (0,2) (0,1) (1,1)>
<(0,0) (1,1) (1,0) hy hy> <(1,1) hy hy (1,2) (0,0)>

<q; h, (1,0) (0,0) (1,2)>

On {i} x zg U H, construct a DB[11, 5, 2], i = 0, 1 [20].
Further take the following blocks
<(0,0) (0,4) (1,1) (0,1) (1,0)> <(1,0) (0,1

0 (1,1) (0,0)>
<(0,2) (0,0) (1,1) (1,0) (1,3)> <(1,3) (1

(

(

(

3)
0) (0,2) (0,0)>
0.0) (0, 1)>
0,2) (1,4)>
1,5) (0,3)>

)
<(1,6) (0,0) (1,2) (0,4) h,> <h, (1,4)
<(0,1) (1,4) (0,0) (1,5) h,> <h, (1,7)
<(0,0) (0,3) (1,6) (1.2) hy> <h, (1,7)
<(0,2) (1,0) (0,0) (1,0) (0,7)> <(1,3) (0,0) (0,2) (0,5) (1,8)>

<(0,1) (1,1) (0,5) (0,0) (1,0)> <(1,8) (0,5) (1,2) (1,6) (O, O)
<(1,0) (0,0) (0,1) (1,2) (1,4)> <(0,0) (1,5) (0,1) (1,10) n
<(0,3) (0,0) {i,3) (0,2) (1,5)> <(0,2) (0,0) h, (1,7) (1,10)
<(1,1) (1,0) (0,3) (1,2) (0,0)> <(1,6) (1,9) h, (0,3) (0,0)>
<(1,7) (0,0) (0,2) (0,10) (1,4)> <(1,7) hy (0,0) (1,5) (1,1)>
<(0,4) (1,8) (1,4) (1,11) (0,0)> <(1,4) (0,0) h, (1,11) (0,6)>
<(1,4) (1,3) - (1,0) (1,1)> U {h,, h,}
<(1,0) h, (1,1) (1,7) (1,5)>
<, (0,0) (0,3) (0,6) (0,9)> orbit length 3, twice.
<h, h, (0,8) (0,4) (0,0)> orbit length two
<h, h, (0,10) (0,6) (0,2)> orbit length two
<(0,0) (0,4) (0,8) h; hy> orbit length two
<(0,2) (0,6) (0,10) h; h,> orbit length two
<(0,0) (0,4) (0,8) h, hy> orbit length two
<(0,2) (0,6) (0,10) h; h,> orbit length two.
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For v = 17 the construction is as follows:
1) Take a DP(17, 5, 1) (not optimal) [7]. Close observation of this design
shows that its complement directed graph is the following:

5 2

[

12
4

4 6
Further, this design has the following two blocks <1 2 6 13 12>
<7 10 3 2 5> which we replace by <1 2 6 10 13> <7 10 3 5 4>.
2) Take a DC(17, 5, 2) [5]. Close observation of this design shows
that we may permute the points so the ordered pairs of the tripie
{2, 5, 12} appear in three blocks and it has the two blocks <6 4 1 10 13>
<3 7 10 6 4>, which we replace by <6 4 1 13 12> <3 7 10 6 2>.
It is easy to check that the above construction yields the blocks of a

DP(17, 5, 3).

Lemma 4.7 Letv= 8 (mod 10), v > 8, be a positive integer. Then DU(v, 5, 3)
= DD(v, 5, 3).

Proof For v = 58 take a ({5, 6}, 1) - GDD of type 5°4* and inflate this design
by a factor of 2 with index 3, that is, replace each block of size 5 and 6 by
the blocks of a (5, 3) - DGDD of type 2° and type 2. On the groups construct
an optimal DP(v, 5, 3) for v = 10, 8.

For v = 98 apply Theorem 3.5 withm=9, u=h=2and e = 1.

Forv =8, 18, 28, .. ., 88, v # 58, see next table. :

For v = 128 apply Theorem 3.9 withm =7, h=0,A=3andu=2.

For v = 138 apply Theorem 3.9 withm =7, h =6, u=2andA=3.

For all other values of v simple calculations show that v can be written in
the form v = 20m + 4u + h + s where m, u, h and s are chosen so that

1) There exists a RMGD(5, 1, 5, 5m]

2) There exists a (5, 3) - DGDD of type 4™ s?

3) 4u+h+s=8(mod 10), 8s4u+h+s< 98

4) h=6ifv=18(mod 20), h=0ifv=28(mod20),0su<m-1,ands=0
(mod 4).

Now apply Theorem 3.4 to get the result.
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18

28

38

48

68

78

Point Set

Z4o JHg

Zgo W Hg

Zq0 W Hg

Base Blocks
<01235> <06543>

<01235> <0371116> <05 1512 11>
<014 1386> <016 107 8>

<013712> <05132321> <0109 24 21>
<027 1917 13> <01247> <041019 26>
<0 2017 138> <02517 12 11>

<0151421> <02373017> <027 1222 8>
<013712> <06 143231> <«02927 13 10>
<033231511> <013610> <0820 19 34>
<0 32 24 22 17> <0 35 29 18 16>

Onz,, UH, construct a DB[45, 5, 1] such that 5 is a
block which we delete. Furthermore, take the following
blocks

<1333 hs 020> +i,ie 2,3, <268hy33 13>+, ie 2z,
<013715 <051634 26> <013-309>u {h;, h,}
<025h;2322> <031 h,2419> <«01h,;37>
<05n, 1322> <010hy 21 35> <0 12 hg 28 27>

<0 30 h, 26 24> <0 31 hy 23 20>

Onz¢, UH, take a DP(67, 5, 1) with a hole of size 7, say,
H, [7).

<1040 hy, 030> +1i,ie 2,, <2050 hg 40 10> + i, i e 2,
<0 1224 36 48> + i, i € 2,,;

<48 36 24 120> + i, i € 2,, twice

<013712> <0818 3145> <0 1559 39 32>

<0 21 49 41 19> <0 43 34 29 16> <0 56 50 25 22>
<01h; 37> <05h, 1322> <010 h,; 21 35>

<0 15 h, 3149> <019 h 46 45> <0 28 h, 23 20>

<0 51 h, 44 38> <056 hy 39 37>

Onz,, UK, construct a DP(73, 5, 1) with a hole of size,
3, say H, [7].

<1752 hg 035> +i,ie 2;; <3469 hy 52 17>+, i€ 2,4
<014 2842 56> +i,ie 2,, <564228 140> +i,i€ 2.,
<013712> <0818 31 47> <0 15 32 52 51>

<0 37 33 27 67> <0 21 54 45 43> <0 62 48 41 36>

<0 7 46 50 26> <0 53 h, 38 25>

<0 5-1526> U {h,, hs} <012 -25 41> U {hg, hy)
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88 2Zg U Hg

<01h,39 <014h, 31 54> <020h, 48 44>
<022h56057> <032h,6227> <052hn, 51 45>

<0 58 hy 49 47>

On 24, v H, construct a DP(87, 5, 1) with a hole of size 7,

say H,, [7].

<21 61 h 040> + i, i €2y

<422h 61 21> + i, i €2y

<0 163248 64> +i, i€z, <64 48 32 16 0> + i, i €2,

twice

<015731> <0 102144 62> <0 19 57 56 54>

<0 22 71 65 61>
<0 14 69 58 41>
<0 75 62 45 42>
<0 10 h,; 21 33>
<0 26 hg 65 51>

<0 66 58 53 46> <0 3 12 20 45>
<0 15 61 51 28> <0 56 54 50 29>
<01h;37> <05h, 13 22>
<014 h,29 49> <0 16 hg 43 34>
<0 36 h, 28 68> <0 73 hy 31 30>.

Lemma 4.8 Letv= 23 (mod 10) be a positive integer, v>13. Then DU(v, 5, 3) =
DD (v, 5, 3) with the possible exception of v=43.

Proof For v # 13, 43, 53, 63, 73, 83 the construction is as follows:
1) Take a (v, 5, 2) minimal covering in increasing order. This design has a

pair, say, (a, b) that appears in 6 blocks,

[16]. We may permute the points

such that (a, b) and (b, a) appear in 3 blocks.

2)

Take a (v, 5, 2) optimal packing in decreasing order and assume that the

ordered pairs of {a, b, ¢} appear in zero biocks, [8].
3) Take an optimal DP(v, 5, 1) and assume that the ordered pairs of {a, b, c}
appear in zero blocks, {7].

For v = 53, 73 take 6 copies of a PBD(v, {5, 13'), 1) : 3 copies in

increasing order and 3 copies in decreasing order, where
exactly one block of order 13 [14].

optimal DP(13, 5, 3).
For v=63, 83, see next table.
For v=13 let X = {1, 2,

<12311 5>
<1937 13>
<38107 2>
<56212 4>
<8396 12>
<98731>
<1127 8 6>

<129136>
<11276 5>
<4358 11>
<5687 13>

* means there is
On the biock of size 13 construct an

. ., 13} then the blocks are

<1281113> <139124> <1576 10>
<236413> <231095> <347128>
<46107 13> <45289 <47910 11>
<611974> <7531011> <713952>

<8451311> <846912> <82107 12> <91104 5>
<911865> <1061811> <1061143> <101396 3>
<1141012 13> <11591213> <1171292> <111092 1>
<{11123 136> <125741> <1261053> <i1210821> <121132 1>
<13521012> <137432> <1318104> <13853 1> <13127 1 11>
<13 12 9 10 8>
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v point set

83 2,9 UH;

Base Blocks
<1338 hy3025>+i, Ve z3;,<261hy338 13> +1i¢e z,
<013914> <04 203048> <0 1547 39 38>
<036-2117>0U (h; h,} <043 -27 22> U {hy hy
<0 9 - 19 30} U {hg by
<013 -27 44> U {h,; b <0 41 -28 23> U (hyh, g
<05-1322} U{h,; hy,} <05h,12 20> <0 33 hy 25 23>
<01h,37>
<038h,27 24} <0161h;3534> <01h,37>
<0 43 hy 26 22>
<010 hg 21 35> <0 15h,,4539> <0 32h,,; 20 19>
<0 12 hy 28 46>
<0 36 h,, 29 26> <0 41 h,, 33 31>

Onz,, U {hy} construct a DB[71, 5, 1]. Further, take the
following base blocks:

<014284256>+1i,iez,, <564228B140>+1i, i€z,
<0263244> <54301808> <038h, 420>
<38325h,30> <05n;1131> <31h,08>

<40 hs1323> <5519hs60> <100 h, 25 43>

<027 hg 50 11> <5328 hya012> <01 h,,3 10>
<299h;;40> <06h,213% <110h,, 28 47>

<48 27 - 13 0> U {hy, hi} <8 2-0 1> U {hy, h)

<26 15 -0 3> U {hg hy} <43 0-5 30> U {hg, he}
<70-46 29> U {hy, hyy} <330-1449> U (hy,, hyy)

5. Directed Packing With Index 4, 6, 8

Lemma 5.1 Letv 25 be a positive integer. Then DU(v, 5, 4) = DD (v, 5, 4).

Proof Forv=0 or 1 (mod5) the result is contained in Coroltary 1.1.

Forv =2 or 4 (mod ), v7 DU(v, 5, 4) = 2 DU(v, 5, 2) [8].

For v = 3 (mod 5), v # 8, the construction is as follows:
1) Take a {(v- 1, 5, 4) optimal packing in increasing order [10].
2) Take a (v + 1, 5, 4} optimal packing in decreasing order. This design has
a pair say (v + 1, v) that appears in zero blocks. Place the point v + 1 at the
end of each biock and change it to v.

Forv =7 let X = 2,. Then take the following blocks
<50124> <62410> <02516> <51460>
<01345> <63410> <01365> <65412>
<23046> <45320> <65432 <«02536>
<12345> <«46321> <12356> <46530>

Forv=_8let X =2, U {a, b}. Then take the following blocks
<01a23>(mod6) <32b1a>(mod6) <01-43>a b}
<ab024>+i,iezy,<420ba>+i,iez,
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Lemma 5.2 Letv>5 be an integer. Then
1) DU(v, 5,8) =DD (v, 5,6) — 1 if v=2 or 4 (mod 5)
2) DU(v, 5,6) =DD (v, 5,6)ifv=0, 1 or 3 (mod 5).

Proof For v= 0 or 1 (mod 5) the result is contained in Corollary 1.1.

For v = 2 or 4 (mod 5), v # 7, DU(v, 5, 6) = DU(v, 5, 4) + DU(v, 5, 2) holds.
Forv =7 let X = 2, U {=}. Then the blocks are

<01342>(mod6) <2105 > (mod 6)

<50 12> (mod6) <o 4310>(mod 6)

For v = 3 (mod 5), we first treat the values under 100. For v = 8 let X =

Z5 UH;. Then the blocks are <0 4 1 h, h,> (mod 5), <h, h; 0 4 1> (mod 5),
<034 h, hy> (mod 5), <h; hy 023> (mod 5), <h, hy 03 2> (mod 5),
<023h;h,> <134h3h,> <204h3h,> <031h;hy>

<142h;h,> <01234> and <4321 0> twice.

For v > 13 the construction is as follows.

1) Take a MDC(v - 1, 5, 2) [5]. This design has a triple say, {a, b, c} the
ordered pairs of which appear in 3 blocks.

2) Take a DP(v + 1, 5, 2) with a hole of size 2 say {v, v+ 1} [8]. Replace the
point v + 1 by v.

3) Take a ODP(v, 5, 2) [8]. Close observation of this design shows that
every ordered pair of this design occurs in exactly two blocks except the
pairs of a triple say {a, b, c}, the ordered pairs of which appear in zero
blocks, except v = 68. We now construct a maximum DP(68, 5, 2) with a
hole of size 3 by taking a T[12, 1, 11]. Let B be a block of size 12. Remove
the last 6 groups and all but 5 points of the 6th group but we leave the
points of B. Let the remaining six groups be G,, ... G¢ where |G¢|=5.

Let BN G, =cyi=1,... 5 Adjoin a new point =, to the groups and on each
of the five groups G, ... G5 construct a maximum DP(12, &, 2) with a hole
of size two where the hole is {e=;, =c}, i=1,..., 5 and on G, construct a
DB[6, 5, 2]. On the biocks of size 5 and 6 of the truncated transversal
design we construct a DBlv, 5, 2], v = 5, 6. Finally, adjoin the point = to
the biock B and construct a DP(13, 5, 2) with a hole of size 3 [8].

It is clear that the above three steps yield the blocks of a DP(v, 5, 6) v =3
(mod 5) 13 < v < 98.

For v = 138 apply theorem 3.9 with m = 7, u = 4, h = 2 and A = 6 and notice
that a maximum DP(22, 5, 6) with a hole of size 2 is obtained by taking
three copies of a maximum DP(22, 5, 2) with a hole of size 2 [8].

For v > 108 write v = 20m + 4u + h + s and then the proof is similar to that
of lemma 4.7.

Lemma 5.3 Letv = 5 be a positive integer. Then DU(v, 5, 8) = DD(v, 5, 8).
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Proof For v= 0 or 1 (mod 5) there exists a DB[v, 5, 8].

For v = 3 (mod 5) DU(v, 5, 8) = 2 DU(v, 5, 4) holds.

Forv =2 or 4 (mod 5), v# 7, the construction is as follows:

1) Take a MDC(v, 5, 2) [5]. This design has a triple, say, {a, b, c} the
ordered pairs of which appear in three blocks.

2) Take three copies of a maximum DP(v, 5, 2) with a hole of size 2 [8].
Assume the hole is {a, b}, {a, ¢} and {b, c} respectively.

It is clear that the above two steps yield the blocks of an ODP(v, 5, 8) for
alv=2or4 (mod5)ve7 Forv=7letX=2,x2,uU {=}. Then the blocks
are

<(1,0) (0,0) (1,2) (0,1) > mod (-, 3)  <(0,1) (1,1) (0,0) (1,2) > mod (-, 3)
<(0,0) (0,1) (1,0) (1,1) > mod (-, 3) < (0,1) (1,0) (1,2) (0,0)> mod (-, 3)
< (1,2) (1,1) (0,1) (0,0)> mod (-, 3) < (1,0) (0,0) (0,1) (1,1)> mod (-, 3)
<(0,0) (0,1) = (0,2) (1,2)> mod (-, 3)  <(1,0) (1,1) = (1,2) (0,0)> mod (-, 3)
<(1,1) (0,2) (0,1) (1,0) (0,0)> mod (-, 3)
<(1,2) (0,0) (0,1) (1,0) (1,1)> mod (-, 3)
<(1,0) (0,1) (0,0) (0,2) (1,1)> mod (-, 3)

We now turn our attention to deal with directed packing with index

A=5, 7, 9. Notice that if v is odd then, by Theorem 1.2, there exists a
DB[v, 5, 5]. Hence, the result for L=7, 9 is obtained by applying Lemma 1.1.
When v= 0 or 1 (mod 5), the result has been established in corollary 1.1.
Therefore, we need only consider the cases v = 2, 4, or 8 (mod 10), which
is done in the next three sections.

6. Directed Packing with Index 5

Lemma 6.1 Letv=4 (mod 20) v 2 24 be an integer. Then DU(v, 5, 5) =
DD(v, 5, 5).

Proof For all v=4 (mod 20), v 2 24 the construction is as follows:

1) Take a maximum DP(v, 5, 2) with a hole of size 2, say, {v -~ 1, v} [8].
Assume in this design we have a block containing {v v - 3 a b c} where {v -
3 a b ¢} are on the right side of v in any order. In this block change v to
v-1.

2) Take an ODP(v - 2, 5, 1) [8].

3) Take 2 copies of a B[v + 1, 5, 1] the first in increasing order and the
second in decreasing order. Assume in the first copy we have the block < e
fgvv+ 1> In this block change v + 1 to v~ 1 and in all other blocks
change v + 1 to v. Furthermore, assume in the second copy we have the
block <v + 1vv-1v-2v- 3> Delete this block and in all other blocks
change v + 1 to v.
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4) Again take 2 copies of Blv + 1, 5, 1] the first in increasing order and

the second in decreasing order. Assume in the first copy we have the

~ block <e f g v -1 v+ 1> and in the second we have the block <v+ 1v-1c¢cb
a>. In these two blocks change v + 1 to v and in all other blocks of the 2

copies change v+ 1 tov ~-1.

Lemma 6.2 Letv= 8 (mod 20) be a positive integer. Then DU(v, 5, 5) =
DD(v, 5, 5). ‘

Proof For v = 8 the construction is as follows:

1) Take the following blocks of a ODP(8, 5, 2) on X = z, U {a}:
<10452>.<25136>.<32406>..<10a42>
<21a35>.<63a24>.<43a50>..<54a16>
<65a20>.<06a31>

Close observation of this design shows that the complement graph of this

design consists of 2 isolated vertices and the following directed graph on

the remaining 6 vertices. ‘
0 1

3.

&

Y

5 ' 4
2) Take an optimal DP(8, 5, 3) and assume that (6, 3) and (5, 1) appear at
most twice.
3) Add the block <6 5 4 3 1>.
For v = 28 the construction is as follows:
1) Take a MDC(27, 5, 2) [5]. This design has a triple, say, {a, b, ¢} the
ordered pairs of which appear in 3 blocks.
2) Take a maximum DP(29, 5, 2) with a hole of size 2 say {28, 29}. Change
the point 29 to 28.
3) Take an ODP(28, 5, 1) with a hole of size 4, say, {a, b, ¢, d} [19].
For v = 48, 68, 88 the construction is the same as for v = 8 but in the first
step we take a maximum DP(v, 5, 2) with a hole of size 8 for v = 48, 68,
88. So to complete the construction we need to show that there exists a
DP(v, 5, 2) with a hole of size 8 for the stated values of v.
Forv =48 let X = 2, UHy and take the following blocks under the action

of the permutation a = (0,1, 2, ..., 39).

<0251123> <2311520> <04102436> <01h, 839
<011 h, 3427> <013h;328> <01h,514> <02h, 2027>
<0 15 hg 1036> <022 h, 30 19> <024 hy 17 16>

For v = 68 see [19].
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For v = 88 take a ( {5, 6}, 1)-GDD of type 8°4* and inflate the design by a
factor of 2, that is, replace each block of size 5 and 6 by the blocks of (5,
1)-DGDD of type 2° and 2° respectively [20]. On the first five groups
construct a DB[16, 5, 2] and take the last group to be the hole. For v = 128
apply Theorem 3.9 with m =7, h=0,u=2and A = 5. For all other values
of v write v = 20m + 4u + h + s where m, u, h and s are chosen as in Lemma
4.4 with the difference that h = 0 and 4u + h + s = 8, 28, 48, 68, 88. Now
apply Theorem 3.4 to get the result.

Lemma 6.3 (i) Letv=2 (mod 10) v 2 12 be a positive integer. Then DU(v,
5) = DD(v, 5, 5). (i) There exists a DP(26, 5, 5) with a hole of size 6.

Proof For the first part of the lemma notice that DU(v, 5, 5) = DU(v, 5, 4)
+ DU(v, 5, 1).

For the second part of the lemma take the blocks of a DP(26, 5, 1) with a
hole of size 6 [19] and two copies of a DP(26, 5, 2) with a hole of size 6,
lemma 4.3

Lemma 6.4 Letv= 14 (mod 20) be a positive mteger Then DU(v, 5, 5) =
DD(v, 5, 5). :

Proof For v = 14 proceed as follows:

1) Take the foliowing blocks of a DP(14, 5, 1) on X = 2z, xz, U {a, b}
<(0,0 a (1,3) (2,3) (0,1)> mod (-, 4)  <(1,0) (0,1) (2,1) b (0,0)> mod (-, 4)
<(0,2) (2,3) (2,0) (0,0) (1,2)> mod (-, 4)

<2 () i+1)(@2 i+3)a>i=02

<BE i+ j+1)(1,j+22 )>j=02

Close observation of this design shows that the pairs ((0,0), (1,1)), ((1.,1),
(0,0)), ((1,1), (1,3)) and ((1,3), (1,1)) appears in zero blocks. We may
relabel the points such that the pairs (12, 13) (13, 12) (13, 14) and (14
13) appear in zero blocks.

2) Take a MDC(14, 5, 2) [5]. This design has a triple say {12, 13, 14} the
ordered pairs of which appear in 3 blocks.

3) Take a DP(14, 5, 2) with a hole of size 2, say, {12, 14}.

For v = 34, 54, 74, 94 the construction is as follows:

1) Take an ODP(v, 5, 2) [8].

2) Take a MDC(v, 5, 2) [5]. This design has a triple, say, {a, b, ¢} the
ordered pairs of which appear in 3 blocks.

3) Take a DP(v, 5, 1) with a hole of size 4, Lemma 4.3

for v = 134 apply Theorem 3.9 withm =7, h=6,u=2 and A = 5.

For all other values write v = 20m + 4u + h + s where m, u, h and s are
chosen as in lemma 4.4. Now apply theorem 3.4 to get the result.

Lemma 6.5 Letv= 18 (mod 20) be a positive integer. Then there exists a
DP(v, 5, 1) with a hole of size 4.
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Proof Forv = 18, 38 see [19].

For v = 58, 78 see next table.

For v = 98 take a ( {5, 6}, 1) — GDD of type 9%2 and inflate it by a factor
of 2. Replace each block of size 5 and 6 by the blocks of a (5, 1) — DGDD of
type 2° and 2° respectively [20]. Add two points to the groups and on the
first five groups construct a maximum DP(20, 5, 1) with a hole of size

2 [19]. Then take these two points with the last group to be the hole.

For v = 138 apply Theorem 3.9 with m =7, h = 2, u = 4, A = 1 and notice
that a DP(22, 5, 1) with a hole of size 2 can be constructed on z,, U H, by
taking the following blocks:

<16 1284 0> +4i,ie 2,, <05-1413>u {h,, by} (mod 20),

<0 1 3 7 18> (mod 20).

For all other values of v write v = 20m + 4u + h + s where m, u, h and s are
chosen as in Lemma 4.4 with the difference that 4u + h + 2 = 18, 38, 58,
78, 98 and h = 2 or 6. Now apply Theorem 3.4 with A = 5 to get the result
and for a DP(26, 5, 1) with a hole of size 6 see [19].

v Point Set Base Blocks

58 25, UH, <013712> <08 18 31 45> <0 15 32 53 51>
<030 24 16 50> <0 41 -29 22> U {hy, h,}
<0 43 - 33 28> U {h3, hy}

78 Z,,UH, <013712> <0818 31 45> <0 15 32 48 67>
<0 20 41 66 63> <0 54 53 36 30> <0 60 58 28 24>
<0 26 - 65 55> U {h, h,} <0 59 - 47 34> U {hj, h,}

Lemma 6.6 Letv= 18 (mod 20) be a positive integer. Then DU(v, 5, 5) =
DD(v, 5, 5).

Proof Forallv= 18 (mod 20) the construction is as follows:

1) Take a MDC(v - 1, 5, 2) and assume that the directed pairs of the triple
{a, b, c} appear in 3 blocks [5].

2) Take a maximum DP(v + 1, 5, 2) with a hole of size 2, say, {v, v + 1} [8]
and change the point v + 1 to v.

3) Take a maximum DP(v, 5, 1) with a hole of size 4, say, {a, b, ¢, d}.

7. Directed Packing with Index 7

Lemma 7.1 (i) There exists a maximum DP(v, 5, 1) with a hole of size 4
for v = 24,34, 44, . . ., 94.

(i) There exists a maximum DP(26, 5, 7) with a hole of size 6.
(i) There exists a maximum DP(24, 5, 7) with a hole of size 4.

Proof For v = 34, 54, 74, 94 see Lemma 4.3.
For v = 24, 44, 64, 84 the construction is as follows:
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1) Take a (v— 1, 5, 1) optimal packing in increasing order. The
complement graph of this design is the circuit graph ¢ [17]. So we may
assume that the pairs {d, v -3}, {v-3,v-2},{v-2,v~1}and {e, v- 1}
appear in zero blocks [4, 17]. Further, assume we have the block <a b c v -
3 v - 1>. Replace this block by <d ab ¢ v -3>.

(2) Take a B[v + 1, 5, 1] in decreasing order and delete the block <v + 1 v v
-1v-2v-3> Assume we have the block <e d ¢ b a> which we replace by
<e cbav- 1> In all other blocks place the point v + 1 at the end of each
block and then replace it by v. Now it is readily checked that the above
construction yields a DP(v, 5, 1) with a hole of size 4 for all v = 4(mod 20)
v 2 24 where the hole is {v -3, v-2, v-1, v}.

(i) For a maximum DP(26, 5, 7) with a hole of size 6 take a maximum
DP(26, 5, 1) with a hole of size 6 [19] and 3 copies of a maximum DP(26, 5,
2) with a hole of size 6, Lemma 4.3.

(iiiy For a (24, 5, 7) with a hole of size 4 take a maximum DP(24, 5, 1)
with a hole of size 4 [19], three copies of a maximum (23, 5, 2) packing
design with a hole of size 3 in increasing order [8] and six copies of a
B[25, 5, 1] in decreasing order. Delete the six blocks <25 24 23 22 21>,
Place the point 25 at the end of each block and then replace it by 24.

Lemma 7.2 Letv=4 (mod 10), v > 14 be an integer. Then DU(v, 5, 7) =
DD(v, 5, 7).

Proof Forv =14 let X = z,, then take the following blocks under the
action of the group 2.,

<63210>twice, <01236> <014810> <108410> <0257 10>
<107520> <01379> <14980>.

For v = 24, 34, . . ., 94 the construction is as follows:

1) Take 2 copies of a MDC(v, 5, 2). This design has a triple the directed
pairs of which appear in 3 blocks [5]. Assume the triple in the firs copy is
{a, b, ¢} and in the second is {a, ¢, d}.

2} Take a maximum DP(v, 5, 2) with a hole of size 2, say {a, c} [8].

3) Take a maximum DP(v, 5, 1) with a hole of size 4, say {a, b, ¢, d}.

For v = 134 apply Theorem 3.9 withm=7,u=2 h=6andA=7.

For v = 144 apply Theorem 3.8 withm=7, k=6, h=4andA=7.

For v = 104, 224, apply Theorem 3.7 with h = 4, A =7 and m = 5,11
respectively . For v = 184 apply Theorem 3.8 with k =5, A=7, h=4andm
= 9. For all other values of v write v = 20m + 4u + h + s where m, u, h and
s are chosen as in Lemma 4.4 where 4u + h+s=14,24, ... , 94 and h =0 if
v = 4(mod 20) and h = 6 if v = 14(mod 20). Now apply Theorem 3.4 with A =
7 to get the result.

Lemma 7.3 Letv= 8 (mod 10) be a positive integer. Then DU(v, 5, 7) =
DD(v, 5, 7).

Proof DU(v, 5, 7) = DU(v, 5, 4) + DU(v, 5, 3).
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Lemma 7.4 Letv= 12(mod 20) be a positive integer. Then DU(v, 5, 7) =
DD(v, 5, 7)

Proof Forall v=12(mod 20) v > 12 the construction is as follows:

1) Take a MDC(v, 5, 2) and assume that the directed pairs of {a, b, c}
appear in 3 blocks [5].

2) Take two copies of a maximum DP(v, 5, 2) with a hole of size 2.
Assume the holes are {a, b} and {a, c} respectively [8].

3) Take a maximum DP(v, 5, 1) with a hole of size 2, say, {b, c}.

To complete the proof of this lemma we need to show that a maximum
DP(v, 5, 1) with a hole of size 2 exists for all v = 12 (mod 20).

For v = 12 see [19].

For v = 52 take a T[5, 1, 5] and inflate the design by a factor of 2 and
replace each of its quintuples by the blocks of (5, 1) - DGDD of type 25,
Add two points to the groups and on each group construct a maximum
DP(12, 5, 1} with a hole of size 2.

For v = 92 take a DT[5, 1, 18]. Add two points to the groups and on each
group construct a maximum DP(20, 5, 1) with a hole of size two [18].
For v = 32, 72 see next table.

For v = 132 apply Theorem 3.9 withm=7, h=0, u=3andA=7.

For all other values of v the proof is the same as in Lemma 4.7 with the
difference that 4u + h + s = 12, 32, 52, 72, 92.

v Point Set Base Blocks

32 2Z3,VH; <24 18126 0> +1i,i € 2 <09-2619> v {h;, hy}
<013715> <01621 13 11>

72 249 UH, <56 422814 0> +i,ie z,,, <055-39 38>

U {hy, by} <0137 12> <0 8 18 31 45>
<0 15 32 48 67> <0 20 50 46 41> <0 24 68 60 49>
<0 64 57 34 22>

Lemma 7.5 Letv= 2(mod 20) v 2 22 be an integer. Then
DU(v, 5, 7) = DD(v, 5, 7).

Proof The proof of this lemma is the same as the previous one. So we
need to show that a maximum DP(v, 5, 1) with a hole of size 2 exists for
all v =2 {mod 20).

For v = 22 see lemma 6.5.

For v =42, 62 see [19 P 138].

For v = 82 let x = 25, UH, and take the following blocks under the action
of the group Zg, : <64 48 32 16 0> +i, i € 2.

<0 13712> <0818 31 45> <015 3251 67>

<0 20 41 66 63 > <026 79 59 55> <0 38 28 78 72>

<0 65 54 47 42 > <061-3930> u {h,, h,}

For all other values of v, v # 142, 182 the proof is the same as in Lemma
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22, 42, 62, 82.
7 h=2andA=7.
9,

4.4 with the difference that 4u + h + s
= h
h=2and A=7.

For v = 142 apply theorem 3.8 with k

6,
For v = 182 apply theorem 3.8 with k = 5,

m=
m=
8. Directed Packing With Index 9

Lemma 8.1 Letv2>5 be a positive integer. Then DU(v, 5, 9) = DD(v, 5, 9).

Proof If v =2 or 4(mod 10) then DU(v, 5, 8) = DU(v, 5, 7) + DU(v, 5, 2).
If v = 8(mod 10) then DU(v, 5, 9) = DU(v, 5, 6) + DU(v, 5, 3).

Conclusion We have determined the values of DD(v,5,A) for all v 2 5 and
3 £ A< 9 in section 4-8. These results together with Theorem 1.3, making
use of Lemma 1.1 and Theorem 1.2, give the following:

Main Theorem Let v > 5 be an integer. Then DD(v,5,A) = DU(v,5,A) - e where
e=1 if 2A(v-1)=0 and lv(; 1) _

exception of (v, A)=(15,1) and the possible exception of (v, A)= (19,1)
(27,1) (43,3).

= 1 (mod 5) and e=0 otherwise with the

References

(1] R.J.R. Abel, Four MOLS of order 28 and 52, J. Combin. Theory Ser. A 58
(1991), 306-309.

[2] R.J.R. Abel and D.T. Todorov, Four MOLS of order 20, 30, 38 and 44. J.
Combin. Theory Ser. A 64 (1993), 144-148.

[8] R.J.R. Abel, A.E. Brouwer, C.J. Colbourn and J.H. Dinitz, Mutually
orthogonal Latin squares, in: CRC Handbock of Combinatoriai Designs
(C.J. Colbourn and J.H. Dinitz, eds} CRC Press, Inc. 1996, 111-142.

[4] J. Yin, A.C.H. Ling, C.J. Colbourn, and R.J.R. Abel, The existence of a
uniform 5- GDDs, J. Combinatorial Designs, to appear.

[5] A.M. Assaf, Directed covering with block size 5 and index even,
Discrete Math., submitted

[6] , An application of modified group divisible designs, J.
Combinatorial Theory, Ser. A 68 (1994) 152-168.

[7] A.M. Assaf, A. Mahmoodi, N. Shalaby and J. Yin, Directed packing with

block size 5 and odd v, Australasian J. of Combinatorics 13 (1996)
217-226.

255




(8]

(9]

[(10]

(11]

(12]

[13]

[14]

[15]

[16]

(7]

[18]

(19]

[20]

[21]

A.M. Assaf, N. Shalaby and J. Yin, On directed packing designs with
block size 5 and index A = 2, Utilitas Math. 50, (1996) 245-254.

A.M. Assaf, N. Shalaby and L.P.S. Singh, Packing designs with block
size 5 and index 2: the case v even, J. Combin. Theory, Ser. A (1993)
43-54.

A.M. Assaf and A. Hartman, On packing designs with biock sizes and
index 4, Discrete Math. 79 (1989/90) 111-121.

T. Beth, D. Jungnickel and H. Lenz, Design Theory, Bibliographishes
Institute Mannheim, 1985.

A.E. Brouwer, The number of mutually orthogonal Latin Squares - a
table up to order 10,000, Math. Cent. Report ZW 123/79.

C.J. Colbourn, Four MOLS of order 26, J. of Combin. Math. and Combin.
Comp., 19 (1995) 207-208.

A.M. Hamel, W.H. Mills, R.C. Mullin, R. Rees, D.R. Stinson and J. Yin, The
spectrum of a PBD({5, k*}, v) for k = 9, 13, Ars Combinatoria 36
(1993) 7-26.

H. Hanani, Balanced incomplete biock designs and related designs,
Discrete Math., 11(1975), 255-369.

W.H. Mills and R.C. Mullin, On A covers of pairs by quintuples: v odd,
preprint.

R.C. Mullin and J. Yin, On Packing pairs by quintuples the case v=3, 9
or 17(mod 20). Ars Combinatoria 35 (1993) 161-171.

R. Roth and M. Peters, Four pairwise orthogonal latin squares of
order 24, J. Combin. Theory, Ser. A (1987) 152-155.

N. Shalaby and J. Yin, Directed packing with block size 5 and even v,
Designs, Codes and Cryptography, 6 (1995) 133-142.

D.J. Street and W.H. Wilson, On directed balanced incomplete block
designs with block size 5, Utilitas Math. 18 (1890) 161-174.

D.J. Todorov, Four MOLS of order 20, Ars Combinatoria, 27 (1989)
63-65.

(Received 16/5/97)

256




