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Given a graph theoretic parameter f, a graph H and a positive integer m, the 

mixed ramsey number f(m,H) is defmed as the least positive integer p such that for 

any graph G of order p either f(G) ~ m or G contains H as a subgraph. In this paper 

we determine the mixed ramsey number X2(m,K( I ,n» where X2 is the total chromatic 

number and K(1,n) is the star of order n + I. This settles a conjecture of Fink. 

1. Introduction and Definitions 

All graphs considered in this paper are undirected, ftnite, loopless and have no 

multiple edges. For the most part our notation and terminology follow that of 

Chartrand and Lesniak: [4]. However, we denote the order and the size of a graph G 

by v(G) and £(G) respectively. The degree of a vertex x in a graph G is denoted by 

do(x) and the maximum degree in G is denoted by A(G). If A and B are disjoint 

subsets of V(G), then G[A,B] denotes the sub graph induced by the edges between A 

and B. For a subset U of V(G), G[U] denotes the subgraph induced by U. The 

vertices and edges are referred to as the elements of G. A set VI u El (with VI ~ V 

and El ~ E) of elements of G = (V,E) is said to be independent if VI and EI are both 

independent and no element of VIis incident with an element of E1• 

The total chromatic number b(G) of a graph G is the minimum number of 

colours that can be assigned to the elements of G such that adjacent and incident 

elements are assigned different colours. It is easy to show that X2(Kn) = n or n + 1 

according as n is odd or even. Given a graph parameter f, a positive integer m 

Research partially supported by NSA Grant MDA 904-97-1-0101 

Australasian Journal of Combinatorics 17(1998), pp.157-168 



and a graph H, the mixed ramsey number f(m,H) is defined as the least positive 

integer p such that for any graph G of order p either f(G) ~ m or G contains H as a 

sub graph. The concept of mixed ramsey numbers was introduced by Benedict, 

Chartrand and Lick [2]. In their paper they studied the mixed ramsey numbers 

concerning chromatic number. Since the publication of their paper a number of 

authors have considered the mixed ramsey numbers concerning various colouring 

parameters such as : edge chromatic number (Lesniak et al. [9]); total chromatic 

number (Fink [6]; Cleves and Jacobson [5]; Zhijian [11)); vertex arboricity (Lesniak­

Foster [8]) and path chromatic numbers, vertex linear arboricity and point partition 

numbers (Achuthan et al. [1]). 

The objective of this paper is to determine X2(m,K(1,n» where m and n are 

positive integers and K(1,n) is the star of order n + 1. It is easy to see that 

X2(m,K(1,l)) = m - lor m according as m is odd or even. Henceforth we shall assume 

that n ~ 2. We first present a brief survey of the known results. Fink [6] determined 

the following upper bound for X2(m,K(l,n». 

Theorem 1 : If m and n are positive integers with m ~ 3, then 

{
m + n - 2, ifm is odd and n is even, 

X2(m,K(1,n» ~ . 
m + n - 1, otherwIse. 

Furthermore, Fink suggested the following 

Conjecture (Fink [6]) : For m ~ 5 and n ~ 2, 

{
m + n - 2, ifm is odd and n is even, 

X2(m,K(1,n» = 
m + n - 1, otherwise. 

The conjecture was verified by Fink [6] for some special cases: m = n or 

m = n + 3 == 1(mod2). Cleves and Jacobson [5] determined X2(m,K(l,n» for 
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3 ~ m ~ 6. Zhijian [11] proved that X2(m,K(1,n» ~ m + n - 2 when m ~ 3 and n ~ 1, 

thus verifying the conjecture for the case when m is odd and n is even. 

In Section 2 we present some constructions of d-regular graphs whose total 

chromatic number is d + 1. Using these constructions we prove the main result in the 

fmal section. 

2. Constructions of d-regular graphs. 

In this section we will present several constructions of d-regular graphs with 

total chromatic number d + 1. The following lemma can easily be proved. 

Lemma 1: Let p and t be integers such that p = 2t and t ~ 3. Let G be isomorphic to 

K(t,t) with a perfect matching removed. Then X2(G) = t . 

Lemma 2: Let p,k and Cl be integers such that p = 4k, k ~ 2 and 1 ~ Cl ~ 2k - 1. Let 

G be a graph of order p where V(G) ;::: A u B with IAI = IB/ = 2k. Let G[A,B] be 

isomorphic to K(2k,2k) with a perfect matching removed. Also let G[A] and G[B] be 

isomorphic to the union of Cl perfect matchings. Then X2(G) = 2k + Cl. 

Proof: From Lemma 1 it follows that the elements of G[A,B] can be partitioned 

into 2k independent sets. Now since G[A] and G[B] are both isomorphic to the 

union of Cl perfect matchings, it is possible to partition the edges of G[A] u G[B] 

into Cl matchings of size 2k each. Thus we have a partition of V(G) u E(G) into 2k 

+ Cl independent sets and so X2(G) ~ 2k + Cl. Combining this with the fact 

that G is (2k + Cl - I)-regular it follows that X2(G) = 2k + Cl. 

Lemma 3: Let d ~ 3 be an integer and p an even integer such that d + 2 ~ P ~ 2d + 2. 

Then there exists a d-regular graph G .of order p such that X2(G) ;::: d + 1. 
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Proof: Let p = 2t. Then (d+2)12 ::; t::; d + 1. If t is even, say t = 2k, then the graph G 

of Lemma 2 with a = d - t + 1 is the required graph. Thus let t be odd. We now 

construct a d-regular graph G of order p with X2(G) = d + 1. Let V(G) = A u B, 

where G[A] and G[B] are both isomorphic to Kt. In addition to these edges G has 

precisely d - t + 1 matchings of size t between A and B. Clearly X2(G) ~ d + 1. To 

prove equality, we will show that the elements of G can be coloured using d + 1 

colours. We first colour all the vertices of G and the edges of G[A] and G[B] using t 

colours. It is easy to see that this is possible since d ::; 2t - 2 and X2(Kt) = t. The 

remaining edges of G, namely the edges between A and B can now be coloured with d 

- t + 1 new colours. Thus X2(G)::; d + 1. This proves the lemma. 

We now state two results that are used to prove Lemma 4. 

Theorem 2 (Rees and Wallis [10]): Let G == K(m,n) with the bipartition (X,Y) 

where IXI = m, IYI = n and m::; n. Let Yt,Y2, ••• ,Yn be a collection of m-subsets of Y 

such that every vertex y e Y is contained in exactly m of the Yj's. Then the edge set 

of G can be decomposed into n matchings Ma,M2, ••• ,Mn where Mi has m edges and 

is from X to Yi for 1 ::; i :c:;; n. 

The following result is a special case of a theorem of Folkman and Fulkerson 

[7]. A proof of this special case can also be seen in Caccetta and Mardiyono [3]. 

Theorem 3 (Folkman and Fulkerson [7]): If G is a graph with ck edges and 

c ~ Xl (G) where Xl(G) is the edge chromatic number of G, then the edge set of G 

admits a decomposition into c matchings each with kedges. 

Lemma 4: Let d ~ 4 and p be even and odd integers respectively with d + I 

::; p::; 2d - 1. There exists a d-regular graph G of order p such that X2(G) = d + 1. 
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Proof: Firstly if p = d + 1 then Kp is the required graph. Next let p = t + d where t is 

an odd integer with 3 ~ t ~ d - 1. Let G be a d-regular graph of order p where VeG) 

= Au B with I A I = t and I B 1= d. Assume that G[B] is isomorphic to d-t 

perfect matchings and G[A,B] == K(t,d). 

Let E be a perfect matching of G[B] and define H == G[B] - E. 

Clearly E(H) = d(d-t-l)12 and Xl(H) = d - t - 1. Using Theorem 3 we can decompose 

E(H) into d matchings MI,M2, ... ,Md each of size (d-(-1)/2. Let Yi be the set of 

vertices of H unsaturated by the matching Mi , for 1 ~ i ~ d. Clearly Iyd = t + 1, for 

each i and every vertex of H belongs to exactly t + 1 of the sets Y1,Y2, ... ,Yd• 

Now construct a new graph G' from G by introducing a new vertex 00 to V(G) 

and joining it to all the vertices of the set B. By Theorem 2 the edges of 

G,[A,B] can be decomposed into matchings Mi ,M2 , ... ,Md where M~ 
1 is a 

matching of size t + 1 from Au {oo} to Yj • Note that each Mi has exactly 

one edge of type (oo,x) for some x E B. Now let Ti = Mi U {M~ - (oo,x)} U {x}. 

Let T d+l be the set consisting of the vertices in A and the edges of E. Clearly 

{Ti : 1 ~ i ~ d + I} forms a partition of V(G) u E(G) into independent sets. Thus 

X2(G) :::; d + 1. Since G is d-regular we have X2(G) = d + 1. This proves Lemma 4. 

Lemma 5: Let d ~ 4 be an even integer. There exists a d-regular graph G of order 

2d + 1 with X2(G) = d + 1. 

Proof: Let d = 2t, t ~ 2. We will divide the proof into two cases depending on the 

parity of t. 

Case i: t is odd, say t ::::: U - 1, t;::: 2. We now construct a (4t - 2) - regular 

graph G of order 8t - 3 with X2(G) = 4t - 1. Let V(G) = X u Y u Z u 

A where X = {Xl,X2, ... ,X2t- d, Y = {Yl,y2, ... ,YZt-d, Z = {Zl,Z2, ... ,Z2t-d and A = 

{at.a2, ... ,aZt }. Let G[XJ == G[Y] == G[Z] == K2tol and G[A] == K2(. Suppose that {Ed is 

a decomposition of E(G[XD into U-l matchings each of size (-1 such that Xi is Ei -
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unsaturated for each i. Similarly we define {Fi} and {Li} corresponding to the graphs 

G[Y] and G[Z]. Also let {Si} be a I-factorization of O[A]. The sub graph O[X,Y] 

is isomorphic to the union of U-2 perfect matchings denoted by Nt,N2, ... ,N2t-2 . 

The subgraph O[Y,Z] is the union of two perfect matchings N2t-l and N2t • We assume 

without any loss of generality that Yi is not adjacent to Xi or Zi in G. 

In addition we introduce precisely U-2 matchings M1,M2, ... ,M2t-2 of size 

U-I each, between Z and A and two matchings M2t-l and M2e of size U-I each, 

between X and A. We assume that aj is Mj-unsaturated for each i. It is 

easy to see that 0 is (4l-2)-regular and hence X2(G) ?: 4l-1. To establish equality 

we consider the following partition of Y(O) u E(G) into sets Tj, I ~ i ~ U - 1 and 'Ii, 

1 ~i~U. 

Ti = {xj,yj,zd U Ei u Fi U Li U Sj, for I ~ i ~ U - 1, 

and 'Ii = {ai} u Mi u Ni , for 1 ~ i ~ U . 

Clearly Tj and 'Ii are independent for all i. Thus X2(G) = 4t - 1. This completes the 

proof of the lemma in this case. 

Case ii : t is even, say t = U, t?: 1. We first describe a special decomposition 

of a (U - 2)-regular gaph of order U into U matchings of size e - 1 each, which will 

be used in our construction. Consider the graph H == K2t - a perfect matching. Let 

the vertices of H be 1,2, ... , U and assume that (i,i+ 1) is not an edge of H for i 

= 1,3, ... , U - 1. By Theorem 3, it is possible to partition the edges of H into 

U matchings Dt,D2 , ••• ,D2e of size e - 1 each. Let Ai be the set of vertices of 

H that are Dj-unsaturated. Without any loss of generality let us assume 

that i E ~ and At = {i,i'}. Since H is (U - 2)-regular it follows that if i '* j then 

if
,* j'. We now construct a 4t -regular graph 0 of order 8e +1 with X2(O) = 4t+1. 

Let Y(O) = Xu Y u Z u A where X = {Xt,X2",.,X2e}, Y = {Yl,y2".',Y2e}, Z = 
{ZI,Z2, ... ,Z2e} and A = {aI,a2, ... ,a2e +1} with G[X] == O[Y] == G[Z] == K2e and O[A] == 

K2t+l. Let {Ei}, {Fd and {Ld be I-factorizations of G[X], O[Y] and O[Z] 
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respectively. Also let {Sd denote a partition of E(O[AD into U+ 1 matchings of size t 

each such that ai is Si-unsaturated for each i. In addition a has the following edges: 

1. Two perfect matchings PI and P2 on X u y u Z defmed by 

PI = {(Xi,Yi+l),(Yi,Zi+l),(Zi,Xi+l) : i odd, 1 ~ i ~ U-l} and 

P2 = {(Xj,Zi+l),(Yi,Xi+l),(Zi.Yi+l) : i odd, 1 ~ i ~ U-l }. 

2. For each i, 1 ~ i ~ U, the collection Mi of edges of the form (Ya,Z~) and (Za,Y~) 

where (a.,fl) is an edge of D j _ Since i and i' are Dj-unsaturated, it follows that 

Yi. Yi',Zi and Zj' are Mi-unsaturated. Also Mi is a matching of size U-2 and is 

disjoint from Pl u P2 and Mj for j * i. 
3. For each i, 1 ~ i ~ U, the edges of J i { (Xi' ail)} where Ji is a matching of size U 

between X and A which leaves ai unsaturated and a il is the unique neighbour 

of Xi in h These Ji's are chosen such that J i n Jj = $ for i * j. 
4. Finally for each i, 1 ~ i ~ U , the edges (aj,yd and (ail' Zi') between the sets A 

andYuZ. 

We now define Ni = {Ji - {(Xi, ail)}} u {(aj,yr), (ail' Zi')}, for 1 ~ i ~ U. 

Clearly Ni is a matching of size U + 1 that saturates every vertex of A, Yi',Zi' and every 

vertex of X except Xi. 

Clearly a is .u -regular and hence X2(0) ~ .u + 1. To establish equality we 

partition V(O) u E(O) into indpenedent sets T j , for 1 ~ i ~ 2t +1, and T{, for 1 ~ i ~ 

U as follows: 

Ti = {aj} u Ei u Fi U Li U Sj, for 1 ~ i ~ 2t -1, 

T2( = {a21} u S2( u PI, 

T2t+l = {a2t+l} u S2(+1 U P2, 

and Ti = {xi'Yi,zd u Mi u Ni • for 1 :::;; i:::;; U. 

It is easy to check that Ti and Ti are independent for all i. Hence X2 (0) = 4t + 1 and 

this completes the proof of the lemma. 
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Lemma 6: Let d 2:: 3 be an odd integer and p = 2d + 4. Ther~ exists ad-regular 

graph G of order p such that X2(G) = d + 1. 

Proof: For d = 3, the following 3-regular graph (Cleves and Jacobson [5]) of order 

10 has the required properties. 

a b c d e 

a' b' c' d' e' 

N ow let d 2:: 5 and consider the graph G' obtained by taking the disjoint union of two 

copies HI and H2 of the (d-I)-regular graph of order d+2 along with a d-colouring of 

the vertices and edges described in the proof of Lemma 4. Now we introduce a 

matching of size d+2 between the sets V(H1) and V(H2) such that no new edge joins 

vertices that received the same colour in the above d-colouring of G'. Let G be the 

resulting graph. It is easy to see that X2(G) = d+ 1. This completes the proof of the 

lemma. 

Theorem 4: Let d 2:: 3 and p be integers with p 2:: d + 1. Suppose that p is even 

and at least as large as d + 3 if d is odd. Then there is a d-regular graph G of 

order p such that X2(G) = d + 1. 

Proof: Firstly if p is even and d + 2 :::;; p :::;; 2d + 2 the theorem follows from Lemma 3. 

Next let p be odd and d + 1 :::;; p :::;; 2d + 1. Then d is necessarily even and the theorem 

follows from Lemmas 4 and 5. Henceforth we will assume that p 2:: 2d + 3. 
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Case i : d is odd. In this case p is necessarily even and p ~ 2d + 4. Firstly if 

p = 2d + 4, we take G to be the graph of Lemma 6 and hence let p ~ 2d + 6. Let us 

write p = q(2d + 6) + r, where 0.::; r < 2d + 6. Note that q ~ 1 and r is even. We define 

2q+o 

G == UG i where 0 = 0 or 1 according as f < d + 3 or not, G2q+S is the graph of 
i=1 

Lemma 6 if r = 2d + 4 or d + 1 and OJ is the graph of Lemma 3 of order A in all other 

cases. The value of A depends on rand i and is given below: 

{ 

f, if i = 2q + 1 and d + 3 ~ f'::; 2d + 2, 

A= d+3+r, ifi=2q and r.~d-l, 

d + 3, if 1'::; i $ 2q + 8 - l. 

Case ii : d and p are both even. Again p ~ 2d + 4 and we write p = q(2d + 4) + r, 

2q+O_ 

where 0 ~ r < 2d + 4. Note that q ~ 1 and r is even. Let G == UG j where 8 = 0 Of 1 
i=l 

according as r ~ d or not and OJ is the graph of Lemma 3 of order A where A is given 

below: 

{ 

d + 2, 1::; i ::; 2q + 8 - 1, 

A = r, if ,r ~ d + 2 and i = 2q + 1, 

d + 2 + r, if r ::; d and i = 2q. 

Case iii : d is even and p is odd. We write p = q(2d +3) + f, 0 ~ r ~ 2d + 2. 

2q+o 

Note that q ~ 1. Firstly let r be even. We define G == UG j where 8 = 0 or 1 
i=l 

according as f ~ d or not, Gj is Kd+l for 1 ~ i ~ q. In all other cases Oi is the graph of 

Lemma 3 of order A where A is defined below: 

{

d + 2, for q + 1 ~ i ~ 2q + 8 -1, 

A = f, for f;::: d + 2 and i = 2q + 1, 

d + 2 + f, for r ~ d and i = 2q. 

2q+o 

Next let r be odd and r:t:. d + 1. We define G == UG i where 0 = 0 or 1 
i=l 

according as r::; d - 1 or r ~ d + 3, Oi is ~+l for 1 ~ i ~ q, Oi is the graph of Lemma 3 
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of order d + 2 for q + 1 ~ i ~ 2q + 8-1, G2q+o is the graph of Lemma 5 of order 

2d+ 1 if r == 2d + 1 or r == d - 1 and G2q+8 is the graph of Lemma 4 of order r or 

d + 2 + r according as d + 3 ~ r < 2d + 1 or 1 ~ r < d-l. 

Finally if r == d + 1 then we take G to be the disjoint union of q + 1 copies of 

Ka+! and q copies of the graph of Lemma 3 of order d + 2. 

From our construction it is clear that in all the cases G is ad-regular 

graph of order p. Since the total chromatic number of each component of G is d+ 1 

it follows that X2(G) == d + 1. This completes the proof of the theorem. 

3. Main Result 

We will now verify Fink's [6] conjecture by proving the following: 

Theorem 5: For integers m ~ 5 and n ~ 2, 

{
m + n - 2, if m is odd and n is even, 

X2(m,K(1,n)) :: 
m + n - 1, otherwise. 

Proof: To prove Theorem 5, it is sufficient to show that there exists a graph G of 

order p such that X2(G) ~ m - 1 and ,1.(0) ~ n -1, where 

{ 
m + n - 3, if m is odd and n is even, 

p== 
m + n - 2, otherwise. 

Since ~(G) + 1 ~ X2(G), it is sufficient to show the following: 

(a) If m is odd and n is even, then there exists a graph G of order 

m + n - 3 such that X2(G) ~ m - 1 and 8(G) ~ m - 3. 

(b) Otherwise, there is an (m-2)-regular graph G of order m + n - 2 with 

X2(G) == m - 1. 

Firstly if m is odd and n is even then we take G to be an (m - 3)-regular 

graph of order m + n - 3 such that X2(G) == m - 2. Otherwise we take G to be an 

166 



(m - 2)-regular graph of order m + n - 2 with X2(G) = m - 1. The existence of these 

graphs is guaranteed by Theorem 4. 

This completes the proof of Theorem 5. 
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