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Abstract

" Compared to binary self-dual codes, few methods are known to construct
ternary self-dual codes. In this paper, a construction method for ternary
self-dual codes is presented. Using this method, a number of new extremal
ternary self-dual codes are obtained from weighing matrices. In addition,
a classification is given for extremal ternary self-dual codes of length 40
constructed from Hadamard matrices of order 20.

1 Introduction

A linear [n, k] code C over GF(p) is a k-dimensional vector subspace of GF(p)",
where GF(p) is the Galois field with p elements, p prime. The elements of C are
called codewords and the weight wt(z) of a codeword x is the number of its non-zero
coordinates. The distance between codewords z and y is the weight wit(z — y). The
minimum weight of C is defined by min{wit(z) |0 # z € C}. An [n,k,d] code is
an [n, k] code with minimum weight d. A matrix whose rows generate the code C
is called a generator matrix of C. We say that the matrix generates C. Two codes
C and C' over GF(p) are equivalent if there exists an n by n monomial matrix P
over GF(p) with C' = C - P = {zP |z € C}. The dual code C* of C is defined
as C+ = {z € GF(p)*| z-y = Oforally € C}. C is self-orthogonal if C C C*,
and self-dual if C = C*. Codes over GF(3) are called ternary. A ternary self-dual
[n,n/2,d] code exists if and only if n =0 (mod 4), and the minimum weight d is
bounded by d < 3[n/12] + 3, where [ ] denotes the Gauss symbol (Mallows and
Sloane [17]). If d = 3[n/12] 4+ 3, the code is called extremal.

A weighing matrix W (n, k) of order n and weight k is an n by n (0,1,—1)-matrix
such that W - W7T = kI,,, k < n, where I, is the identity matrix of order n and W7T
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denotes the transpose of W. A weighing matrix W(n,n) is also called a Hadamard
matrix. We say that two weighing matrices Wy and W5 of order n and weight k are
equivalent if there exist monomial matrices of 0’s, 1’s and —1’s P and @ such that
Wy=P - W, Q.

All ternary self-dual codes of length < 20 have been classified in [5], {16] and
[21]. It was shown in [13] that there are exactly two inequivalent extremal self-dual
[24,12,9] codes. Two families of self-dual codes, namely the extended quadratic
residue codes and the Pless symmetry codes, are well known (cf. [16]). In these
families, the first few codes are extremal ternary self-dual codes. For larger lengths,
extremal ternary self-dual codes exist for lengths < 48, 56, 60 and 64, and do not
exist for lengths 72, 96, 120, 144,..., and the existence of extremal codes of other
lengths is undecided (cf. [6, Section 7]). Recently Huffman [11] has enumerated
extremal self-dual codes of lengths 28, 32 and 36 with monomial automorphisms of
prime order r > 5 and length 40 with monomial automorphisms of prime order r > 5.
It is the aim of this paper to construct a number of new extremal ternary self-dual
codes from weighing matrices and Hadamard matrices. Table 1 contains information
on the existence of known extremal ternary self-dual codes of length n < 60. In
the table, the first, fourth and seventh columns denote the lengths n, the second,
fifth and eighth columns give the number N of known inequivalent extremal codes
of length n, and the third, sixth and ninth columns provide the references for these
results.

Table 1: Known Extremal Ternary Self-Dual Codes

n | N |reference | n | N reference n N reference
4 |1 [16] 24 2 [13] 44 >1 [5]

8 |1 [16] 28| > 14 [11] 48 >2 [1], [20]
1211 [16] 32| >239 [11] 52 | unknown

16| 1 [5] 36| >1 [11], [20] 56 >1 [5]
20| 6 [21] 40 | >11 | [2], [7], [11] || 60 >2 [1], [20]

Compared to binary self-dual codes, few methods are known to construct ternary
self-dual codes. In Section 2, construction methods for ternary self-dual codes are
presented. One of these methods is used in Section 4 to construct a number of new
extremal ternary self-dual codes from weighing matrices. In Section 3, a classification
is given for extremal ternary self-dual codes of length 40 constructed from Hadamard
matrices of order 20.

Our notation and terminology follow from [4], [15] for coding theory, [8] for weigh-
ing matrices and [4], [12] for Hadamard matrices. We shall take the elements of GF(3)
to be either {0, 1,2} or {0,1, -1}, using whichever form is more convenient.
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2 Methods for Constructing Self-Dual Codes

In this section, several methods for constructing self-dual codes over GF(p) {which
includes ternary self-dual codes) are presented.

Proposition 2.1 Let A be an n by n matriz over GF(p) with A - AT = kI, over
GF(p) and let B be an n by n matriz over GF (p) where p is prime and k s a positive
integer (0 < k < p). Let P be an n by n monomial matriz of 0’s, 1’s and —1’s. If
the matriz [ A, B | generates a self-dual code over GF(p), then the following matriz

G=[A, P-B],
generates a self-dual [2n,n] code over GF(p).

Proof. The matrix [ A, B ] generates a self-dual code over GF(p) if and only
if B- BT = (p — k)I, over GF(p). If B- BT = (p — k)I, over GF(p) then
(P-B)-(P-B)T = (p—k)I, over GF(p). Thus G generates a self-dual code
over GF(p). [}

This method is trivial, but with this proposition and a generator matrix [ A, B]
of a self-dual code with A # I, many different generator matrices can be obtained
which may generate inequivalent self-dual codes. Thus this method is a useful tool
for constructing new codes.

In Section 4, extremal ternary self-dual codes are constructed from weighing
matrices using the following corollary, which is a special case of Proposition 2.1.

Corollary 2.2 Let A be an n by n (0,1, —1)-matriz with A- AT = I,, over GF(3)
and let B be an n by n (0,1, —1)-matriz with B- BT = 2I,, over GF(3). Let S, be the
symmetric group of degree n and let o be an element of S,, where S, acts on the set
of all rows of the matriz B. Let B = [b,—1(1)T, ey bd-x(n)T}T be the matriz obtained
from B by a permutation o, where b; is the i-th row of B. Then the following matriz

G°=[A, B?],
generates a ternary self-dual code of length 2n.

The matrices A and B in Corollary 2.2 are called type (I) and type (II) matrices,
respectively, in Ozeki [19]. A method to construct ternary self-dual codes was given
in [19] using these matrices. Note that the method given here is different from the
one in [19].

Now a method for constructing ternary self-dual codes using Hadamard matrices
is described. This method is well known (cf., e.g. 2], [5] and [7]).

Proposition 2.3 Let H, be a Hadamard matriz of ordern =2 orn =8 (mod 12).
Then the following matriz
GH,.:[In1 Hn]a

generates o ternary self-dual code Cy,, of length 2n.
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Beenker [2] and Dawson [7] constructed extremal ternary self-dual codes of lengths
40 and 64 from certain Hadamard matrices using Proposition 2.3. In Section 3, a
complete classification of extremal ternary self-dual [40, 20, 12] codes constructed
from all Hadamard matrices of order 20 is given. Hadamard matrices which generate
extremal ternary self-dual [64, 32, 18] codes are also discussed.

3 Extremal Self-Dual Codes from Hadamard
Matrices

This section investigates extremal ternary self-dual codes constructed from Hadamard
matrices. First the inequivalence of ternary self-dual codes derived from Hadamard
matrices of order 20 is discussed. Although the following lemma is somewhat trivial,
it is useful when classifying self-dual codes constructed from Hadamard matrices of
fixed order. .

Lemma 3.1 Let H and H' be two equivalent Hadamard matrices of order n. Then
the ternary self-dual codes constructed from H and H' by Proposition 2.3 are equiv-
alent.

Proof. Since H is equivalent to H', H' = P - H - Q, where P and Q are n by n
monomial matrices of 0’s, 1’s and —1’s. Thus it holds that

(I, BH']=[I,,P-H-Q|=P|[I,, H]R,

-1
where R = [ PO 8 } is a 2n by 2n monomial matrix. Here O denotes the n by n

zero matrix. Therefore the two codes are equivalent. O

Hall [10] proved that there are exactly three equivalence classes @, P and N of
Hadamard matrices of order 20. Denote the Hadamard matrices in classes @, P and
N by Hjq, Hyo,p and Hyg y respectively. From Lemma 3.1, it is enough to consider
only three inequivalent matrices in order to check the inequivalence of self-dual codes
from all Hadamard matrices of order 20. Note that any Hadamard matrix of order
20 generates an extremal [40, 20, 12] code by means of Proposition 2.3.

Now we present a method to distinguish between codes. Let C be a ternary self-
dual [2n,n, d] code. Let M = (my;) be an A4 by 2n matrix whose rows are codewords
of weight d in C where A; denotes the number of codewords of weight i in C. For an
integer k (1 < k < 2n), let n(jy,...,jk) be the number of r (1 < r < Ay) such that
Mg+ My, 70 for 1 < j; <-++ < jr < 2n. We consider a set

S = {n(j1,...,jx)| for any distinct k columns ji, ..., 5 }.

Let M (k) and m(k) be maximal and minimal numbers in S respectively. Since two
equivalent codes have the same S, these numbers are invariant under the equivalence
of codes. Since in this case the set of codewords of weight 12 forms a 3-design by

136




the Assmus and Mattson theorem, we examine M (4) and m(4) in order to show
the inequivalence of the codes constructed from the three inequivalent Hadamard
matrices. These numbers are given in Table 2, and they result in the following
theorem.

Table 2: Extremal Ternary [40, 20, 12] Codes from Hadamard Matrices

code || M(4) (maximal number) | m(4) (minimal number)
CHaon 144 7
CHyo p 216 88
CHyo n 312 72

Theorem 3.2 Let Hy be a Hadamard matriz of order 20. Then the matriz
[ Lo , Hao | generates an eztremal ternary self-dual [40, 20, 12] code. Moreover there
are ezactly three inequivalent self-dual codes derived from all Hadamard matrices of
order 20.

Next, consider the extremal ternary self-dual [64, 32, 18] codes constructed from
Hadamard matrices of order 32. Let P;, be the Paley type Hadamard matrix of order
32 (see [4] for the definition). We remark that the Hadamard matrices constructed
by Construction 2 in [7] are Paley type Hadamard matrices. The first extremal
(64,32, 18] code was found by Beenker [2], and later Dawson [7] found an extremal
code from Psy using Proposition 2.3. It was announced in [14] that there are at
least 66104 inequivalent Hadamard matrices of order 32. It follows from [14] that all

known matrices except Py, and P3,T are equivalent to H, ® Hyg or are of Kronecker

type K = [ §1 I‘;(l, ] where K, and K, are Hadamard matrices of order 16, or the
2 =Ky

transpose of K. It is known [9] that there are exactly five inequivalent Hadamard

matrices of order 16. Any Hadamard matrix of order 16 has a submatrix consisting

of four rows which is equivalent to the following matrix

+4++ At A+

+H++ ottt ———m —— )
FH4+ = At |

e I e o

Throughout this paper, we denote 1 and —1 by + and — respectively. Thus the
codes constructed from the matrices in [14] (except Ps; and Ps,”) contain codewords
of weight 12. Therefore in order to construct a new extremal code from a Hadamard
matrix of order 32, one must construct a Hadamard matrix which is inequivalent
to Psy, Hy ® Hig, Hy ® Hg or Kronecker type K or their transposes. To date the
existence of such a matrix is unknown.

Now consider the codes constructed in [2] and [7]. The code Cj, in [2] has a
generator matrix of the form [ I,;; , S| where S is a Hadamard matrix when p is
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a prime of the form p = 12k — 5 (cf. [2]). As mentioned in [18], the two extremal
[64,32,18] codes in [2] and [7] are equivalent. In general the transpose ST of S is
equivalent to a Paley type Hadamard matrix, essentially since —1 is not a quadratic
residue in this case. It follows from self-duality that the code Cj, in [2] is equivalent
to the code constructed from a Paley type Hadamard matrix when p is a prime of
the form p = 12k — 5. Thus the codes Cy,, , and Cig in [2] are equivalent.

Dawson (7] gave the following question: does a Paley Hadamard matrix of order
n always generate a ternary self-dual code with minimum weight n/2 + 2 the con-
struction in Proposition 2.3 is used? Beenker [2] found that the minimum weight
of Cy3 in [2] is 18 or 21. Moreover Cy3 and the code constructed from the Paley
Hadamard matrix of order 44 are equivalent. Thus we have the following:

Proposition 3.3 Using Proposition 2.3, Paley Hadamard matrices of order n do
not always generate ternary self-dual codes with minimum weight n/2 + 2.

4 New Extremal Sélf-Dual Codes

In this section, a number of new extremal ternary self-dual codes are constructed
from weighing matrices using Corollary 2.2. We also compare these new codes with
known extremal codes.

First we present the construction of some weighing matrices. Let C' and D be
circulant matrices and R be the back diagonal matrix (see [8] for the definition of
the back diagonal matrix). A weighing matrix is said to be constructed from two
circulant matrices C and D if it is of the form

¢ D-R
D-R -C
Many weighing matrices of this type are given in [8].

Proposition 4.1 (Geramita and Seberry [8]) There exist weighing matrices of
order 2n and weight k constructed from two circulant matrices for

(1) n>7, ke {0,1,2,4,5,8,10};
(2) n>9, ke {0,1,2,4,5,8,10,16};
(3) n>11, k€ {0,1,2,4,5,8,10,13, 16, 20}.

4.1 Extremal [28,14,9] Codes

Let Wig4, Wigs and Wiy g9 be the weighing matrices constructed from two circulant
matrices with the following first rows:

-+ + 00000, + — 00000,
+0+ 0000, ++ —0000 and
+0+— =40, +0+++ -0,
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respectively.

Using Corollary 2.2, 16 extremal ternary self-dual codes of length 28 have been
constructed from Wis4, Wiss and Wiy 19, Table 3 lists for each code the chosen
matrices, A and B, and the permutation o in Corollary 2.2.

Table 3: Extremal Ternary [28, 14,9] Codes from Weighing Matrices

code A B - o
028,1 Wisa Wl45 (1’ 117 6)(271(), 5, 147 9, 45 13’ 8$3912’7)
Caga Wisa | Wiss (1,2,10,4,12,6,14,8,9,3,11,5,13,7)
Chg 3 Wisa | Wiss (1,3,11,5,13,7)(2,10,4,12,6, 14, 8)(9)
0284 Wl44 Wl45 (1) 14) 13, 125 3’2)(47115 10195 8, 71615)
Cas s Wigs | Wiss (1,9,8,14,5,11,2,7,13,4,10)(3,6, 12)
Cogs || Wiga | Wigps (1,3,2)(4,8,7,6,5)(9)(10) . . . (14)
Cas,7 Wisa | Wias (1,14,4,9,5,10,8,13,3,7,12,2,6,11)
Cas || Wigo | Wias | (1,7,13,5,11,3)(2,8,14,6,12,4,10)(9)
(1,12,9,6,3,14,11,8,2,13,10, 7, 4)(5)
028,10 WM,IO Wiss (11 115 7) 31 13’ 47 147 10, 65 2: 12) 8a 9) 5)
(1,7,14, 9)(2, 6,13,5,12,4,11, 3,10)(8)
Cos,12 || Wigo | Wigs | (1,8,7,6,5,4,3,2,14)(9)(10)(11)(12)(13)
(1,7,14,6,13,10,2,9)(3,5,12, 4, 11)(8)
028 14 W14 10 Wl45 ( )14, 13’ 1274)2,876’1151(),9177 573)
Cog1s || Wig1o | Wiss (1,11,6)(2,12,7,10,5,8,3,13, 9,4, 14)
C{28,16 W14,10 W14,5 (15 91 10a 1]-9 127 13’ 2)(33 141 8» 77 6’ 57 4)

Now we compare the known extremal codes with the codes given here. Huff-
man [11] constructed 14 and 5 inequivalent ternary [28, 14,9] codes with monomial
automorphisms of order r = 7 and 13, respectively. Denote the 14 codes with an au-
tomorphism of order 7 by C's51,...,C"2s,14, and the 5 codes with an automorphism
of order 13 by C"51,...,C" 25, according to the order in [11]. Here we use another
equivalent invariant to show the inequivalence of some codes. Let d; be the number
of pairs of codewords with distance 7 among all minimum weight codewords. These
numbers are invariant under the equivalence of ternary codes. Note that this method
is essentially the same as the method for binary codes given in Tonchev [22]. For
these codes, the values M (4), m(4), M(5), m(5) and d; (i = 9, 12, 15, 18) are listed
in Table 4. It follows from this table that at least 16 codes are inequivalent.

Similarly, Table 5 lists the values M (4), m(4), M(5), m{5) and d; ( = 9, 12,15, 18)
for our codes constructed from weighing matrices. Table 5 implies that these 16 codes
are new extremal codes. Tables 4 and 5 result in the following proposition.

Proposition 4.2 There are at least 32 inequivalent extremal ternary self-dual codes
of length 28.
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Table 4: Huffman’s Extremal Ternary {28, 14, 9] Codes

code M(4) m(4) M(5) m(5) dg d12 d15 dlg
Clys 1 24 2 10 0 105252 945504 1236312 96768
C'as2 24 0 6 0 99372 963144 1218672 102648
Cl'asa 24 4 10 0 103740 950040 1231776 98280
C'as.4 24 0 10 0 103236 951552 1230264 98784
Class 24 0 10 0 103740 950040 1231776 98280
C'as6 24 0 10 0 103740 950040 1231776 98280
Clos,7 24 0 12 0 103236 951552 1230264 98784
C'ass 24 0 10 0 103236 951552 1230264 98784
Clas9 20 0 8 0 108444 935928 1245888 93576
C'28,10 24 0 10 0 103236 951552 1230264 98784
Clas11 24 0 10 0 103236 951552 1230264 98784
C's,12 20 0 10 0 104412 948024 1233792 97608
C'8,13 24 0 10 0 104412 948024 1233792 97608
98,14 16 0 6 -0 99372 963144 1218672 102648
C9 24 0 6 0 99372 963144 1218672 102648
C 24 0 6 0 99372 963144 1218672 102648
C"s3 16 0 6 0 99372 963144 1218672 102648
"84 24 0 10 0 | 103740 950040 1231776 98280
C"s5 24 0 8 0 | 103740 950040 1231776 98280

Table 5: Extremal Ternary [28,14,9] Codes from Weighing Matrices

code | M(4) m(4) M(5) m(5) dg dio dis dig

Cas1 24 0 12 0 104340 948240 1233576 97680
Cagn 24 0 10 0 104124 948888 1232928 97896
Cas 3 24 0 10 0 104172 948744 1233072 97848
Casa 24 0 10 0 104052 949104 1232712 97968
Cag s 24 0 12 0 103836 949752 1232064 98184
Cagg 24 0 12 0 103524 950688 1231128 98496
Cag 7 24 0 12 0 104100 948960 1232856 97920
Cog g 24 0 10 0 104388 948096 1233720 97632
Cas g 24 0 12 0 103956 949392 1232424 98064
Chs,10 24 0 12 0 104244 948528 1233288 97776
Cas.11 24 0 12 0 104676 947232 1234584 97344
Cas.12 24 0 10 0 103812 949824 1231992 98208
Cs,13 24 0 10 0 103908 949536 1232280 98112
Cos,14 24 0 12 0 103764 949968 1231848 98256
Cag,15 24 0 12 0 103668 950256 1231560 98352
Cas,16 24 0 12 0 103620 950400 1231416 98400
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4.2 Extremal [40,20,12] Codes

At least three extremal ternary [40, 20, 12] codes have been found using Corollary 2.2.
The matrices and the permutations for these codes, as described in Corollary 2.2,
are listed in Table 6. Here Wyg 5, Wap s, Wag,10 and Woyg 16 are the weighing matrices
constructed from two circulant matrices whose first rows are

+0 40000000, -+ + —0000000,
+ 4 4 — 000000, -+ + — + 000000,
+0 4+ — — 40000, +0+ + + —0000

and +4++—++-+00, +++———+—00,

respectively. The maximal and minimal numbers, M(4) and m(4), for the three
codes are listed in Table 7.

Table 6: Extremal Ternary [40, 20, 12] Codes from Weighing Matrices

code A B o
Cio,w1 || Wao,10 | Waos (1,10,9,...,3,2)(11)(12) - - - (20)
Cio,w2 || Wao,10 | Waos (1,...,10)(11,16)(12,17)(13,18)(14, 19)(15, 20)
C’40,|u3 W20,16 WZO,B (1) 12)(27 13)(37 14)(47 15)(5, 16)(61 17)(7x 18) (81 19) (9) 20)(10, 11)

Table 7: Extremal Ternary [40, 20, 12] Codes from Weighing Matrices-

code || M(4) (maximal number) | m(4) (minimal number)
Ca0,w1 160 48
Cao,u2 160 74
Ci10,w3 176 72

Now we consider the inequivalence of these codes and the known extremal codes.
Huffman [11] showed that there are exactly four and eleven inequivalent ternary
[40,20,12] codes with monomial automorphisms of order r = 13 and 19, respec-
tively. As mentioned in [11], the equivalence or inequivalence of two extremal codes
constructed from two different automorphism orders is still open. Thus the equiva-
lence or inequivalence of the six codes in Section 3 and this section, and the above
15 codes, must be checked.

First, denote the four codes with an automorphism of order 13 by Cip,1, Ca0,2, Cao3
and Cy 4, and the 11 codes with an automorphism of order 19 by Cyggs, . .., Cags,
according to the order in [11]. The maximal and minimal numbers M (4) and m(4)
for these codes are listed in Table 8.

It follows from Table 8 and Theorem 2 in [11] that all codes except Cy3 and
Cly0,13 are inequivalent. Since our computer search shows that the values di5 for the
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Table 8: Huffman’s Extremal Ternary [40, 20, 12] Codes

code || M(4) (maximal) | m(4) (minimal) | code [ M(4) (maximal) | m(4) (minimal)
Cio1 152 . 74 Ciwo 144 72

Cio2 142 74 Clo,10 156 76

Cuo,3 148 72 Ci0,11 144 72

Cioa 148 76 Cio12 148 68

Cao,5 140 72 Ca0,13 148 72

Cao,6 168 76 Cl0,14 144 72

Cao,7 144 78 Cyo,15 144 72

Cios 150 76

two codes Cyo3 and Cy13 are 2216968 and 2225584, these codes are inequivalent.
- Therefore we have the following proposition.

Proposition 4.3 The 15 extremal ternary self-dual [40, 20, 12] codes with monomial
automorphisms of order r > 5 in [11] are inequivalent.

Now these 15 extremal codes are compared with the six codes constructed from
weighing matrices and Hadamard matrices of order 20. The Hadamard matrix Hyg g
has an automorphism of order 19 (cf. [10]). Since an element of order 19 induces
an automorphism of order 19 in Cp,, ,, it must have an automorphism of order 19.
Hence this code must be equivalent to one of the 11 codes in [11].

Tables 2, 7 and 8 give the following proposition.

Proposition 4.4 There are at least 20 inequivalent extremal ternary self-dual
(40, 20, 12] codes.

4.3 Extremal [44,22,12] Codes

By Proposition 4.1, we can construct weighing matrices of order 22 and weights 4, 16
and 20. The first rows of these matrices are the following:

+ -+ 000000000, + — 000000000,
+++—++—-+000, +++———+—000and
t——F—t—— =40, F—————— ++ -0,

respectively. We denote these weighing matrices by Wae, with k = 4, 16 and 20.
Similarly a weighing matrix denoted Wag 17 can be constructed using the following
first row:

—4+0+++0004+0, ++—+++———+—.

Using Corollary 2.2, six extremal ternary [44, 22, 12] codes have been constructed
from weighing matrices Wag 4, Wag,16 and Wag0. Table 9 lists for these codes the
chosen matrices, A and B, and the permutation o, in Corollary 2.2. Note that
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Table 9: Extremal Ternary [44, 22, 12] Codes from Weighing Matrices

code A B o

Ca1 || Waze | Wazzo (1,22)(2,3,...,20,21)

Cusr || Waza | Wazao | (1,11,21,9,19,7,17,5,15,3,13)(2, 12, 22, 10, 20,8, 18, 6, 16, 4, 14)
Cuss || Wara | Wazzo | (1,14,5,18,9,22,2,15,6,19,10)(3,16,7,20,11, 13,4, 17,8, 21, 12)

Cuaq || Waza | Wazao (1,22,21,...,4,3,2)
Cuss || Waze | Waoo | (1,13,3,15,5,17,7,19,9,21,11,12,2, 14,4,16, 6, 18, 8, 20, 10, 22)
C44,6 W22,16 W22,20 (1’11710374’3y2)(12)227215 fey 157 141 13)

[ I ,Wag17 | and [ Ine , Wap a0 | also generate extremal ternary self-dual codes of
length 44. These codes are denoted by Cy 7 and Cyys, respectively.

For length 44, M (3) and m(3) were determined for each of the eight codes, and
these numbers are listed in Table 10. It follows from Table 10 that there are at least
eight inequivalent extremal [44, 22, 12] codes which can be constructed from weighing
matrices of order 22. In addition, Conway, Pless and Sloane [5] have constructed an
extremal [44,22,12] code from the Pless symmetry [48,24,15] code by subtracting
the unique [4, 2, 3] code.

Table 10: The Inequivalence of [44, 22, 12] Codes

code || M(3) (maximal number) | m(3) (minimal number)
Cua,1 176 100
Cup2 168 84
Cuz 178 104
Cua,s 174 96
Claas 170 100
Cusg 170 . 84
Cua,r 184 88
Cuzg 174 84

4.4 Extremal Codes for Other Lengths

Many inequivalent ternary [32, 16, 9] codes were constructed in [11]. Thus only one
example is given here of an extremal ternary code of length 32 constructed from a
weighing matrix using Corollary 2.2. Let Wis4 and Wigs be the weighing matrices
constructed from two circulant matrices with the following first rows:

+ + 000000, + — 000000 and

+0 + 00000, + + —00000,
respectively. Let C3y be a self-dual code with generator matrix of the form
[ Wisa , Wies” | where o = (1,7,12)(2,6,11,16,5,10,15,4,9, 14,3,8,13). Cs; is
an extremal ternary self-dual code of length 32.

Let Wig17 be the weighing matrix of order 18 and weight 17 constructed in [8]
from two circulant matrices with first rows:

t-—++++——, O—F————+-—.
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It can easily be checked that the matrix [ I1g , Wis,17 | generates an extremal ternary
self-dual code Css. Only one extremal ternary self-dual code of length 36 is known.
This is the Pless symmetry code Pss of length 36 (cf. [20]). Let | Ip1, S, ] be the
generator matrix of the Pless symmetry code of length 2(¢+1). Since it follows from
Theorem 2.1 in [20] that S, - SqT = qlg11, S, is a weighing matrix of order ¢ + 1
and weight . It is known (3] that there is a unique weighing matrix of order 18
and weight 17 up to equivalence. This implies that the two codes Py and Csg are
equivalent.

Similarly, the matrix [ Izg , Wsq 9 ] generates an extremal ternary self-dual code.
W0,29 as given in [8] can be constructed from two circulant matrices with first rows

O++—-——+——-——+——F+and +~+———— 4+ ———— ¢ _

Two inequivalent extremal [60, 30, 18] codes are known. These are the Pless symme-
try code and the extended quadratic residue code (cf. [16]). The possible equivalence
of these codes with the code given here has not been checked.
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