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Abstract 

A graph of diameter k is critical if the deletion of any vertex results in 
a of diameter at least k + 1. It was conjectured by Boals et. al. 
that the maximum of a critical graph of diameter 2 on n vertices 
is at most the that for n 2 7 
the maximum in such a graph is n - 4 when n is odd 
and n 5 when n is even. We construct for each n 2: 7 a 
critical graph of maximum degree Our graphs provide a good lower 
bound for the maximum number of possible in such a graph. We 

that for any integers nand p with n 2 7 and 
+ 3)} ~ p ::; there exists a critical graph on n 

vertices of diameter 2 and maximum p. This that for any 
p 2:: 5 there exists a critical graph of diameter 2 and maximum degree p 
on lHp2 + 4p - l)J vertices. 

Modern communication networks often face message delay problems caused by the 
unavailability (through failure or occupancy) of its components or junctions. Graph 
theory concepts are useful in analyzing the efficiency and reliability of such networks. 
In many network applications, the problem that arises is to construct a network 
which satisfies certain and which is optimal according to some criterion 
such as output, or theory is particularly useful when the 
requirements of the network can be in terms of graph parameters. For 
example, the diameter d( G) of a graph which is defined as the maximum distance 
in G, provides a measure of the efficiency of the underlying network; d( G) is just the 
maximum number of links needed to connect any two points (components) in the 
network. Thus studying graph parameters can provide useful information. In this 
paper, we focus on the parameter d(G). In characterizing graphs with prescribed 
diameter, it is fruitful to consider a subclass of graphs, the so called critical graphs. 
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Let G be a connected graph. The distance, de (u, v), between the vertices u and 
v in G is the length of a shortest (u, v)-path in G. The diameter d(G) is thus 

d(G) = max{de(u, v): u, v E V(G)} 

A vertex v of G is critical if d(G - v) > d(G). If every vertex of G is critical, then G 
is called critical. Critical graphs have been studied in [1] - [6]. Gliviak [4] observed 
that a graph G with minimum degree at least two and (the length of a shortest 
cycle) at least d( G) + 3 is a critical graph. A well-known result is that every critical 
graph is a block [1, 4, 6]. 

Critical graphs of small diameters have received particular attention. In this 
paper, we mainly consider those of diameter 2. Denote by 9(n,p) the class of all 
critical graphs on n vertices of diameter 2 and maximum degree p. For simplicity, we 
shall refer to each graph in 9 (n, p) as an (n, p) -critical graph. One natural question 
to ask is: 

For which values of nand p, is 9 (n, p) f. 0? 
Boals et. al. [1] conjectured that 9 (n, p) = 0 for all p > An affirmative answer 
to the conjecture would imply that every critical graph contains at most ~n2 edges. 
Unfortunately the conjecture is false. For n :::::: 7, we show that the maximum number 

for which 9 (n, .6.n ) f. 0 is n - 4 when n is odd and n 5 when n is even. In 
general, we show, by construction, that 9(n,p) f. 0 for all nand p with n :::::: 7 and 
min{ J4n + 5 2, i(n + 3)} :::; p:::; .6.n . 

Let G be a graph. Two adjacent vertices x and y will be denoted by x rv y. For 
each vertex v, we shall use Li ( v) (i :::::: 1) to denote the set of all vertices which have 
distance i from v and shall call each L i ( v) a distance level of v. Suppose that G is 
a graph of 9 (n, p). Let L1 (v), L2 (v), ... , Lk (v) be the non-empty distance levels of a 
vertex v. Then we must have k = 2. Thus for each vertex u f. v, u E L1(V) U L2(V). 
Since u is critical, there are two vertices x and y such that x rv U rv y is the only 
path of length ~ 2 joining x and y. This implies that x and yare not adjacent and 
at least one of them must be in L2 ( v ). This fact will be frequently used throughout 
our proofs. 

2 lower bound 

In this section, we shall construct, for each n :::::: 7, a graph in 9(n, n - 4) when n is 
odd and a graph in 9(n, n - 5) when n is even. Note that 9(6, p) = 0 for any p and 
9(5,p) 0 for any p :::::: 3. The only graph contained in 9(5,2) is the cycle of length 
5. 

The graph H displayed in Figure 1 shows that 9(n, n~l) f. 0 when n is odd and 
at least 5. In particular, when n = 7, 9(n, n 4) f. 0. Using H as a building 
block, we construct an (n, n - 4)-critical graph for each odd n ~ 9 (Figure 2) and an 
(n, n - 5)-critical graph for each even n 2:: 10 (Figure 3). 

When n 8, Figure 4 shows an (n, n - 5)-critical graph. Therefore we have the 
following: 
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Figure 1: An (n, n;l )-critical graph with n ~ 5 odd. 

H 

Figure 2: An (n, n 4 )-critical graph with n 2 7 odd. 

Figure 3: An (n, n - 5)-critical graph with n 2 10 even. 

247 



Figure 4: An (n, n;2)-critical graph with n == 0(mod4), where M and M' are two 
edge-disjoint perfect matchings in J{ In' 

2 

Proposition 2.1 FoT' each n 2:: 7) 

6 > { n - 4 when n is odd 
n - n - 5 when n is even. 

o 

Since n 4 > ~n for odd n 2:: 9 and n - 5 2:: ~n for even n 2:: 12, the conjecture 
of Boals et. al. is false for n = 9 and for all n 2:: II. 

Note that the graph in Figure 1 has ~(n2-2n+5) edges and the graph in Figure 3 
has Hn 2 8n + 60) edges. For n == 0 (mod 4), the graph in Figure 4 has Hn 2 

- 2n) 
edges. All these numbers are asymptotically equal to in2, which is conjectured to 
be the upper bound for the maximum number of edges possible in a critical graph 
[6]. 

3 The upper bound 

In this section, we shall establish the exact value of 6 n . First we have the following. 

Proposition 3.1 FoT' each n > 5) 9(n,p) -I- 0 implies that p :::; n - 4. 

Proof: Let G be a graph in 9 (n, p) and let v be a vertex of G of degree p. 
Denote by L1(V), L2(V) the distance levels of v. It is easy to see that L2(V) must 
contain at least two vertices, as otherwise G contains a vertex which is not critical, 
a contradiction. Suppose that L2 ( v) contains exactly two vertices, say Ul and U2. 

Since U1 is critical, there exists a vertex u~ E L1 (v) such that u~ rv Ul rv U2 is the 
only path of length:::; 2 joining u~ and U2' Similarly there exists a vertex u~ E L1 (v) 
such that u~ rv U2 rv U1 is the only path of length:::; 2 joining u~ and U1. Note that 
u~ -I- u~. Let x be a vertex in L1 (v) - {u~, u~}. (Such a vertex exists because n > 5.) 
Since x is critical, there are two vertices y and z such that y rv X rv Z is the only 
path of length:::; 2 joining y and z. One of y and z is in L2 (v) = {U1' U2}' Without 
loss of generality, assume that y E L 2 ( v). Since Ul is adjacent to U2, z ~ L 2 ( v) and 
z is not adjacent to either of Ul and U2. Thus z can not be critical, a contradiction. 
Therefore L 2 ( v) contains at least three vertices and p :::; n - 4. 0 

In the case when n is even, the above upper bound can be sharpened as follows. 
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OltVVI'JSe that n > 5 is even. Then p) =I- 0 implies that 
p:::;: n - 5. 

Proof: p ~ n 4. Suppose that 9 (n, n - 4) contains a graph 
n - 4 and let L1 ( v ), L2 ( v) be the distance levels 

of v. Then consists of three vertices which are denoted by U1, U2, U3. The 
criticality of G implies that each vertex of L1 (v) must have at least one neighbour in 
L2 ( v). It also implies that L2 ( v) must induce a connected subgraph of C. Without 
loss of generality, assume that Ul is adjacent to both U2 and U3' 

Suppose that U2 is adjacent to U3' We claim that each of U1, U2, and U3 has its 
own unique neighbour in L1 (v). Consider the vertex U1' The criticality of U1 implies 
the existence of two vertices u~ and u~ such that u~ rv Ul rv u~ is the only path of 
length ~ 2 joining u~ and u~. One of u~ and u~, say u~, is in L 2 ( v). Since any two 
vertices of are adjacent, u~ is in Ll(V). Clearly u~ is not adjacent to either 
of U2 and U3. Since u~ is critical, there is a vertex U~' such that u~' rv u~ rv Ul is 
the only path of length ~ 2 joining u~' and U1. Thus u~' is not adjacent to any of 
Ul, U2, U3 and we must have u~' = v, as otherwise u~' E Ll (v) and u'" can not be 
critical, a contradiction. This implies that u~ is the only neighbour of U1 in L1 (v). A 
similar argument shows that each of U2 and U3 has its own unique neighbour in L1 (v). 
Hence L1 (v) contains precisely three vertices and we have n = 7, contradicting the 
assumption that n is even. 

Suppose now that U2 is not adjacent to U3. For i = 1,2,3, let Si C L1 (v) consists 
of vertices whose only neighbour in L 2 ( v) is Ui. We show that S1 = 0. So suppose 
that u~ is a vertex of Sl. Then the criticality of u~ implies that there exists a vertex 
x such that x rv u~ rv U1 is the only path of length:::; 2 joining x and U1. Thus x 
is not adjacent to Ul, U2, or U3 and hence we must have x = v. This also implies 
that u~ is the only neighbour of Ul in L1 (v). Since U2 is critical, there exists a vertex 
u; E S2 such that u~ rv U2 rv U1 is the only path of length :::; 2 joining u~ and Ul' 

Similarly there is a vertex u~ E S3 such that u~ rv U3 f"V Ul is the only path of length 
:::; 2 joining u~ and Ul' Hence S2 =I- 0 and S3 =I- 0. Take a vertex y E S2 (possibly 
y = u;). The criticality of y implies that there exists a vertex z such that z rv y rv U2 

is the only path of length ~ 2 joining z and U2' There are only two possibilities: 
Either z = v or z is in S3. 

If z = v, then y (E S2) is the only neighbour of U2 in L1 (v). Now if U3 has at 
least two neighbours in L1 (v), then it is easy to see that none of them can be critical. 
Thus U3 has exactly one neighbour in L1 (v). Since each vertex of L1 (v) must have 
at least one neighbour in L2 (v), L1 ( v) contains precisely three vertices and n = 7 
is odd, a contradiction. Therefore z must be in S3. That is, each vertex y of S2 

corresponds to a vertex z E S3 in such a way that z rv y rv U2 is the only path of 
length ~ 2 joining z and U2. Note that distinct vertices of S2 must correspond to 
distinct vertices of S3. A similar argument shows that each vertex a of S3 corresponds 
to a vertex b E S2 in such a way that b rv a rv U3 is the only path of length ~ 2 
joining a and U3. Furthermore distinct vertices of S3 must corresponds to distinct 
vertices in S2. Hence IS21 = IS31. Now if L 1 (v) contains a vertex adjacent to both U2 

and U3, then clearly this vertex can not be critical. So L1(V) = S2 U S3 U {uD and 
we have n = 21S21 + 5, contradicting the assumption. Therefore S1 is empty. 
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The facts that S1 is empty and Ul is critical imply that Ul is the only common 
neighbour of U2 and U3' Thus each vertex of Ll (v) is adjacent to either U2 or U3 

but not to both. Let T2 C Ll (v) consists of vertices which are adjacent to U2 and 
T3 C Ll (v) consists of vertices which are adjacent to U3' Then T2 U T3 = Ll (v) and 
T2 n T3 0. The vertex Ul must have at least one neighbour in Ll (v). Without loss 
of generality, assume that c E T2 is a neighbour of Ul in Ll (v). The criticality of c 
implies that c is in fact the only neighbour of Ul in Ll (v). Now a similar argument 
as above shows that each vertex y of T2 - { c} corresponds to a vertex z of T3 in such 
a way that z rv y rv U2 is the only path of length:::; 2 joining z and U2. If T3 contains 
only one vertex, then T2 - {c} has only one vertex. Thus L1 (v) contains precisely 
three vertices and n = 7 is odd, a contradiction. So suppose that T3 contains at least 
two vertices. Then each vertex a of T3 corresponds to a vertex bin T2 {c} in such 
a way that b rv a rv U3 is the only path of length :::; 2 joining band U3. Hence we 
have I T2 - {c} I I T31 and n is odd, again a contradiction. 0 

Combining propositions 3.1, 3.2, and 2.1 we have the following theorem. 

Theorem 3.3 For each n 2:: 7) 

L).n = { 
n - 4 
n-5 

when n is odd 
when n is even. 

o 

As we explained at the begining of Section 2, the only critical graph on n ::; 6 
vertices is the cycle of length 5. 

4 Further analysis 

Let us turn to the problem of determining values of nand p for which Q( n, p) =I=- 0, 
i.e., there exists an (n,p)-critical graph. By Theorem 3.3, Q(n,p) =I=- 0 implies that 
p :::; L).n, and according to the Moore bound, p 2:: In=T. Our constructions below 
show that Q(n,p) =I=- 0 for all nand p with n 2:: 7 and min{J4n + 5 2, n!3} ::; 
p :::; L).n' To describe our constructions, we define four basic graphs which are called 
building blocks. 

In general, a building block is a graph obtained from some given graphs by adding 
appropriate adjacencies between pairs of them. These adjacencies include a perfect 
matching, the complement of a perfect matching, and the complete adjacency. In 
our diagrams these are denoted by a normal line, a broken bold line, and a bold 
line, respectively. To avoid ambiguity, we assume that the vertices of each given 
graph are ordered. If two graphs have the same number of vertices, then a perfect 
matching means the ith vertex of one graph is only adjacent to the ith vertex of the 
other. Thus the complement of a perfect matching means the ith vertex of one graph 
is adjacent to all vertices of the other except the ith one. Our first three building 
blocks are obtained from given graphs HI, H2 , H3 , H4 as follows: 
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1. Assume H2 and H3 have the same number of vertices. Then the building block 
Bl (HI, H2, H3, H4) is the graph obtained from HI, H2, H3, H4 by adding a per­
fect matching between and H3 and all edges between HI and H2 and between 
H3 and H4 (see Figure 5). 

Figure 5: The building block B1(HI , H2 , H3 , H4 ) where bold lines mean complete 
adjacencies and normal lines mean perfect matchings. 

2. Assume that HI, H2 , H3 , H4 have the same number of vertices. Then the building 
block B2(Hr, H3, H4) is the graph obtained from HI, H2, H3, H4 by adding 
all edges between HI and H4 and then a perfect matching between Hi and Hi+1 
for each i = 1,2, 3 (see Figure 

3. Assume that HI, H2, H3, H4 have the same number of vertices. Then the building 
block B3(HI , H3, H4) is the graph obtained from HI, H2, H3, H4 by adding 
a perfect matching between HI and H4 and between Hi and Hi+1 for each 
i = 1,2,3, and then the complement of a perfect matching between HI and H3 
and between H2 and H4 (see Figure 7). 

Let HI, H21 ..• , Hk be graphs which have the same number of vertices. 

4. The building block B4(H1 , H2, ... , Hk) is obtained from HI, H2, . .. , Hk by adding 
a perfect matching between any pairs Hi and Hj with i #- j (see Figure 8). 

We now use the above building blocks to construct the desired graphs in Q(n,p). 
In all cases, we do not describe the routine checking that is needed to confirm the 
diameter property of the graph. 

When n 2:: 7 is odd and H n - 1) ::; p ::; Lln, we construct a graph GI E Q (n, p) 
as follows: Take HI = K2 , H2 = K~(n-7)' H3 = J{~(n-7)' and H4 = K 2 • Let G1 be 
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Figure 7: The building block B3(HI, H2 , H3, H4 ) where broken bold lines mean the 
complements of perfect matchings. 

x 

s = p. ~n-l) 
2 

Figure 9: The graph G1 ; s edges between x and H3 • 
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x 

s =p .~n.2) 
2 

Figure 10: The graph G2 ; s edges between x and H3 • 

the graph obtained from Bl(Hl,H2,H3,H4) by adding three vertices X,y,z and the 
edges as shown in Figure 9; note that the bold edge labeled s means that there are 
s edges from x to H 3 . 

When n 2:: 10 is even and Hn - 2) :s; p :s; ~n, we construct a graph G2 E 9(n,p) 

as follows: Take HI = [{2. H2 = ~(n-8)' H3 = [{~(n-8)' and H4 = [{2. Let G2 be 
the graph obtained from BI(HI , H2, H3, H4) by adding four vertices x, y, z, wand the 
edges as shown in Figure 10. These two constructions together with the (8, 3)-critical 
graph described in Section 2 give the following: 

Proposition 4.1 For any integers nand p with n 2:: 7 and H n 
9(n,p) -# 0. 

Proposition 4.2 For any integers nand p with n 2:: 7 and Hn+3) :s; p :s; Hn-l) 
except n = 9 and p = 3, 9(n,p) -# 0. 

Proof: Suppose that n == 0,2(mod4) and n 2:: 8. Let HI = J{ rt(n-2)l' H2 = 

H3 = J{rt(n-2)l' and let H4 be any graph on r~(n 2)1 vertices of maximum degree 

p- rHn+3)l It is easy to see that B2(H1 , H2 , H3 , H4 ) E 9(n,p) when n == O(mod4). 
When n == 2(mod4), a graph of 9(n,p) can be obtained from B2(H1 , H2, H3, H4) by 
adding two vertices x, y and the edges as shown in Figure 11. 

Suppose now that n == 1,3(mod4) and n 2:: 13. Assume that p < Hn - 1). 
Let H2 = H3 = H4 = J{rt(n-7)1 and let Hi be any graph on rHn 7)1 vertices of 

maximum degree p rHn + 3)1. When n == l(mod4), a graph of 9(n,p) can be 
obtained from B3(HI, H2, H3, H4) by adding five vertices u, x, y, z, wand the edges 
as shown in Figure 12. When n == 3(mod4), a graph of 9(n,p) can be obtained from 
B3(HI, H21 H3, H4) by adding seven vertices and the edges as shown in Figure 13. 
In case when p = ~(n - 1), we obtain a graph of 9(n,p) from the constructed 
(n, Hn - 3))-critical graph by adding the missing edges between HI and H3 . 

A (7,3)-, a (9,4)-, and a (11, 5)-critical graph are described in Section 2 and a 
(ll,4)-critical graph is shown in Figure 14. 0 
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Figure 11: An (n,p)-critical graph with n == 2(mod4) (n 2:: 10) and ~(n + 3) :::; p :::; 
!(n - 1). 

u 

Figure 12: An (n,p)-critical graph with n == l(mod4) (n 2:: 13) and ~(n + 3) :::; p :::; 
!(n - 1). 

Figure 13: An (n,p)-critical graph with n == 3(mod4) (n 2:: 15) and Hn + 3) :::; p :::; 
!(n - 1). 
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Figure 14: A (11, 4)-critical graph. 

Hk-2 

Figure 15: An (n,p)-critical graph with n = kt (k ::::: 4 and t ::::: 2) and p = t + k - 3. 

Lemma 4.3 Let n = kt with k ::::: 4 and t ::::: 2. Then Q(n,p) i- 0 for any p with 
t + k - 3 ~ p ~ (t - 1)(k - 2) + l. 

Proof: We first show how to construct a graph G E Q (n, t + k - 3). Let Hi = [{t 

(i = 1,2, ... , k - 2) and let Hk- 1 = Hk = [{to Then a graph of Q(n, t + k - 3) can 
be obtained from B4(Hl, H2, ... , Hk- 2 ), Hk- h and Hk by adding the edges as shown 
in Figure 15. Now to construct a graph in Q(n,p) for each p with t + k - 3 ~ p ~ 
(t - 1)(k - 2) + 1 we choose a vertex x E V(H1 ) and add p - (t + k - 3) new edges 
between x and vertices in V(H2 ) U V(H3) U . " u V(Hk- 2 ), and make sure that x is 
not adjacent to at least one vertex in each Hi (2 ~ i ~ k - 2). 0 

Lemma 4.4 Let n = kt + 1 with k ::::: 4 and t ::::: 2. Then Q(n,p) i- 0 for any p 
with t + k - 2 ~ p ~ (t - 1) (k - 1) + 1. 

Proof: Take Hi = l{t-l (i = 1,2, ... , k). To construct a graph G E Q(n, t+k-2), 
we add k + 1 vertices and edges to B4(Hl' H2 , •• • , Hk) as shown in Figure 16. Now 
a graph of Q(n,p) for each p with t + k - 2 ~ p ~ (t -1)(k -1) + 1 can be obtained 
from G by choosing a vertex x from HI and adding p - t + k - 2 edges between x 

and vertices in V(H2) U ... U V(Hk) and make sure that x is not adjacent to at least 
one vertex in each Hi (i ::::: 2). 0 

Lemma 4.5 Let n = kt + l' with k ::::: 4, t ::::: 2, and 2 ~ l' ~ k - 2. Then 
Q(n,p) i- 0 for any p with t + k - 2 ~ p ~ (t - 1)(k - 2) + 1. 
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H2 

Figure 16: An (n,p)-critical graph with n kt+1 (k 2:: 4 and t 2:: 2) andp = t+k-3. 

Figure 17: An (n,p)-critical graph with n = kt+r (k 2:: 4, t 2:: 2, and 2::; r::; k-2) 
and p = t + k - 2. 
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Proof: Let Hi = K t for each i = 1,2, ... ,k - 2 and let Hk- I = Hk = K t . Fig­
ure 17 shows how to construct an (n, t+k-2)-critical graph from B4( HI, H2 , ••• ,Hk - 2 ). 

Now to construct a graph in 9(n,p) for each p with t + k 2::S; p:::; (t -l)(k - 2) + 1 
we choose a vertex x E V(Hd and add p - (t + k - 2) new edges between x and 
vertices in V(H2) U V(H3) U ... V(Hk - 2), and make sure that x is not adjacent to at 
least one vertex in each Hi (2 :::; i :::; k - 2). 0 

r01)mntlon 4.6 For any integers nand p with 
9(n,p) =10. 

Proof: Suppose that n = t2 with t 2': 4. By Lemma 4.3, 9 (n, p) =I 0 for any p with 
2t - 3 = 2y'ri 3:::; p :::; (t -l)(t - 2) + 1. Note that 2t - 3 = 2y'ri - 3 < v4n + 5 - 2 
and (t l)(t 2)+1 = Ht2+3(t-2)2) 2': Hn+3). Suppose that t2 < n < (t+1)2. 
We consider the following cases: 

Case 1. n t2 + r with t 2': 4 and 0 < r < t. Assume that r =I t - 1. Then, by 
lemmas 4.4 and 4.5, 9(n,p) =10 for any p with 2t 2:::; p :::; (t - l)(t - 2) + 1. Note 
that in this case we have 2t - 2 = 2rn=r - 2 < V4n + 5 2 and (t -l)(t -2) + 1 = 
l(t2 + 3(t 2)2) = Ht2 + r + 3(t - 2)2 - r) 2': l(n + 3). When r = t - 1, we 
have n t2 + t - 1 = (t - l)(t + 2) + 1. Hence, by Lemma 4.4, 9(n,p) i=- 0 for 
any p with 2t - 1 = v4n + 5 - 2 :::; p :::; (t - 2)(t + 1) + 1. In this case, we have 
(t 2)(t + 1) + 1 = i(t2 + t - 1 + (2t + l)(t - 3) + t2) 2': Hn + 3). 

Case 2. n t(t + 1) with t 2': 3. By Lemma 4.3, 9(n,p) i=- 0 for any p 
with 2t - 2 v4n + 1 - 2 :::; p :::; (t - l)(t - 2) + 1. In this case, we have 2t - 2 = 

< v4n + 5-2 and (t-1)2+1 = Ht(t+1)+3(t-·1)(t-2)+2) 2': Hn+3). 
Case 3. n = t(t+1)+r with t 2': 3 and 1 :::; r < t. Lemma 4.5, 9(n,p) i=- 0 for 

any p with 2t-1 :::; p:::; (t-1)2+1. In this case, we have 2t-1 = J4(n - r) + 1-2 < 
v4n + 5 - 2 and (t - 1)2 + 1 = Ht(t + 1) + r + 3(t l)(t 2) - r + 2) 2': Hn + 3). 

Case 4. n = t(t + 2) with t 2': 2. By Lemma 4.3, 9(n,p) =I 0 for any p with 
2t 1:::; p :::; t(t - 1) + 1. Note that in this case we have 2t - 1 = 2JnTI - 3 < 
v4n + 5 - 2 and t(t - 1) + 1 = Ht2 + 2t + 3(t - 1)2 + 1) 2': Hn + 3). 0 

Combining propositions 4.1, 4.2, and 4.6, we have the following: 

Theorem 4.7 For any integers nand p with n ;:::: 7 and min{ v4n + 5 - 2, Hn + 
3)}::S;p:::; exceptn=9andp=3,9(n,p)#0. 0 

We remark that there is no (9,3)-critical graph, 9(9,3) = 0. Indeed, if G 
is such a graph, then G must contain a vertex of even degree and hence a vertex of 
degree 2. This implies that G contains at most 7 vertices, a contradiction. 

Corollary 4.8 For each p 2': 5, 9ai(p2 + 4p - l)J, p) =I 0. o 
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