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Abstract

The matching property of nested sets of pairs on [2n] is introduced. Various structural
properties of the matching nested sets are presented and the relation between matching nested
sets and planar permutations is exhibited.

1. Introduction

A set S of pairwise disjoint pairs of [2n]=(1,2,..2n} such that U{a,b}=[2n]
. {ableS

and for any {ab}, (c,d)eS we never have o<c<b<d, is called nested set of
pairs on [2n].

It is clear that the nested set is a special case of the non-crossing partition
[1], with blocks containing exactly two elements. It is well known that the
nested sets are related to nested parentheses [3] and are used in the study of
planar permutations [4] and Jordan sequences [2].

The structure of the set N,, of nested sets of pairs on [2n] is studied in [5].
In this paper, we introduce and study the matching property in the set Ny,
which allows two nested sets to be joined in such a way that a unique cycle on
[2n] is obtained. We show how the matching nested pairs are generated, using
pairs of smaller size.
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2. Matching Property

Let SeN,, and AcS; we write [(A)= U a.
ae A

We say that two sets Sy, S,eNy, are matching iff I(A)=I(B), AcS,, BCS,
imply that I(A)= or [2n].

So, the sets §;={{1,6},{3,4},{5.2},{7.8}}, $,={{1.8},{3.2},{5.6},{7.4}} are
matching, whereas the sets §; and S;=({1,8},{3.2},(54].,(7.6]}) are not, as it is
indicated geometrically by the cycles of Fig. 1.

Matching nested sets Non matching nested sets
Fig. 1
Now, given an SeN,;, and ce Z, we consider the translation S+c=
{{a+c,b+c):{a,b}e S}, where all numbers are taken mod 2n, so that S+ce Ny,

An equivalence relation ~ on Ny, is defined by S$;~S, iff there exists ce Z, such

that $;=S;+c (see [5]).

Proposition 2.1. The sets § and S+l are matching.

Proof. If S.S+1 are not matching there exist AcS, BgS+1 such that

2ne [A)=I(B).
If v is the greatest element of I(A) and (x,y}e A, it is clear that y#x+1 and
{x+1,y+1}e (S+1\B. Moreover, we have that
I IB)N[x+1,y+1] =R YINx = A)N[XY] -1,
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though every set I(K)n[af] with {af}eS has even cardinality. Hence we
obtain the desired contradiction. B

The following result shows that the translation of nested sets preserves the
matching property. The proof is straightword and it is omitted.

Proposition 2.2. If §;,5, are matching, then Sp+c, Sp+c are also matching.

A pair {ob}e S is called outer pair if there is no pair {cdje S such that
c<o<b<d. Obviously, every nested set S contains at least one outer pair.

In [5] it has been shown that every element of Njp,, may be written in
either one or the other of the forms :

S*=Su{(2n+12n+2}} and Sgp=(S\{{a,b}})U{{a.2n+2},{b,2n+1}}.

where SeNp, and {o,b} is an outer pair of S .

These representations are used in the following results for the construction
of matching nested sets.

Proposition 2.3. If the sets R, S of Ny, are matching and {a,b} is an outer
pair, then the sets R¥, Sy, of Npp,, are also matching.
Proof. It is enough to show that, given AcR* and BgcSy with
2n+2e I(A)=I(B), then I(A)=[2n+2].
We first note that since {2n+12n+2}eR* and {0.2n+2}e Sy, we have that
2n+1, aeI(A). Similarly, since {b.2n+1}eSg, we deduce that beI(A).
We now consider the following sets :
A'=A\{{2n+1.2n+2}}cR,
B'=(B\{{0,2n+2},{b,2n+1} })u{{a,b}}<S.
It follows that I(A"N=I(AN\{2n+12n+2}= I(B)\{2n+1,20+2}=I(B").
Then since R,S are matching and I(A)#& we obtain that I(A)=[2n]; hence
I(A)=[2n+2], so that R* Sy, are matching. B

Proposition 2.4. If for the sets R,S of Ny, there exist partitions R;R, and
$1,5, respectively, such that the pairs R;S; and R,S, are matching, then the
sets Rgp and Soq of Npp,, with {ab]jeR; and {cd}eS, are also matching.
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Proof. It is enough to show that, given ASRy and BSSy with
2n+2e I(A)=I(B), then I(A)=[2n+2].

We first show that 2n+leI(A). Since SycScq and Ry,S; are matching, we
have : I(S;NB)=I(SPNIB)=IR PNI(A)=RIR NA).

Moreover, since the cardinalities of the sets I(S{nB) and IR{NA) are even
and the only elements of IR;)NI(A) that might not belong to IR;NA) are o
and b, we obtain that :

ae (IR PNIAN IR NA) iff be ARDNIAN IR1NA)

Thus, since o clearly belongs to the above difference, so does b. This shows
that be I(A) and hence 2n+le I(A).

We now consider the following sets :

A'=(A\{{a,20+2},{b,2n+1} hu{{ab} }cR,
B'=(B\{{c.2n+2},{d2n+1} hu{{cd}}cS.

We have that I(A)=I(AN2n+12n+2}=I(B)\{2n+12n+2}=I(B").

Moreover, since I(A'NRy)=IANNIR)=IBIN I(5;)=I(B'"S;)»J and R,S are
matching, we obtain that AnR{=R; and B'n§;=3;.

Similarly it is shown that A'"R,=R, and B'nS;=S,, so that A'=R and B'=S.
This shows that A=Rg, , B=Seg and I(A)=I(B)=[2n+2]. &

The above two propositions suggest two constructions for the generation of
matching nested sets, using matching nested sets of smaller size. In the
following result it is shown that the converse procedure is also valid.

Proposition  2.5. Every pair of matching nested sets of Npp,, may be
generated by matching nested sets of smaller size.

Proof. If UL is a pair of matching nested sets of Nyp,,, we consider the
following two cases :

o) Either {2n+1,2n+2}eU or {2n+12n+2}el.

Without loss of generality we assume that {2n+12n+2}eU; let o,be[2n] such
that {a2n+2}eL and {b2n+1}el.

If R=U\{{2n+12n+2}} and S=(I\{{e20+2},{b2n+1}} ) {{a,b}}, it follows that
R.S are matching nested sets of Ny, {ob} is an outer pair of S and R*=U,
Sob=L.

B) (2n+1,2n+2}¢U and {2n+12n+2}el.

Then, there exist o,b,c,de[2n] such that :

{a2n+2)eU, {b2n+1}eU, {c2n+2}eL, {d2n+l}eL.
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We construct two finite sequences (x),(yy) in [2n] as follows :

Let (%), ke[v] be the sequence in [2n], with maximum length, which satisfies
the properties :

X1=C, {XgXg41}€U if k is odd, {xyxXp.q}el if k is even.

We will show that x,=d. Firstly, we prove that (x,.1X,}JeU; indeed, other-
wise {Xy.1.XyJeL and if Ee[2n+2] with (x,E}eU, by the maximality of v we
deduce that E¢ [2n] so that E=2n+2 and x,=c. Thus, if A={{X}Xg,1} : k odd}
and B={{XpXg,1) : k even}, it follows that ASU, BSL and @+#I(A)=I(B)#[2n+2],
which contradicts the matching property of U,L.

Now, if we[2n+2] with {x,,w}eL, by the maximality of v we must have that
we [2n], so that w=2n+1 and x,=d.

Similarly, we define (yy), ket] such that y;=0, yy=b, {¥y.¥x+1}eL if k is odd,
{yx, Yk+1}€U if k is even.

Let R =(U\{{a2n+2},{b2n+1} )U{{ab}},

S =(I\{{c.2n+2},{d,2n+1}})U{{cd}},
Ri={{xpXir1) : 1 Is odd, isv-1)SR,
Ro={{yiyir1} : 1 is even, i<t-1}U({a,b}}<R,
S1 ={{XpXi41) @ 1 is even, i<v-1Ju{{c,d}}<S,
Sy =({Vi¥is1) ¢ 1 1s odd, ist-1)SS.

It is easy to check that the sets Ry R, and Sy,S; form partitions of R,S
respectively, the pairs R;,S; and R,,S, are matching and U=Rgp, L=S¢y. 8

3. Planar permutations

A permutation ¢ on [2n] with o(1)=1 is called planar (p.p.) if the sets,
Up={{0Qi-1),02i)}: ie[n]}, Lo=({0@i),0Qi+1)}: ie[n-1]}u{{o2n),1}} are both
nested.

Let II,, be the set of all p.p. of size 2n. It is easy to check that for every
oeIl,, we have o(i) is odd iff i is odd.

The obverse o*, the conjugate o¢ and the additive shift o8 of oell,, are the
permutations on [2n] with o*(i)=0(2n+2-i), 0¢(i)=2n+2-0()) and o%(i)=1+0(r), where
r=0-1(2n)+-1, ie[2n].
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The permutation o8 may be obtained from ¢ in a practical way, if we increase
the elements of ¢ by one and then we attach the part found on the left of 1 to
the right part. For example from the permutation 0=16783452 we take
278114563 and 0%=14563278.

Clearly, since
Ugr = Ly, Lgx = Uy, Uge = Ugt2n+2, Lge = -Lg+2n42, Ugs = Lg+1, Lo® = Ugtl,
we have the following result.

Proposition 3.1. The obverse, the conjugate and the additive shift of any
pp. is a pp.

Since the conjugate of a p.p. is a p.p., the determination of the elements of
II,, is reduced to the half, ie., to the set of planar permutations with o(2)<n
(resp. 6(2)<n+1) when n is even (resp. odd).

We now consider iterations of the additive shifting operation :
ol=gs, ok=(ok1)s, k>2; (we assume also that o0=0).

Iteration satisfies the following properties :

(i) o2h=g

(i) 0k+k=(0k)}\=(0k)k

(iiiy If oP=0 then g"%P=0, V aeN*

Furthermore, by induction we can easily check that if oeIly,, then :

Ug+k if k is even Lotk if k is even
Ugk= { and Lgk=

Lotk if k is odd Ugs+k if k is odd

Further, an equivalence relation on Iy, is defined by o=t iff there exists
keN such that ok=t.

We say that a p.p. oell,, has shifting order p iff p is the least positive
integer such that oP=0. It is evident that o has shifting order p iff the
equivalence class of ¢ is the set {oX : k=0,1,..,p-1}.

Following a similar argument to the proof of proposition 2.3 of [5], we
obtain the following result.
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Proposition 3.2. If geIl,, has shifting order p, then o@=g iff p divides m.

We note that in particular p divides 2n. Furthermore, p=1 iff o=0{ or o=0,

where 04()=i and o,@{)=2n+2-i for every ie[2n].

From the above remarks and proposition 3.2 we obtain the following result.

Proposition 3.3. The set II,, is partitioned into equivalence classes such that

the cardinality of each one is a divisor of 2n and exactly two of them contain
only one element.

We conclude this section by giving the relation between the planar
permutations and the matching nested sets.

Proposition 3.4. U, , L, are matching for every oelly,
Proof. If I(A)=I(B)#D for AcU, and BcL, we have o@)e I(A) iff o(i-1)e I(A),

for every i>1. This shows that I(A)=[2n], so that Uy Ly are matching. B

We now proceed to the converse.

Proposition  3.5. Given two matching nested sets ULe Ny, there exists a

unique oelIly, such that U=U; and L=L, .

Proof. We first construct a mapping ¢ on [2n+1] as follows :
o(1)=1;

0(2i) is the unique element of [2n] such that {o(2i-1),0(2i)}eU.

o(2i+1) is the unique element of [2n] such that {o(2i+1),0(2i)}eL.
We will show that the restriction of o on [2n] is the required p.p.

In order to show that o is a permutation, suppose that there exist k,Ae [2n]
such that k=) and o(k)=o(\). Clearly, since ¢ maps every odd (resp. even)
number to an odd (resp. even) number, we have that both k) are either odd
or even. Without loss of generality we assume that kA are odd and choose
them so that k<A and A-k is minimum.

Then, we can easily check that o(s)»o(t) for every st with k<s<t<).
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Thus, the sets
A={{o(s),06+1)} : kss<h-1, s odd},
B={{0(s),0(s+1)} : k<s<A-1, s even},
are well defined, non-empty subsets of UL respectively.

Furthermore, I(A)=IB), I(A)=(A-1)-k+1=A-k and O<II(A)l<2n. Thus, I(A)#D
and I(A)#[2n], contradicting the matching property of UL; so ¢ is I-1.

Now since, by the construction of g, U;SU and [Ul=n=IUyzl we obtain U=Uy.

The proof of L=L; is similar provided that o(2n+1)=1. For the proof of the
last equality, let i be the unique element of [n] such that o(2n+1)=0(2i-1). Then,
for the non-empty sets

A'={{o(s),0(+1)}: 2i-1<s<2n-1, s odd}, B'={{o(s),0(s+1)} : 2i<s<2n, s even},
we have A'GU, B'SL and I(A)=I(B".

Thus, by the matching property of UL we obtain that I(A)=[2n], so that
2n-(2i-1)+1=2n and hence i=1. So, 0(2n+1)=0(2i-1)=0(1)=1.

This proves the existence of the p.p. o, and since the uniqueness is obvious,

the proof of the proposition is complete. 8

We note that propositions 3.4, 35 and the inductive construction of Np,

given in [5], enable us to create an algorithm for the construction of the set
Iy,
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