The intersection problem for cubes
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Abstract

For all integers m,n and ¢, we determine necessary and sufficient condi-
tions for the existence of (1) a pair of 3-cube decompositions of K, having
precisely ¢ common 3-cubes; and (2) a pair of 3-cube decompositions of
K » having precisely ¢ common 3-cubes.

1 Introduction

A great deal of work has been done in recent years on the intersection problem for
combinatorial designs. The question addressed in intersection problems is: given two
designs based on the same underlying set of elements, how many blocks may they
have in common? The intersection problem has been considered for many classes of
designs, including Steiner triple systems (see [5]), m-cycle systems ([2]) and Steiner
quadruple systems ([4]). For a fine survey on the intersection problem, the reader is
directed to Billington [1], and the references therein.

In this paper we settle the intersection problem for 3-cube decompositions of the
complete graph K, and of the complete bipartite graph Ko, n. A 3-cube, henceforth
simply a cube, is the graph C whose vertex set is {z1, 2, T3, €4, Ts5, T, L7, 3} and
whose edge set consists of the edges of two 4-cycles (1, T3, z3, ¥4) and (25, z¢, T7, T5)
and the edges {z1,z5}, {22, 26}, {z3, 27} and {z4,25}. We denote this graph by
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(z1,Z9, T3, L4, Ts, Te, T7,Ts).. Given a graph G and subgraph H, let G\ H be the
graph with vertex set V(G \ H) = V(G) and edge set E(G\ H) = E(G)\ E(H).
The graph K, \ K, is called the complete graph on v vertices with a hole of size u,
with the vertices of K, forming the hole.

Given graphs G; and G, with V(G1)NV(G,) = 0, let Gy V G be the graph with
vertex set V(G1 \/Gz) = V(Gl) UV(Gz) and edge set E(Gl \/Gz) = E(Gl) UE(GQ) U
{{a,b} : a € V(G1) and b € V(G,)}. Given graphs Gy and Gy, with E(G1)NE(G,) =
3, let Gy 4+ G be the graph with vertex set V(G + G2) = V(G1) UV(Gy), and edge
set E(G) + G2) = E(G1) U E(G3). We will use the notation G1 V Gy and Gy + G
only when V(Gy) N V(G2) = 0 and E(G1) N E(G) = 0 respectively.

A C-decomposition of a graph G is a set D of cubes whose edge sets form a
partition of the edge set of G. Hence a set D of edge-disjoint cubes forms a C-
decomposition of G if and only if }.cp C = G. If there exists a C-decomposition of
G, then we say C divides G and denote that by C|G.

For a graph G, let I(G) denote the set of integers ¢ for which there exist two
C-decompositions of G with exactly ¢ cubes in common. We define J(G) to be
the set of expected intersection numbers. That is, J(G) = {0,1,2,...,b} \ {b —
1}, where b = |E(G)|/12 if there exists a C-decomposition of G, and J(G) = @
otherwise. Let I(n),J(n),I(m,n) and J(m,n) denote I(Ky,),J(K,), [(Kny) and
J(Km.n), respectively.

In [3], Bryant et al showed that there is a C-decomposition of K, if and only if
n =1 or 16 (mod 24). Thus, J(n) = {0,1,2,...,b}\ {b—1}, where b = n(n —1)/24
if n =1 or 16 (mod 24), and J(n) = () otherwise.

Also in [3], it was shown that for m < n, there is a C-decomposition of Ky, if
and only if m = n = 0 (mod 3), mn = 0 (mod 4) and m > 4. Thus, J(m,n) =
{0,1,2,...,b} \ {b— 1}, where b =mn/12 if m = n = 0 (mod 3), mn = 0 (mod 4)
and m > 4, and J(m,n) = () otherwise.

Lemmas 1.1 and 1.2 follow immediately from the definitions of J(n) and J(m,n).

Lemma 1.1 For all m,n, I{m,n) C J(m,n).
Lemma 1.2 For all n, I[{n) C J(n).

In Sections 2 and 3 we show that J(m,n) C I(m,n) and J(n) C I(n) respectively,
thus obtaining the following two theorems:

Theorem 1.1 For all m and n, I(m,n) = J(m,n).
Theorem 1.2 For all n, I(n) = J(n).

We will make frequent use of the following straightforward lemmas. The proof of
the first one is obvious.

Lemma 1.3 If G = Gy + Gy + ... + G, and there is a pair of C-decompositions
of G, with exactly ¢; common cubes (for ¢ = 1,2,...,n) then there is a pair of
C-decompositions of G with ¢; + 3 + ...+ ¢, common cubes.
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Lemma 1.4 Let G; and G; be edge-disjoint graphs such that |E(G)| > 36 and
|E(Gq)| > 24. Suppose C|Gy and C|G; with I(Gy) = J(G1) and I(G2) = J(Ga).
Then [(G1 + Gz) = J(Gl -+ Gz)

Proof: Let ny = |E(G41)]/12 and let ny = |E(G,)|/12. Without loss of generality,
assume that ny > ny. Let t € J(G1 + G2).

If t < ny — 2, then there exist two C-decompositions of G; with exactly ¢ cubes
in common and there exist two C-decompositions of G, with exactly zero cubes in
common. Thus by Lemma 1.3, there exist two C-decompositions of G| 4 G with
exactly ¢ cubes in common.

If t = ny — 1, then there exist two C-decompositions of Gy with exactly n; — 2
(ny —3 if ny = 2) cubes in common and there exist two C'-decompositions of G with
exactly 1 (2 if ny = 2) cube in common. Thus, there exist two C-decompositions of
G, + G4 with exactly ¢ cubes in common.

Else, if t > ny, then there exist two C-decompositions of Gy with exactly n; cubes
in common and there exist two C-decompositions of Gy with exactly ¢t — ny cube in
common. Thus, there exist two C-decompositions of Gy + G with exactly ¢ cubes
in common.

Therefore, t € I(G1 + G2) and thus, I(G) + G2) = J(G1 + Ga). O

2 The complete bipartite graph

In this section, we prove that I(m,n) = J(m,n) for all positive integers m and n.
We first show that 1(6,6) = J(6,6) and that 1(9,12) = J(9,12).

We will present decompositions of K,,, where the vertex set of Ky, is (Z x
{0})U(Z,. x {1}) (with the obvious bipartition) and the ordered pair (z,y) of this
vertex set is represented by z,.

Lemma 2.1 [(6,6) = J(6,6).

Proof: Let the vertex set of Kgg be {0o,...,5}U {01,...,51}, with the obvious
vertex partition. Let D, Do and D; denote the following designs, respectively.

D= {(00701720731721730711310)& (20721740751’41,50731730)67
(007 11, 507 517 41,40,01, 10)0}7

DO = {(00’ 017 20: 21) 117 107 31) 30)ca (007 317 50’ 51) 411 40a 21, 1O)c7
(20, 11,40, 51,41, 50,01, 30)c}
and

D1 = {(00, 01, 20, 31, 21, 30, 11, 10)67 (00, 11,40, 51,41, 50, 217 20)6,
(107 01950> 517 417407 313 30)C}‘

Clearly, each of D, Dy and D; forms a C-decomposition of Keg. Note that
|DoND| =0, [D;ND|=1and |DND|=3. -

Lemma 2.2 1(9,12) = J(9,12).
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Proof: Let the vertex set of Kg 14 be {0,...,80}U{0y,...,11;}, with the obvious
vertex partition. Let D, Dy, Dy, Dy and D5 denote the following designs, respectively.

D = {(00,01720721,11,10731530)07 (00,41,20,61,51,10,71,30)0,
(00781) 207 ]-017 917 10) 1117 30)03 (007 317 50» 1117 717 407 01, 60)65
(16,21, 50,101, 61,40, 11,60)c, (20,11, 80,91, 51, 70, 21, 60)c,
(30,01, 80, 81,41, 70, 31, 60)e, (40,41, 80,101, 81, 50, 61, 7o)c,
(40,51,80,111,91,50,71,70)0},

DO = {(OOalla10741321730’31320)67 (00751710781761730771320)07

(00,01,20,101,91, 10,111, 30)e, (00, 31,50, 111, 71,40, 11, 60).,
(10,21, 50,101, 61,40,01,60)c; (20, 11,80, 91,51, 70, 31, 60)ec,
(30,01,80,81,41, 70,21,60)., (40, 51,80, 101,81, 50,61, 70) s
(40,41,80,111,91,50,71,70)5},

Dy = {(00,11,10,41,21,30,31,20)c, (0o, 01,20, 61,51, Lo, 71,30)c,
(0o, 81,20, 101,91, 10,111,30)c, (0o, 31,50, 111, 71,40, 11, 60)c,
(10,21,50,101,61,40,01,60)c; (20, 11,80,91,51, 70,31, 60)c,
(30,01,80,81,41,70, 21760)& (40’517807 101781»50)61a70)c7
(40341580)111391750371,70%}7

Dy = {(00,11,10,41,21,30,31,20)e; (00,51, Lo,81, 61,30, 71, 20)e
(00,04,20,101,91,20,111,30)c, (00, 31,50, 111, 71,40, 01, 60)c,
(10,21, 50,101,61,30,11,60)c, (20, 11,80,91,51, 70, 31,60)c,
(30, 01,80, 81,41, 70,21, 60)., (40, 51,80, 101, 81, 50, 61, To)c,
(4074178071113917503717 70)0}7

and
D3 = {{00,01,20,21,11,10,31,30)c;, (00,41, 20, 61,51, Lo, 71, 30)e,

(007 817 20a 1017911 107 111,30)c,
(107 217 507 101, 617407 017 60)07
(307 017 803 817 41, 707 217 60)07

(407 417 803 1117917 507 717 70)(:}, .

207 117 80; 91, 513 70) 317 60)67

(
(007 317 507 111, 71)407 117 60)0)
(
(40’ 51) 80) 1017 817 507 61? 70)67

Clearly, each of D, Do, D1, D and Dy forms a C-decomposition of Kg ;2. Note
that ‘DO N D| - 0, !Dl N Dl = 17 lD1 n D0| = 7, |D2 n DI _ 2, lDzﬂ D1| - 5,
]D30D|=3,|D30D0[=6,]D30D2|=4a,nd|Dr‘|D|=9. O

Theorem 2.3 I(m,n) = J(m,n) for all positive integers m,n.

Proof: Let m and n be positive integers such that m < n. In [3], it was shown
that there is a C-decomposition of K, if and only if m =n =0 (mod 3), mn =0
(mod 4) and m > 4. Under these conditions, either

(C1) m =0 (mod 6) and n = 0 (mod 6),

(C2)  m =3 (mod 6) and n =0 (mod 12), or
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(C3) m =0 (mod 12) and n =3 (mod 6).
If (C1) is satisfied, then K, , can clearly be decomposed into isomorphic copies of
Keg. Since K, and K, ,,, are isomorphic, (C2) and (C3) are equivalent. In either
case, K, , can be decomposed into a collection of graphs, each of which is isomorphic
to either Kgg or Kg12. Thus by Lemma 1.4, it suffices to show that I(6,6) = J(6,6)
and 1(9,12) = J(9,12). O

3 The complete graph

3.1 Small cases

In this section we show that I(n) = J(n) for n = 16 and 25.
Lemma 3.1 {0,1,2,3,4,5} C I(16).

Proof: Let the vertex set of K6 be Z1s. Then a C-decomposition of K is given
by

D= {(1,2,5,6,8,3,4,7).,
(1,3,5,7,4,6,8,2).,

(9,10,13,14,0,11,12,15),,
(9,11,13, 15,12, 14,0,10).,
(1,9,2,10,5,13,6,14),, (3,11,4,12,7,15,8,0).,
(1,11,2,12,15,6,0,5)., (1,13,2,14,0,3,15,4).,
(5,9,6,10,11,8,12,7),, (7,14,8,13,9,3,10,4).}.
Let Dy, Dy, Dq, D3, Dy and Ds be the designs obtained by applying respectively
each of the permutations (01 2 7), (012 3), (01), (013), (0 11) and (0 15) to D.
Then it is straightforward to check that for i € {0,1,2,3,4,5}, |D N D, =1. a

‘Lemma 3.2 {6,8} C I(16).
Proof: Let
S =1{(1,2,5,6,8,3,4,7).,(1,3,5,7,4,6,8,2). },
and
82 = {(1747578723 3767 7)07 (17 3757 7,6,8,2,4)0},
so that S; and S, are a pair of C-decompositions of Kz \ F' (where F' is a 1-factor)
with zero common cubes. Also, let

R= {(0,1,8,9,10,11,2,3)., (0,8,3,11,12,4,14,6).,
(0,13,1,14,15,3,12,2),, (1,9,2,10,15,5,13,7).,
(4,5,12,13,15,14,7,6)., (4,9,6,10,11,7,8,5).},

so that R is a C-decomposition of F'V F', where F is a 1-factor on eight vertices.
Hence, by Lemma 1.3 (since Kig = (K3 \ F)+ (F'V F) + (K5 \ F)) there is a pair of
C-decompositions of K¢ with six common cubes and a pair of C-decompositions of
K1 with eight common cubes. O

Lemma 3.3 {7} C I(16).
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Proof: Let the vertex set of Kig be Zis. Then two C-decompositions of K¢ are
given by

Dy = {(2,4,8,10,1,5,7,11)., (3,5,9,11,2,6,8,0).,
(4,6,10,0,3,7,9,1)., (9,3,6,9,12,8,1,4).,
(0,5,2,7,13,10,12,1),,  (0,6,11,14,15,12,5,13),
(1,10,4,14,15,7,13,3), (2,8,11,13,14,5,15,6).,
(2,9,12,11,15,14,7,4),, (3,9,15,10,12,13,8,14).},

and

DQ: {(0)47678>1>57779)07 3 Ty »1051’377711)01

(11,3,5,9,0,2,6, 10).,

(0,5,2,7,13,10,12,1).,

(1,10,4,14,15,7,13,3).,

(2,9,12,11,15,14,7,4).,
Clearly, |Dy N Dy = 7.

The following lemma follows immediately from Lemmas 3.1, 3.2 and 3.3:

4,8

’3,6797 12787 1‘)4)C’
,6,11,14, 15,12, 5,13).,
8,1

9,1

1,13,14,5,15,6).,
5,10,12,13,8,14). }.

?

2
(0
(0,6,
(2,8,
(3,9,

b

Lemma 3.4 I(16) = J(16).

Before proving that I(25) = J(25), we need one more result.

Lemma 3.5 There is a pair of C-decompositions of K13 \ Ky having precisely zero
common cubes, and a pair with precisely six common cubes.

Proof: Let the vertex set of Ki3\ Ky be {0,1,2,3}U{4,5,...,12}, with the vertices
0,1,2,3 in the hole. Then two C-decompositions of K13\ Ky are given by

Dl = {(0747 1‘) 55 67 2’ 77 3)c» (07 77 47 87 97 57 6a 10)67
(0,10,2,11,12,5,8,6)., (1,6,7,11,12,9,8,3).,
(1,8,11,9,10,12,4,3)., (2,5,4,9,12,11,10,7).},

and

D2 = {(]—347275a67 0373 3)63 (1)7a4a8797556)10)c7
(1,10,0,11,12,5,8,6)., (2,6,7,11,12,9,8,3).,
(2,8,11,9,10,12,4,3),, (0,5,4,9,12,11,10,7).},

Clearly, |D; N Dy| =0, and |Dy N D1] = 6. i

Lemma 3.6 [(25) = J(25)

Proof: Let V4,V; and V5 be three mutually disjoint vertex sets of sizes 12, 9 and
4 respectively. Let Gy 2 K¢ have vertex set Vi U Vs, let G = Ky 12 have vertex set
Vi UV, (and the obvious bipartition), and let G5 = Ki3 \ K4 have vertex set Vo U V3
(with the vertices of V5 in the hole). Then Ky5 = G1 + Gy + Gs.

Now using Lemma 1.3 with ¢; € I(16) (see Lemma 3.4}, t; € {0,9} (see Lemma
2.2) and t3 € {0,6} (see Lemma 3.5) it is straightforward to check that we have
1(25) = J(25). d
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3.2 Constructions

In this section we give two similar constructions for the cases n =1 or 16 (mod 24).
Lemma 3.7 If n = 1 (mod 24) then I(n) = J(n).

Proof: Let n = 24r +1 and let V4, V3, ..., V; be r mutually disjoint vertex sets of
size 24 and let oo ¢ Ui, Vi. For each ¢,7 with 1 < i < j <7, let Gy ; = Kyq24 have
vertex set V; UV, (and the obvious vertex partition), and for each 1 = 1,2,...,r let
Gi = Ky have vertex set V; U {co}.

Then
K, = Z G+ Z G;.
1<i<j<r 1<i<r
Since 1(24,24) = J(24,24) and 1(25) = J(25), we conclude by Lemma 1.4 that
I(n) = J(n). O

In the following lemma we use a similar construction to that described in [3].
Lemma 3.8 If n = 16 (mod 24) then I(n) = J(n).

Proof: Let n = 24r + 16, A = {z1,72,...,%16} and V4, V5, ..., V, be r mutually
disjoint vertex sets of size 24 such that V; N A = @ for all 7. For each ¢,j with
1 <i<j<r, let Gij & Kz have vertex set V; U V; (and the obvious vertex
partition), for each i = 1,2,...,r let G; & Kj5 have vertex set V; U {z1}, and let
G' = K54 have vertex set V; U{zy,23,...,216} (and the obvious vertex partition).
Finally, let G & K¢ have vertex set A. Then

K,=G+ > G+ Y, (Gi+G).

1<i<s<r 1<i<r

Since 1(16) = J(16), [(24,24) = J(24,24), I(25) = J(25) and I(15,24) = J(15,24),
we conclude by Lemma 1.4 that I(n) = J(n). |
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