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All under collsidfcration 
vertiCt~S x and y. We write II 
subsets X and Y of we denote 

and 

y 

functions defined on 

has a, rnatch·· 
is a connected 

t= 
GiVPll 

of G induc~'d 

to be the neighborhood 
of x. Let 1 and 9 be 

1(v) _ g(v) dG(v) for aJl 
v E: \/ An [f, of G is defined as a F of (; such that 

and an [f, is ab brevi ated to an 
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where 
by M + [i' tlw 

of U 
We denote 

The results about k'-factors or connected rll_,~,,'T{Yr<J are known. 

Theorem 1 [9] oj 
on/t I' nand min'imum e at least A; whtre kn 

and let G be a connected 

eVOt and n ~ 1k - ~). 

pair of rtt Vt r'tiC(s n awl v oj G 

then G has a 

Theorem 2 [6] Lei k bf~ a 

and minimum at lrast 
rwnadjaCf ni vcr,tiers 'U, v G 

t;hf n G has both a Hamiltonian 

Kano 

Problem 4 [7] 
JactoI', 

M. Cai has 

an: (at 

C+F, 

the 

Find 

Find 

and i(t G be order' orde'r n 
rach pair' of 4k 

n 

C and a , fhnee a has a connected 

condziions a G to have a connected 

a a to have a connected [a, 

two resuits. 

> and a be 

1\,1 and i.'i a comuctt d 

An almost k---factor 
eXCf~pt at most OI1f~ with 

Theorem 
order n 
rlp(v*) 1 has 
vCTiices of a there 

a rnatching M such thai 

[7.:,1.;+ oJa. 

is a factor such that every vertex has 

~ 3 and let G be a connected odd 
almost k;- F such that the verte.?; '0* 'With 
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moreover') among any thI'ee 'LIHLt'IJ'ClltLt:I'lL 

sum at least n - k:! then a has 

and M + F is a connected 



The purpose of this paper to prove the 
Tlworems fl. 6 and solution to :3. 

among any lhree 

sum at least n 11" 
an,d At 

Ctmnect,,:d 
aIld theorern 

of connects two 

wunId form 
traded into a 

Denote 
p + 

~;um of 
,,,,,n;-',r.n of the theorem. 

s('en that 

.5 ~ 1, 
1(v)+1 dJ,(v) +1 
1(v) ~ dp(v) 
I L I ~ I U I + It + 

The last one cornes from lUI 2s and ILl + lUI = 
we have 

Ec;( v, L) 0 V v E 

{Cd· 

result, which extends 

obvious that IIl(Ci)1 ' 

'" , d 

E were C011-

\ u. 

Jnclepen,ciel1t verticps 
//" which contradicts 

(s + 1 )(Il + 1). Moreover. 

(1) 

e* E u } is a UH,I,cvJLLllJ.l". as required, a 
contradiction. 
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As CL2 and a [/, au Ms be the to az, l(~t A and B bE' 
the componelJts of F- au suell that 11 
of choose two rr"nn,'H',>T1 

and 

I V ((',) rl I T I I V (Cj ) II 1. 

Cboos(':r V ((\) \ (f and y ) \ U. Then 

0, 

and 
\ U) = 0, 

Assertion 1 :c}, {u,v )::; \/uv 

that some uv iHs 

{,n£. xv, z'u, 

Let u x' be in different rn,'nn,n"A"'f',-, 

(Ms \ v.v) u zv} would bf~ 

Assertion 2 Nc;(:r) C ,~) U U. 

and (:3). we need 
We assume 

there exists an 
of 

Ish, and P\ 

(2) 

(} bt~comes 
c,. 
,J] 

seE~n that 

° since x 
the definition of 

the definition 
\ uv) U {r'x, 

contain h Bf~cause each I Ce I 2: ;.t + 1, 

\ I = s h::; -'----'----'---'--'-'­
;.t+l 

the definition of V(Xz) n V(Mz) =1= O. Then 

ING(x) n \ V(Mz)1 ::; IV(Xz)l- 2. 
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HCHce from (1): A~serti()ns 1, and the two we that 

+ 

(4) 

n fL L 

+ (5) 

N O\V ld U~ show 
dc;(:r) + dc:(y) n fL - 1. (6) 

AIl to that ill the of As~('rtion 1 shows that 

denote the 

Tlwn and y, idplltical or c and 

Assertion 2 'ilW E Ii ( u 

Now we to ~how 

Assertion 

T:t E t1wn by (3) 7' Ty rt Because r E L \ 
(V(Xr) U (V(Yc)) and is then~ exists (at one 'Uv on 
the which connects 'f' and y in P. tlw definition of either 'Uy or 
vy E(G),saYllY Then (Ms\{ab,uv})u 7'.:c,1IY} would 
he a matchillg a contradiction. we 1'y rt Thus the 
assertion holds. 

Let p = n 
p + 1 and q + 1 
two different cases 

Case 1. and };, are 

I· 
the proof by examining 

and }~ are identical or 

Then IMs \ I = s- (p + q), and P --- (V(Xc) U V(Yc)) contains 
s - (p q) - 1 COlllponents of Ws. 
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An similar tiw of (4) shows that 

1M3 \ ) U 

J-L 

(o({x,y}, IL n U V(Y,))I 2, 

cr;( ,y}, U) U E (Y,) ) I + :3 I Al s \ 

Because 0 #..6. p (V(Xc)) iVl", 

We have 

ILnV(Xc)I+21 n 

IL () V(Y)I n 

I L n ( c) U V ( Y;, ) ) I 

+:3 \ ( 
IV(Xc)1 + 

2+21 Msn 

I 

+ ;3 (1 + -'---''--'---'---,,-'---,,--'-------'-----,-

IV(P)I-- 1 -- It + 1 IV(P) \ 

IV(P)I - 1 

n - ft -- 2. 

Therefore ill this case the required inequality holds. 

Case 2. and y., are identicaL 

1. 

l. 

U 

U V(Yc')) I 

U E(Y~))I. 

So IMs \ E(.YJI p, and P contains p COrnTH)ne,nts of 
we have 

dc;(:l:) + dG(y) I L nil + 2 I Ms n 
I V ( Xc) I - 2 + _3,_ --'----"---­

ft+ 1 

IV(P)I 2 

IV(P)I - 2 

n--{J ~t 

- 2 IV(P) \ 
ft+ I 

The proof of Theorem 7 is ""n-n.I"I-o/i 

) I 31 \ 

Remark 1. Theorems 5, 6 and some similar results about the existence of con­
nected [a, b + I]-factors and connected [j, f + I]-factors are natural consequences of 
Theorem 7. So the result of Theorem 7 is the most general result in this sense. 
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Remark 2. It was pointed out in and [3] that the condition that the 
sum is at least n -- k could not be weakened any further. see this, let rl :~k + :3 
and (; V U KHI U where V and U deflote and disjoint union, 
So the result. of Tht"orem 7 is 
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