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ABSTRACT 
continue to investigate the problem of the existence of a Hamil

ton connected cubic (m,n)-metacirculant graphs. We show that a con
nected cubic (m,n)-metacirculant graph G = MC(m, n, a, So, ,.., has 

Hamilton cycle if either a 2 == 1 (mod n) or in the case of an odd number f.L 
one of the numbers (a 1) or - a + a 2 _ ... - ajJ.-2 + ajJ.-l) relatively 

to n. As a corollary of results we obtain that every connected cubic 
,-UJlet;aClJrCUl1arlt graph has a Hamilton cycle if m and n are integers 

odd prime divisor of m is not a divisor of where r.p the 

1. INTRODUCTION 

The nT'I''o''I"""", of the existence of a Hamilton in vertex-transitive 

has considered by researchers for many years. these (m,n)-

metacirculant introduced in [3] are because the automorphism 
groups of such contain a transitive which is semi direct ~~,~rh,,..t-

of groups and has a rather structure. It has been asked [3] 

whether all connected (m,n)-metacirculant graphs, other than the Petersen 

have Hamilton 

connected (m,n )-metacirculant graphs, other than 

have been proved to have a Hamilton cycle [1]. Connected cubic 

other than the Petersen also have been p'roved 

to be hamiltonian for m odd m = 2 [4, 6], and m divisible by 4 [10]. Thus, the 

reJmaJ.IlJ.nl:; values of m, for which we still do not know whether all connected cubic 

have a Hamilton are of the form m = 2f.L with 

this paper we continue to investigate the of the existence of a Hamil-

ton in connected cubic (m,n)-metacirculant graphs. We will prove here two 

sufficient conditions for connected cubic graphs to be hamilto

man. we will show that a connected cubic (m,n)-metacirculant graph G = 
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has a Hamilton 1 (mod n) or in the 

case of an odd nmnber p one of the numbers (a + 1) or (1 ) 
IS of 

neeted cubic 

that 

2. PRELIMINARIES 

m and n 

con

such 

divisor of 'P(n) where 'P the Euler 

write 

units in 

for the H)TPri'.Orc modulo nand 

, then we 

group of 

Let 
be subHets 

(1) 0 So = 

= Sr for 0 r p; 

(3) If m even, then aJ.! SJ.! = 

Then graph = MC(m,n,a, 

i E Zm; j 
and (h - j) 

and 

reduced modulo m and modulo n, 

The above construction is designed to allow the p with p( v;) = 

and with to be automorphisms of G. Since the subgroup 

< p, T > of p and transitive on 

vertex-transitive. These 

eralization of the Petersen graph for the 

were introduced in [3] as a gen-

reason of providing a class of 

vertex-transitive graphs in which there might be some new non-hamiltonian con

neeted vertex-transitive graphs. Among these graphs, cubic (m,n)-metacirculant 

graphs are especially attractive, being at the same time the simplest nontrivial 
(m,ll)-metacirculallt graphs and those most likely to be non-hamiltonian because of 
their small number of edges. 
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Hamilton In of 

Thi::; method will be used 

pel:'rn1l1toLtlCm (J is 

In 

vertex in the other orbit. 

Let B 
orbits of (J 

of order t and GO, induced G on the 
uo'rh.r,oQ of Gt under 

P of 

start vg 
from v ~ to a vertex vi of 

retur:mrlg to a v~ of GO. The that 

in this way C is in [2] the coil of C and is denoted 

in the next section the results [8] and [9]. 

Let t be the order of G, B of a graph 

induced by G on 

a Hamilton m such that contains a path P whos e terminal 

vertice,r; aTe distance d apart in the GO where P staTts and terminates and t) 

1, then G has a Hamilton 

Let G = n,a, " .. ,SJ-L) be a c7J,bic 

i E 

O:::;k 
,p -

n. Then 

(i) If G is 

odd and 2. 

~s even, So 0, Si = {s} with 0 :::; s < n some 

= 0 all i -=J j E {l,2, ... ,p - l} and {k} with 

then either i is odd and m) 1 or i is even, p is 

(ii) If i zs odd 1, then G is to the cnbic (m, n)-

metacircnlant , ... ,S~) with a' = 0, 

(iii) If i is even, p is odd, gcd(i, m) and i = 2r i' with T' 2: 1 and if odd, 

is isomorphic to the cnbic 

sg, with a" = ,sg 
= 0 and S~ = 
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Lemma 3 (i) Let G 

meiacirculant graph S1tCh that m 

o and Then G 

[k 8( 1 + + a 2 + ... + )] red1Lced modulo n. 

(ii) Let 

such that rn 

r 2: L 

only if 

red'lleed modulo n. 

a cubic (m, n)-

1, where p 

connected if and 

+ .. )] 

Let G = n, (\I, So, , ... , be a connected cubic 

'rn.f'T.f1.f'1.T'f'11.1f1.'rI.T graph such that m even, greater than 2 and not divi8ible by 

o with 

'with 0 

{ s} with 0 s < n, 

k < Let a gcd(a 1,n) and 

Then G has a Hamilton if anyone of the 

met: 

(i)Eiihergcd(nj(ab),pa 1) 'or 

(ii) b 1. 

recall the definition of brick of with a de-

fined in This in the af Theorem 1 in the next 

section. Let 1 be the 

sets n) {U1' U2, ... , 

,U2U3,··· ,'u n u 1},E(Pm) {VIV2 V2 V3,··· ,VmVm+l}, 
brick product C~m+l1 of with is defined as follows [4]. The vertex-set of 

C[m+l]. tl . d 
n IS le cartesIan pro ud X The of consists 

of all of the form (Ui, Vh)(Ui+l, Vh) and (U1, Vh)(U n , Vh), where i 1, 2, ... , 

n-l and h 1,2, ... , m + 1, with all pairs of the form (Ui,Vh)(Ui,Vh+r), 

where i + h == 0 (mod 2), i = 2, ... , Il and h = 1, 2, ... , m. 

The result has been In 

Lernma 5 [4]. Consider the brick product C~mJ with n even. Let C n ,l and 

denote the two cycles in C~ml on the vertex-sets {( Ui, VI) : i = 1,2, ... ,n} 

and {( Ui, v m) : i = 1,2, ... ,n}, respectively. Let F denote an arbitrary perfect 

matching joining the vertices of degree 2 in with the vertices of degree 2 in 

Cn,rn' If X is a graph obtained by adding the edges of F to C~ml! then X has a 

Hamilton cycle. 
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In 

above m(~H1~lOneQ nrnr""",rY) 

all i 

= 0, 

with 0 

1} and 

o and ISftl 3. 

o with r ?:: 1, 
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conclitic)11s 

Hamilton 

not 

solution of the 

be connected cubic (m,nj

a Hamilton 

connected cubic 
IS "0 ron, (H',". h to 

L 

is not a 

to the Petersen 

the results obtained in 

also possesses a Hamilton 

m 1,B even, greater than 2 and 

iE{l, ... ,j-l lL 

k < n; 

this 

o for 

cannot occur. So (i) 

WE' may assume that G 

fonns: 

= 0 and 



We !-,V"'''HUlJ.!"_'''J0 in turn. 

n) without mention. So the 

Case 1: 

0 

for ;.;ome y 

where Z {l,'i {las and 

with i 

vcrticc;-; of G '!,U .. I<"V'J'U" to and 

when- f' f f + k and g' 9 9 + k. 

, we have l 9 + k f + + as + k f' + s + a8 in 
are vertices at distance in the 

thei + {l and i + 2 + {l of r",,:nprhuplu 

G. Denote 

,i!} 
1,2, ... , 

the and the fact that G is a connected cubic 

difficult to see t,hat G is isomorphic to a graph X obtained from 

of joining the vertices of 

By Lemma 5, X has a Hamilton 

Case 2:. G = MC(rn, n, a, So, S}, ... ,SfL) with So 

T' ~ I, = {S},S2r+l = ... = SJi.-l = 0 and SfL = {k}. 



An and of the type 1); 
an in W is an 

connects vertices with of the sarne parity, either all 

SU1)erSCl~Ip'ts of vertices of an are even or they are all odd modulo m. In 

the former an is called of type A and in the latter case, it is called 

of type B. 

Since G is connected, by Lemma 3, 

gcd([k(o: + 1)(1 + + a 4 + ... 
+ ... + aJ-L-l)], n) 1. 

- 8(1 + a+ 

( 3.1) 

By the definition of (m,n )-metacirculant graphs, we have al-L k - k (mod n) ¢::::::} 

+ 0 (mod Therefore. since 0:2 1 (mod n) and fJ-

+ 1) k( 0:/1 + 1) == 0 ( mod n). 

From (3.1) and (3.2) it follows that 

On the othE'r 

gcd( s, n) = Land 

gcd(1+ex+ex2 +.··+ ex J-L-l,n) L 

by 0:2 == 1 (mod n), we have 

/t == 1 + a 2 + ... + ex 2(/1-1) (1 _ ex + ex 2 - ... 

0:/1-2 + ex/1-- 1 )(1 + 0: + ... + (Y/1-1)(mod n). 

gCd(ftl n) = b. 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

This implies in particular that b is odd because ft is odd. Since 0: E z~ 1 we also 

have 

gcd( 0:, n) = 1. (3.7) 

Since 0:2 == 1 (mod n), (ex + 1)(0: - 1) == 0 (mod n). On thE' other hand, 

gcd(l - 0: + 0:2 ... + a/1-1, ex - 1, n) = 1 because of (3.7). Therefore, b = gcd(1-

0: + 0:2 ... + 0:/1-1 ,n) is a divisor of gcd(ex + 1,n). Thus, b gcd(l- ex + 0:2 

.,. + 0:/1-1, n) = gcd(ft, n) is odd, and ex + 1 = bUx with u ~ 1. 

Let G' = MC(m,n,ex',Sh,S~, ... ,S~) be a cubic (m,n)-metacirculant graph 

such that 0:' 0:, S~r = {I}, S~ = {OJ and Sj = 0 for all j =f. 2T and ft. Further, 
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let 

to 
{wj' i E j E Since 1 by (3.3), it is not difficult 

that the mapping 

if i is even, 

if i is odd 

is an isomorphism of G' and G. without loss of F-.'"L.LvJ.'CL"~V we may assume 

, ... ,5/-L) such that that G is a cubic (m,n)-metacirculant graph MC(m, n, 0', 

b gcd(l - 0' + _ ... + ,n) gcd(ft, n) is odd, 

0' + 1 bU x with U 2: 1, (3.9) 

= {I}, 5/-L = {O} and 5 j 0 for all j i= 2T and ft. 

Now we prove the following claim which is needed to determine when two 

vertices v j and of G belong to the same 5 ZT -cycle. 

Claim 1. Two vertices v; and of G belong to the same 5z" -cycle if and only 

if f j (mod b). 

Proof. Since every vertex of G is incident with just two 5zr-edges, the 5zr

cycle Q containing v j can be represented in the form 

(3.10) 

where 

i i i+Z r i+z·z r i+(/-L-l)zr 
Q( vh) = Vh v(h+ai) v(h+ai+ai+2") .. , v( h+z-ai+\J,-l)2T) 

i i+Zr i+2·Z" i+(/-L-1)2" 
= Vh v h+ ai v h+ 2ai ... v h+(/-L-l)a i ' 

Thus, the vertices of Q with superscript i are v;, Vj+Zl v~+zz' .. because i, i + 
2T. i + 2· " .. , i + (ft - 1 )2T are distinct from each other modulo m. It follows that 

/)1 to Q if and only if f == j + tz (mod n) for some integer t. 

Since (3.7) holds, 

gcd(z, n) = gCd(ftl n) = b. (3.11) 

Thereforc, if f j + tz (mod n), then (3.8) and (3.11) imply that f == j (mod b). 
Conversely. if f j (mod b), then f = j + u1b for some integer Ul. Since (3.11) 

holds, there exist integers Uz and U3 such that b = U2Z + U3n. So f j + Ul UzZ + 
Ul U3 n. This means that f == j + tz (mod n) for some integer t. Thus, vi belongs 

to Q if and only if f == j (mod b). D. 
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Consider in G. 

incide 

every vertex of G incident with 

So any two 

odd, the numbers 0, 2' , 2· 

two 

are all even numt)eI'S Hence every Q of type A must 

contain 

J=O,l,. 
,t = 0, 1,. 

Claim 1 is 

in the 

cOllta,llll:ng v,~ , 

Q of type B must contain vertex U;l 
in the form Hence. 

and B b-

, . . . and Vb-I' .... ,;,(oni't'1"nrt"lu 

of G must be contained III 

are of type A and the 

that each of each 

I with i even, whereas each 

with i odd. 

of each 

lS 

Jl' B O Tl £ d (b-l)2'+Jl 
'AJJ.HHCU.L.l.l.L"'- V o , I.e., ' wre are. an v 2+o' 

arc con-

Similar applications of Claim 1 will be used 

without mention. 

We introduce now the following definition similar to that of Bannai's work [5]. 
An cycle C of G is defined to be a cycle the sequence of adjacent 

of which el, II, e2, 12, ... ,eu, where ei, i = 1,2, ... , are and 

i = 1,2, ... , are SJ.t-edges. For CO.llVE;men1ce, we will consider an alternating cy-

cle C as a sequence of adjacent and will simply write C = el fr 

For any vertex vj of G, we have the following alternating 

el(v;)Il (vj)!z(v;)e3(v))h(v;)e4(v;)J4(V}), where 

= v i.v i+2'·. 
J j+O" , 

i i+2 r i+2 r +J.t 
Il(vj)=V j+O' i Vj+O' i , 

( i) (i+2 r +J.t) (i+2·2 r +11) 
e2 Vj = V(j+O'i) V(j+ai+O'i+2T+J.') 

(i+2' +11) (i+2·2' +J.t) 
= V(j+O' i) V(j+a i (1+O'» ' 
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J1.\UjJ - U(j+ai(l+a»U(j+ai(l+a» 1 

(i+2-2 r
) (i+2r) 

V(j+a'(1+Ot» V(j+a i (l+a)_a i +2r ) 

(i+2·2 r ) (i+2r) 
V(j+ai(l+a»V(j+a i + 1) , 

(I+2 r
) (i+2r +J,L) 

= V(j+a i+1) VU+ ai+1 ) , 

( i) (i+2 r +J,L) (i+J,L) 
e4 Vj = V(j+Oti+1) VU+ai+l_ai+l') 

(i+2 r +fl) i+fl 
VU+ai+l) Vj , 

= V~+J,LVi_ 
J r 

For simplicity of notation we will write el, h, ... ,e4, h instead of h 
.. ,e4(vj),f4(vj), respectively. In the context it will be clear which vertex vj 

deal with. An alternating cycle AC( vj) plays an important role in the proof of 

Theorem 1 in Case 

A construction of a Hamilton cycle in G in Case 2 will be based on the 

property of AC(vj). 

Claim 2. If b 3, then for any vertex v; of G, the edges el, e2, e3 and e4 of 

the alternating cycle AC(vj) = elhe2i2e3!3e4f4 belong to distinct -cycles. 

Proof. If el an edge of an S2r-cycle of type A type B), then e:3 is also 
an edge of an of type A (resp. type B) and e2 and e4 are of "\", __ <"1:T£"""" 

of type B type A). This is clear from the definition of an alternating cycle 

AC( vj). Since any Szr-cycle of type A and any S2r-cycle of type B are to 

prove Claim 2, it is sufficient to show that the S2r-cycle containing el is different 

from the S2r-cycle containing e3 and the S2r-cycle containing e2 is different from 

the S2r-cycle containing e4' 

Suppose that el and e3 are edges of the same S2r-cycle Q. Then vj!~ ang 

Vj!~~+l are vertices ofQ. ByClaiml,j+ai+l =j+a i (mod b) <==:} ai(a-I) 0 

(mod b). This implies by (3.7) and (3.8) that a-I o (mod b) <==:} a+I 2 

(mod b) which is impossible because b 2: 3 and a + 1 bU x with u 2: 1 by (3.9). 

The obtained contradiction shows that the S2r-cycle containing el is different from 

the S2r-cycle containing e3. Similarly, we can prove that the S2r-cycle containing 

e2 is different from the S2r-cycle containing e4. 0 

N ow we consider separately three subcases. 
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Subcase 2 .. b 

are 

and 

shown in 

vJ. 
n =f: 3. Thus. this 

reader to 

3· 21" + f.l I) (mod 

1. has 

=f: vt (Fig. 

are not the endvertices 

So f.l = 3 and n 

o (mod n) 
if f.l 3 and 

() So 

We leave to the 

has Hamilton 

+f-l From vt +tt it follows that 

and 3 f.l 3 and n :3. We leave to 

the reader to that for these values of fL and n the graph G also has a Hamilton 

This COInplet("S proof for 2.2. 

S'U,bcasc be an and C be the 82 r-cycle contain-

U.~".vV"UF-. the e we obtain path which is called the 

Ld elh 
for v; defined earlier. From 

which is called the path for and is denoted by 

) by replacing each 

another path in G 

The for a, construction of a Hamilton cycle of G in this subcase is as follows. 

Let a C in G containing all vertices of some and only these vertices 

have been constructed. We choose an appropriate vertex v; of C such that the 

8 2 r-edge VjV;t~i is an edge of C and the vertices vj and are the only common 

vertices of C and AP(vj). Then by replacing the edge V;Vj!:i by AP(v;) we get 

from C longer cycle C' containing all vertices of a larger number of 8 2 r-cycles 

and only these vertices. By appropriate choices of vertices vj we can continue this 
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Fig. 1 
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vtL 
o 

v5' + tt 
4ct+ 1 

V6•2r + f 
50'.+ 1 



obtained 

of 

very few 

D Then from D 

their vertices not contained in the last 

construct Hamilton for G an 

now the detail of this construction. 

will construct a sequence Co, C l , ... of of G 

index i. contains all vertices of each of 

,Bo, B2, B4 \ " . ,and and these vertices. 

are reduced modulo b.) Moreover. the 

Property (ii): For an odd index i, Ci contains all vertices of each of 

these 

over. the 

of 

f.L 
this 

Co of the sequence, then 

for an even 

, B O , B2 , B 4 , .•• and and 

and reduced modulo More-

as follows. First we 

1 and 
BO.A2.B2 

1.2.3,4, its 

\..-V.Ll.uCLHiUJ.t; all vertices 

them. Since b 

different from C2 

n) by 

if we take this 

satisfies Property (i). 

as the 

14 By the 

and Claim 1 it is not difficult to that el, ('2, e3 and 

,respectively. By Property (i), el is 

and B 3i+4 are not c.ontained 

) we can a 

\"-\ILJ.u''''Ll.LLl.l.~ all vertices of each of AO, ,B2 , B 4
, . .. ,B:3i+4 

and only these vertices. Since b ;:::: 5 and gcd(f.Ll n) = b by (3.8), we have 
f.L ;:::: 5. Hence it is not difficult to see that the edge v6

3i
+

6
)2

r 

+J.i.v~3i+7)2r +J.i. of B 3i+ 6 

is different from e2 = vfi+4
)2

r 

+l-'v~~~5)2r +1-'. So this edge is an edge of the obtained 
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~r 
1 

Fig. 2 
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vtJ-
o 



the G~+l of the sequence. Then it is clear that 

Now 

Take the 

then 

we can a 

'"U.LJ.C(H.UU.l.J.t; all vertices of each of A ° , A 2 , ,BO,B2 B 4
, 

before, it is not 

different from ez. So 

and and only these vertices. Since 

difficult to of 

this as the of the 

Note that the number of all vertices of which are contained in a 

G~ of the eonstructed sequence is 4 + 3i. we have the following three 

to consider. 

(4 + 
odd 

+ t. 

construct 

LllJ.UCl.k:ll,ChLClUl.lJ.)<., what follows the reader is advised to make himself a 

AP( v;) all three S2r-complementing paths 

is obtained from Gi by the 

of A b- 2 and consider the alternating cycle 

Claim 1 and the defini tion of 

difficult to that el, ,e3 and e4 are 

and both e3 and e4 are edges of 

We determine in what order the vertices and v~:+CY-l)Zr incident 

with and the vertices v~~b~1)-3)2r +1') and incident with e4 lie in 

G t - 1 For this we follow each cycle Gi , i = 0,1,2, ... , by starting at vg and then 

going in the direction from vg to Vb. It is clear from the constructions of Gi that if 

a vertex v; appears before a vertex v~ in Gi and i < j, then v; also appears before 
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yO yil 
° 0 

2r 
r y, 

.. p 
yp,+2 

Q(. 

V(b+ct-2) 0 

20.-1 

V(b+a.-1) 
2a 

3·2
r 

!l V1 

V4 • V(b-S)2
r

+ ~ 2 
.. ):::::. .. 2 

N : 
V(b-7 

2+ <X 
p-

tT. 
I . 

V(b-9) V( b+ct- 3) P. 
1 ~-1 

V(b-8)2
r V(b+ct-2) t-t 

2 20'.-1 

r 
V(b-5)2

r V(b+d.-2)2 + P. 
1 . C(, 

V(b-4)2
r V ( b+C<. -1 ) 2 r + ~ 

2 CJJ 
2a. 

III 
cr • 

V(b-4)2
r I .. 

V(b-5)2
r

+ p. ~ 
1+a 1 

V(b-3)2
r 

V(b-4)2
r

+ p. 
2+ C(. 1 +C(.. 

yCb+ct.-3)2
r 

V( b-4 )2
r 

+ p. 
~-, 2 

V ( b+a.-2 ) 2 r V(b-3)2
r

+ P-
C(. 2+<x 

Fig. 3 
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)2" ~ vg, it is not difficult to that appears before 

the remark at the end of the preceding paragraph. 

in Ct - I , 

For any even index consider the of . By 
Property this 18 an of We prove now 

vertex incident with this appears before 

easy to appears before (These vertices are vertices of A.. 2 .) 

:")ll"nD(:)se that for an even index i < t such that i + t, the vertex has 

seen that 

Since 2b 

(mod b) and the 

A 3 , A b -1 ° , B O , B 2, 

which the vertices 

Ct - 1 are as shown in 

the definition of the alterrLatllIlg 

the 

other for the vertex 

Then e;, e~ and e~ are 

tively. Form the path 

Since the cycle C i+1 is obtained from 

of Cz the path ) con-

of B 3i+6 , we can that 

In its turn, C i +2 is obtained from 

by the path 

The assertion 

is even, So 3( t b-lO 
".Ab-l AI. 

appears before 

obtained from Ct - 2 

) containing the vertices 

checked (Fig, 3) that the 

Ct - i , Thus, the order in 

d ((b+a:-2)2" +/.t) 11'e l'n an V 2a - 1 

= e~f{ e~f~e~Jf~e~fl 
,Bb- 2 , A b-4 and B b- 4 , respec-

where Q1 and Q2 are the subpaths of B b- 4 not containing both e2 and e~ and 

connecting the vertices incident with 12 and fl and with f~ and 11, respectively 
(Fig, 3). Then Q connects the vertex v~:+a-1)2r with the vertex v~~b~I~-3)2" +tt). 

It is not difficult to verify that every vertex of Q except its endvertices is vertex 

of one of Ab- 2 , Ab- 4 , A b- 6 , B b- 2 or B b-4, and conversely, every vertex of each of 



,Ab
- 6 , B b-2 and B b- 4 is contained in Q. G has the following 

(b+a 1)2 r 

Hamilton cycle C Start C at the vertex V Za - and go around 

in the chosen direction until reaching vi;~~~)Z)Zr +JL) Now take the h to 

and again go around Ct - I but in the direction opposite to the chosen 

direction until v~~b~1)-:n2r +JL). Finally go along the path Q to return to 

2b ( 4 3t) + 1 for some positive t. 

Since b 2: 5 is odd and t (2b 5)/3, t 3 and it is oeld. Also, the 

can be constructed. Since t 1 2( b - 4)/3 is even, by Property (i), the 

contains all vertices of each of AO,A2,A4, . . ,Ab-l,A1 ,A3 , ... , 

A b- 6 , B O, B2, B4, . . , B b- 1 , Bl, B 3 , • ,Bb- 8 and B b- 6 . The remaining vertices of 

G not contained in Ct - I are vertices of Ab- 4 , A b- 2 , B b- 4 and B b- 2 • 

Take the vertices v~b-4)2r and v;b-2)2r of and consider the alternat-

1 AC( (b-4)2") f f f f d AC( (b-2)2") 'f" f' '1' 'f' cyces vo el leZ Z e 3 3 e4 4 an V z el leZ ze 3 3 e4 4 

(Fig. 5). By definition, we see that el, ez, e3 and e4 are of Ab
-\ B b

-
Z

, 

and Bb-4, respectively. Similarly, and e~ are of ,Bz, Ab- Z 

and EO, respectively. Now we form paths PI and Pz of G as follows. Start PI 

with the subpath f~( v;b-Z)Zr . Then take the S2r-complementing 

CP( ez). The last subpath of PI is fz( v~b;lZ)Zr v~b;/)2r )f~. Start P2 with the sub-

path f{ vi2" ... v~b~15)2r v~b-4)Z" )f4' Then take the Szr-complementing 

CP(e4)' The last subpath of P2 h(v~b-3)Zr v~b~14)Zr ... v~b:41)Zr v~z;.3)f~. 

By the constructions of PI and , it is clear that P l and Pz are disjoint. all 

vertices of each of AU- 4 , Ab- 2 , B b- 4 and B b- 2 are contained in either PI or Pz and 

only vertices of PI and Pz contained in Ct - I are their endvertices. Further, the 

endvertices of PI are the vertices incident with e~ and the endvertices of Pz are the 

vertices incident with e~. It is also not difficult to show that e~ and e~ are edges of 

Ct-I. Therefore, from Ct - l by replacing e~ by PI and e~ by P2 we get a Hamilton 

cycle of G. 

(2.3.3) 2b = 4 + 3t for some positive integer t. 

Recall that b 2: 5 is odd. Since t = (2b - 4)/3, t 2 and it is even. By 

Properties (i) and (ii) of Ci, it is not difficult to see that we can construct the 

cycle Ct which contains all vertices of all Szr-cycles of G. This means that Ct is a 

Hamilton cycle of G. 

The proof of Theorem 1 is complete. 0 
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As an application of Theorem 1, we prove now the following result which is 

a partial affirmative answer to the whether all connected cubic (m,n)-

metacirculant graphs, other than the Petersen have a Hamilton cycle. 

Theorem 2. Let m and n be positi1Je such that every odd prime divisor 

of m is not a divisor of cp(n} where cp is the Euler cp-ftmction. Then every connected 

cubic (m, n )-metacirculant graph possess es a Hamilton cycle. 

Proo f. Let m and n satisfy the hypotheses of Theorem 2 and let G 
]vIC(m,n,a,50 ,51 , ... , be a connected cubic (m,n)-metacirculant graph. If 

m is odd or m 2 or m is divisible by 4, then by the results obtained in [4, 6, 10] 

G possesses a Hamilton Therefore, we may assume from now on that m 2 

is even and not divisible by 4. Suppose that G is isomorphic to the Petersen graph. 

Then mn 10 because the orders of G and the Petersen graph are equal to mn and 

10, respectively. Since m > 2 is even, this implies that m 10, n 1. It is clear 

that for these values of m and n G is a Cayley graph, contradicting the fact that the 

Petersen graph is not a Cayley graph. G is not isomorphic to the Petersen 

graph. So if 50 =1= 0, then G again has a Hamilton by [6]. Therefore, we 

also may assume from now on that 50 0. Since G is cubic (m,n)-metacirculant 

graph, this implies that only the following may happen: 

(i) 50 0,5i {s} with 0::; < n for some i E {1,2, .. ,/-l 1},5j = 0 for 

all i =1= j E {1, 2, ... , /-l - 1} and 5 p. = {k} with 0 ::; k n; 

(ii) 50 .. , = 5p.-l = 0 and 15p.1 3. 

Since G is connected and m > 2 is even, (ii) cannot occur. So only (i) may 

happen. By Lemma 2, without loss of generality, we may assume that such a graph 

G has one of the following forms: 

1.50 0,51 = {s},52 .. ·=5p.-l o and5JL ={k}; 

2.50 = 51 = ... = 52r-l = 0 for some r 2:: 1,52 r = {s},52 r+1 = ... = 5p.-l = 

o and 5p. {k}. 

In both cases 1 and 2, by Lemma 3, 

gcd(k,s(1+a+a2 +. +aJL-1),n) = 1. 

On the other hand, by the definition of (m,n)-metacirculant graphs, we have 

I. a 2tL s ::::: s (mod n) 

~ (a tL +1)(a-1)(1+a+a2 +···+a tL -
1 )s:::::0( modn), and 
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+1 

It follows that 

So 

1, 

The 

Hamilton 

+)k ° ( mod 

is a divisor of both k and (0' -

Z a divisor of 0' 1 . 

+ ... + (YJ-L-l)(o 1) 0 ( mod 

(3.14) 

1)(0: + +02 + "+oJl-l) n), 

But it is well-known that cp(n). 

the:on~In, it follows that 1 (mod n). By Theorem 

This the proof of Theorem 2. 

of Theorem 2 become when m has only one odd 

values of m, it that the of the existC'nce of a 

connected cubic would be to 

of m. Because of this we reformulate Theorem 2 for 

Let Tn with p an odd and n be sltch that cp(n} 

is not U.I.(lb."ilUbC by p. Then every connected c?tbic (m, n)-metacirculant 

Hamilton 

has a 

m odd 

Let Tn 

, ... , 
G a Hamilton 

of the 

Since 

4 we may assume in the l.\HLUVV Hi.,," 

than and not divisible 4. 

e'ven, than 2 and not divisible by 4 and G 

be a connected c7tbic 'rnt:uj,CZ'lru,~u'r,~& graph. Then 

if one of the numbers (0' + 1) or (1 (} + 
relatively prime to n, 

of Theorem 4 be satisfied. Suppose that G is 

Then mn 10 because the orders of and the 

to mn and 10, Since m is even and 

than this that m = 10, n 1. It is clear that for these values of m and 

n the graph G is a CAH .. 1CJ.'U,UJ.V"J.UJ;',. the fact that the Petersen graph is 

not a graph. G is not to the Petersen graph. So if So f:. 0, 
then G has a Hamilton by [6]. Therefore, we assume from now on that So = 0. 
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Since G cubic (m,n)-metacirculant this that the following 

may happen: 

So 0,Si {s} with 0:::; n for some i E {1,2, ... ,/-1, -l},SJ = 0 for 

all i j E {I, ... ,f.l, - I} and Sit = {k} with 0 k < n; 

(ii) So SIt-1 0 and ISItI 3. 

Since G connected and m 2 is even, (ii) cannot occur. So only (i) may 

happen. By Lemma 2, without loss of generality we may assume that G has one of 

the following forms: 

1. So 0,Sl {s}, SIt-l 0 and Sit {k}; 

2. So = 0 for some r 1, {s }, 

and Sit {k}. 

We consider these possibilities in turn. 

Case 1. So = 0,Sl {S},S2 SIt-1 0 and Sit {k}. 

Let p be the automorphism of G defined by p(v}) vj+l Then p is 

ular. Therefore, po:-l is also semiregular and we can construct the quotient graph 

G / pCi-1. It is not difficult to verify that G / pCi-l is isomorphic to the cubic 

metacirculant graph G' MC(m, a, 0/ S~, 

0/ a (mod a), Sb = 0,S~ = {Sl} with S' 
S~ {k'} with k' k (mod a). 

, ... ,S~), where a = gcd( a-I, 

s (mod S~ S;j_1 0 and 

we can identify these two graphs. 

First assume that a + 1 is relatively prime to n. If n is even, then G has 

Hamilton cycle [9, Lemma 6J. If n is odd, then we can construct Hamilton 

C of G' as in the proof of the main theorem in [10]. The path P of coil( C), which 

starts at v~, terminates at v~ with f == (a - l)d (mod n), where 

d -[k 8(1 + a + ... + a JL - 1 )](1 + a ... + all). 

(The reader is referred to [10j for all these details.) Let c = gcd( nit + 1, n). By [10, 

Lemma 4], n ac. Therefore, the order t of pCi-l is n/ a c gcd( aJL + 1, n) 

gcd((a + 1)(1 - a + a 2 - •.• + a JL - 1), n). Since gcd(a + 1, n) 1, it follows that 

c = gcd(1- a + a 2 -'" + alt-1,n). 

We have (1 + a + + ... + alt) = (1 + a)(l + a 2 + a4 + ... + a lt - 1). If 

p is an (odd) divisor of g = gcd(l + a + ... + aJL,c), then p is a divisor of both 

(1 + a 2 + a 4 + ... + aJL-1) and (1 - a + a 2 - ..• + a lt - 1) because gcd( a + 1, n) l. 

Therefore, p is a divisor of a+a3 +a5 .,. +alt - 2 = a(l +a2 +a4 + .. . +alt - 3). Since 

gcd(a, n) = 1, it follows that p is a divisor of (1 + a 2 + a 4 + ... + a lt -
3

). So p is a 

divisor of a lt - 1 , contradicting gcd( alt-I, n) = 1. Thus, gcd(l + a + ... + a lt , c) = 1. 
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