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ABSTRACT. An F-graph is a graph G whose center C (G) contains at least 
two nodes, and the distance between any two nodes of C(G) equals the radius 
of G. In this paper we study properties of these and describe some 

of them. 

INTRODUCTION 

One of the problems frequently studied in the of is the prob-
lem of facility location in central nodes. Some emergency facilities located in the 
same can interfere with others when to a particular emergency. 
As follows from the definition, the central nodes of F-graphs are separated as much 
as possible to minimize the interference between facilities ([3],[2]). 

All the terminology well notation except for that given here is taken from 
[1]. By a graph we will understand a finite, undirected, connected (if not stated 
otherwise) graph without loops or multiple edges. The set of nodes of a graph 
G denoted by V(G), and the set of edges by E(G). The distance between 
nodes and y of a graph G, denoted by do(x, y), is the least number of edges 
in an x - y path in G. The eccentricity eo (x) is max{do(x,w)} for all w E 
V(G). A node v for which co(x) = do(x,v) is called an eccentric node for x. 
The radius r( G) and diameter d( G) are the minimum and maximum eccentricities, 
respectively. If G is disconnected graph, then do( x, y) = 00 if there is no path 
between nodes x and y in G and r( G) = d( G) 00. The neighborhood of a node 
:r V (G) is denoted by N G ( X ). The distance between a node x E V (G) and a 
nonempty subset J of V(G) is the minimum of the distances 'dc(x,y), for every 
y J. The distance do(J, K) between two nonempty subsets J, K of V(G) is 
the minimum of do(x, y), where x E J, y E K. 

The center of a graph G, denoted by C ( G), consists of the nodes of minimum 
eceentricity. A node x E C(G) is a central node of G. 

LetF={G I IC(G)122; x,yEC(G), x =fy-+dG(x,y)=r(G)}. A graph 
G E F will be called an F-graph. Obviously, every complete graph with at least 
two nodes is an F-graph with radius one. It is also the only selfcentric graph which 
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q #- x, the length of a y q geodesic P is less than or to Since 
do(y, x) = r( G), P cannot contain the node x. Thus dc(y, q) = dc-x(y, q). For 
any central node y of G there are at least two nodes in G with distance 7'( G) 
from y. (If IC(G)I > 2 then these two nodes a.re from C(G) and if IC(G)I = 2 
then the assertion follows from Lemma 1.1.) Hence there is at least one such 
node in G - x too. Therefore ec-x(y) = T(G). 

b) Let y E V(G -- x), y ~ C(G) - {x}. Then eG(y) > r(G) and there is a node q 
different from x in G such that dc(y,q) > r-(G). Then also do-x(y,q) > r(G). 
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c) To prove that G - x is an F-graph we must show that dG-x(Y, z) = r' for every 
two central nodes y, z from C ( G) {x}. No Y - z in G can contain the 
node x. Therefore, dG(Y, z) dG-x(y, z) r. 
This completes the proof. 

Remark 1.1. The converse assertion does not hold. The graph G in the Fig.1 is 
not an F -graph, but G X9 18 an 

X9 

X5 ~----------------1---__ ~----------4a Xs 

Fig.1 
The following theorem gives a necessary and sufficient condition for a graph G 

to be an F -graph. 

Theorem 1.2. LetGbeagraphwith =r 2andC(G) {Xl,XZ, .. ,Xk} 

k ::::: 3. Then G is an F-graph if and only if for every i 1,2, ... , k the graph 
G Xi an with r(G Xi) = r' and C(G C(G) {xd. 

Proof. If G is an F-graph, then the assertions follow immediately by Theorem 1.l. 
Let G Xi be an F-graph, r(G Xi) rand C(G - C(G) {xd for 
i = 1, ... , k. Let G not be an F -graph. Then there are two different nodes Xi, X j 

from C(G) such that dG(Xi,Xj) < r. Since IC(G)I 3, there is a node Xm E C(G) 
different from Xi and x j. As follows from the assumption, G - Xm is an F-graph, 
Xi,Xj C(G) - Xm and r(G - xm) = 7'. Thus dG-xrn(Xi,Xj) r. Every Xi - Xj 

geodesic in G must pass through the node X m . Then there is an X j - Xm path 
P in G of length less than r, which does not contain the node Xi. The graph 
G - Xi is an F-graph, 7'( G - Xi) = r and X j, Xm C( G Xi). Then the distance 
dO-Xi ,Xm ) r', which is a contradiction. 

In the next part of this paper we will examine the possibility of the extension 
of an F-graph G about one node. First we define the set of nodes of G such that 
adding a new node to V(G), which is connected with all the nodes from this 
gives again an F-graph. 

Definition 1.1. Let G be a graph with r(G) = r ::::: 2. Let J be a subset ofV(G), 
IJI ::::: 2, with the following properties: 
1. dG(Y, J) = r - 1 for every Y E C( G) 
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Theorem 1.5. Let G be a graph, r(G) = r' Let C(G) = {Xl, X2,"" Xk}, 
k ~ 2. Then G is an F-graph if and only if ) for iI, 2, ... , k the 
following conditions in the (not necessarily connected) H = G - C(G): 

1) d H ( N c ( Xi) , N c ( x j )) = r - 2 for every i =f j, i, j = 1, ... , k. 
2) dH(U,Nc(Xi))::; T -1 for every u E V(H), i = 1,2, ... ,k. 
3) For every u E V(H) there is a node v E V(H) such that dH(u, v) > T and 

d H ( u, N c ( Xi)) + d H ( v, N c ( X d) ~ T - 1 for i = 1, 2, ... , k. 

152 



Proof. Let G be an F-graph. 

1) Let i, j (1, k), i =I j. Then ,Xj) = r and there is an - Xj path P of 
tlll~ou,gh any other node of C ( G). Therefore 

r' 

2) V(H) and Xi E C( G) be two nodes for which > r - 1. 
dc;(u,Nc(Xi)) r - 1, a contradiction. 

3) V(H). Since u ~ C( G) the of u in Grand hence 
there is a node v V (H) such that v) T' If v) r, then there is an 
u 11 P of length less than or equal to r' in H. Since any u v path from H 
also exists in we arrive at a contradiction. Therefore 11) T. Suppose 
there is a node Xi E with + dH( v, 1. Then 
abo dG ( u, 1 and v) 

Let H be a and let the subsets J1 , 

theorem. We prove that the graph G formed by 
to H in such a way that No(xd = Ji 1 

{XI,XZ , .. ,Xk}. 
1) Since dH(NG(xd,NG(xj)) = r - 2, then 

i =I j. 

the conditions of the 
k Ilew nodes Xl, X2, . .. ,;Ck 

... ,k, is an F-graph with 

l' for every j E (1, k), 

2) dG(Xi, u) ::; l' for every u E V(H), as dH(u, r l. 

3) Let u E V(G)-C(G). Then u E V(H). There is node v such that dH(U, v) > 1'. 

If do(u, v) ::; l' then any u v of G contains a node E C(G), 
i E (1, k). Then dH(U, NG(xd)+dH(v, 1'-1, which is a contradiction. 
Thus eG(u) > r. 

Corollary 1.5. Let G be a graph, r(G) 2. Let {XI,X2, ... ,Xk}, k ~ 2 
be the center ofG. Let H = G - C(G). Then G is an F-graph Hand only if 

1) NG(Xi) n NG(xj) =I 0 for every i,j 1, .. ,k; i =I j. 
2) NG(Xl),NG(xz), ... ,NG(Xk) are dominating sets of H. 
3) For every node u E NG(Xi) there is at least one node v ~ NO(Xi) with 

dH(U,v)~3. 

Theorem 1.6. Let G be an F-graph with r(G) l' ~ 2 and IC(G)I ?: 4. Let 
,Pz be two paths of length r between two disjoint pairs of central nodes of G. 

Then 

1) PI, Pz are disjoint if l' is odd; 

2) PI, Pz have at most one common node if n is even. 

Proof. Let X, y and z, t be two disjoint pairs of central nodes of G. Let PI, Pz be 
two paths of length r between X, y and z, t, respectively. Let q be a common node 
of PI, P2 . If l' is even, then q must be the node in the center of PI and P2 • If l' 
is odd, then the distance between at least two of the nodes x, y, z, t is less than 1', 

which is a contradiction. 
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2. CONSTRUCTIONS 
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Fig.2 

Remark 2.1. For any graph G there is at least one such subset X for n = d(G). 

As is shown in [3], for any graph G of order P there is an F-graph H with 
diameter 4 and IV(H)I = P + 5, such that G is an induced subgraph of H. Let 
G be an F-graph. The following construction shows that the substitution of any 
node x E V(G) - C(G) by an arbitrary graph results in an F-graph with radius 
T( G) and center C (G). 

Let Q be a graph. Let G be an F-graph with r( G) r?: 2 and let s be an 
arbitrary node from V(G) - C(G). We say that the graph H arose from G by the 
substitution of s by Q if 
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and 8y E E(G)} {sy I sy E(G)}. 

Theorem 2.2. Let G be an F -graph with r( G) = r 2: Let s be an arbitrary 
node from V ( G) C ( G). Let Q be graph and H be the graph constructed from 
G by the substitution of s by Q in G, Then H is an F -graph with r'( H) r( G) 
and C(H) C(G). 

Proof Let x E V(Q). Then eH(x) = ec(s) > r', Let x E V(G), x -I- s. Since 
dH(x,y) dc(x,s) for every y E V(Q), the eccentricity eH(x) = eG(x). Let 
x,y E C(G). If dH(X,y) r, then there is an x - y path P in H of length less 
than r. Any such path must contain at least one node from V( Q). Replacing all 
nodes from V( Q) by s in P gives an x - y trail of length less than r in G, which 
is a contradiction. Thuf) d H (x, y) = r'. 

Corollary 2.1. Let G be an F-graph with r(G) = r 2: 2. Let x E V(G) - C(G) 
and Y ~ V(G). Then (G + Y)Na(x) is an F-graph with radius r and center C(G). 

Let G1,GZ be two F-graphs with r(G1 ) = r'(Gz ) = r 2: 2. Let IC(Gdl = 
IC(G2 )1 = k, where k 2: 2 is a natural number. 

Let C(GJ) = {Xl,X2, ... ,Xk}; C(Gz) {Yl,YZ, ... ,Yk}. Let H be the graph 
eonsttucted from the graph G 1 U Gz by the removal of all the nodes Yi, for i = 
1,2, ... ,k and by adding the set of edges {Xiq I Yiq E E(G2 )}, (Fig.4). We say that 
H is an amalgamation of G1 and Gz on C ( G1 ) and C ( ( 2 ). (Fig.4). 
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Therefore C(H) = {Xl,X2l" ,Xk}, 

Yi 

I 
___ J 

= 1,2, ... , k; i=- j . 
. ,. ,k; 

... ,k. 
Tlwn > T. Let 

T. 

r for every 
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