Automorphisms of Groups and Isomorphisms of Cayley
Digraphs

) Jixiang Meng
Department of Mathematics, Xinjiang University, Urumgqi, Xinjiang 830046,
P.R.China

Mingyao Xu
Institute of Mathematics, Beijing University, Beijing 100871, P.R.China

Abstract. Let G be a graph and S a subset of G not containing the identity
element 1 of G. The Cayley digraph of G with respect to S, denoted D(G.S),
is a directed graph with vertex set G and for z and y in G, there is an arc
from z to y if and only if 7'y € S. In this paper, we discuss the relationships
between the isomorphisms of D(G, S) and the automorphisms of G. The results
are applied to studying the isomorphisms and automorphisms of hierarchical
Cayley digraphs of abelian groups.

§1. Introduction

Let G be a finite group and S a subset of G with 1 ¢ S. The Cayley digraph
D = D(G, S) of G with respect to S is defined by

V(D) =G
E(D)={(g,95): 9 € G,s € 5}

For any a € G, the left multiplication 7, : z +> az is clearly an automorphism
of any Cayley digraph of G, and all these left multiplications constitute the
left regular representation group L(G) of G, which is a subgroup of the auto-
morphism group of any Cayley digraph of G. It is well known that L(G) acts
regularly on G. Thus Cayley digraphs are vertex transitive.

Throughout, G is a finite group and I the identity permutation on G, and
I~ denotes the mapping: z — z7! (z € G). Set

ST(G,S) = {0 € Aut[D(G,S)] : o(1) = 1}
Aut(G,S) = {o € AutG : 0(S) = S}.

Then it is routine to check that Aut(G,S) C ST(G,S). What we are concerned
about is when Aut(G,S) = ST(G, S). In section 2, we will give a necessary and
sufficient condition for Aut(G, S) = ST(G, S).

Let G be a group and § C G\ {1}. For any a € Aut(G), set T = a(S).

Then it is routine to check that D(G, S) = D(G,T). What about the converse?
Formelly stated, if D(G, S) = D(G,T'), when does there exist some o € Aut(G)

Australasian Journal of Combinatorics 12(1995), pp.93-100



such that 7' = a(S)? Adam [1] conjectured that this is true for Cayley digraphs
of the finite cyclic groups, and Elspas and Turner disproved the conjecture in
(6] Inspired by these, many researchers devoted time to studying which groups
have this property(see [3], [7] and [12]), or which subsets of a given group have
this property(see [5] and [13]). In section 2, we will give a sufficient condition.

A set S of generators of a group G is said to be hierarchical if there exists
an ordering of the elements in S, say S = {s1,82, "+, sk} such that, for any
t=1,2,-++,k — 1, the group generated by {s1,sq, --,s;} is a proper subgroup
of the group generated by {sq,s2,---,s,41}. The Cayley digraphs of a group
with respect to hierarchical generating subsets of G are called hierarchical Cay-
ley digraphs.

The study of hierarchical Cayley digraphs is important since many intercon-
nection networks are modeled as hierarchical Cayley digraphs. For the results
on hierarchical Cayley digraphs, see [2], [8] and [9] for references. In section 3,
we study the isomorphisms and automorphisms of hierarchical Cayley digraphs
of abelian groups. The results obtained here partially generalize those of [10]
and [11].

§2. Main results

Let G be a finite group. Recall that L(G) = {r; : a € G} is the left regular
representation group of G, where 7, is the left multiplication of G' determined

by a. Clearly, 7,7 = 743,71 = I and 7,1 = 771,

Theorem 1. ST(G, S) = Aut(G, S) if and only if ST(G, S) is contained
in the normalizer subgroup of the left regular representation group of G in

Aut[D(G, 5)].

Proof: Set A = Aut[D(G,S)]. The proof of one way follows from the
simple observation that o7,0 ™! = 7,4 for all g € G and all ¢ € ST(G, S).

For the converse, suppose that ST(G,S) C N4(L(G)), and we will prove
that ST(G,S) = Aut(G,S). It suffices to show that ST(G,S) C Aut(G,S)
since Aut(G,S) C ST(G,S) holds for any G and S. Let o € ST(G,S) and
g € G. Since ST(G, S) C N4(L(G)), we may suppose that ory0 ™! = 7, where
¢ €G. Then ¢ = 7,(1) = o107 (1) = o(g). Thus or,0~! = +(g) for
any ¢ € G. Now, for any a and b in G, we have that o7 ! = o(ab)- On
the other hand, o707 = or,m0™ ! = o0 lome™! = To(a)To(b) = To(a)o(b)-
Therefore, 7, (ab) = To(a)o(s), and so o(ad) = o(a)o(b). Thus o € Aut(G). Since
o(1) = 1, we have that ¢(S) = S, so 0 € Aut(G, S). This completes the proof.

Theorem 2. If ST(G, S) is the identity group, then for any isomorphism
D(G,S) = D(G,T) of Cayley digraphs of G, there exists some o € Aut(G) such
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that T' = a(9).

Proof: Suppose that D(G, S) < D(G,T). Since Cayley digraphs are ver-
tex transitive, we may assume that o(1) = 1. We proceed to prove that ¢ €
Aut(G). Forany a € G, 071 7(,(a))-107T, is clearly an automorphism of D(G, S).
On the other hand, 67 7(,(a))-107a(1) = 1. Thus o M (pay-107a € ST(G, S),
and s0 0 (5 (a))-107a = I. That is, 074 = T,(4)0- Therefore, o(ab) = o(a)o(b)
for any a and b in G, so ¢ € Aut(G). On the other hand, since o(1) = 1, we
have ¢(S) = T. This completes our proof.

Babai and Frankl [13] proved that the stabilizer subgroup 1 in the automor-
phism groups of almost all Cayley digraphs for nilpotent groups with odd order
is the identity group. This implies that Theorem 2 is applicable for ‘almost all’
Cayley digraphs of nilpotent groups of odd order.

Theorem 2 can not be strengthened in the sense that there exists a Cayley
digraph D(G, S) such that the stabilizer subgroup ST(G, S) is a group of order
2, but it does not satisfies Adam’s conjecture.

Example 1. D(Zs,{1,2,5}) = D(Zs, {3,2,7}), but there is no automor-
phism of Zg mapping {1,2,5} into {3,2,7} (see [2]). On the other hand, it is
routine to check that ST(Zg,{1,2,5}) = {I, ¢} (here, the identity element is 0),
where ¢ is defined by

x5z (z € Zg).

We note that, in the above example, ¢ is an automorphism of Zg. The fol-
lowing Theorem 3 tells us that this is a particular case of a general result.

Theorem 3. If ST(G, S) = {I, ¢}, then ¢ € Aut(G).

Proof: For any a € G, consider the mapping T(;(},)ﬁi”fm Clearly,
Towy$7a(1) = 1. Thus 754,67, € ST(G,S). If oA #7a = I, then ¢ = my(a)7s )

and so 1 = ¢(1) = T4(a)7a *(1) = d(a)a™". Now I = 71 = Ty(a)a=1 = Tp(a)Ta~1 =
Tg(a)Ta ' = ¢, a contradiction. Thus 1';(2)&&, = ¢, and so ¢(ab) = ¢(a)d(b).
Thus, we have that ¢ € Aut(G). This completes the proof.

If the isomorphism ¢ in Theorem 3 is I™, then, since, I~ € Aut(G), G must
be an abelian group. In this case, we have the following;:

Theorem 4: If ST(G,S) = {I,I"} and G is abelian, then for any iso-
morphism D(G,S) & D(G,T) of Cayley digraphs of G, there exists ¢ € Aut(G)
such that ¢(8) = T. v

Proof. Let ¢ be any isomorphism from D(G,S) to D(G,T) with o(1) = 1.
Then for any a € G, we know o*"lT;(}l)ara € ST(G,S), so a"l'r;(t)m'a =1 or
I~. Classify each element a € G as of type + or type — according to whether

U_lT;(la)OTa = I or 0“17';(1)07'4 = J~, and note that the identity element of G
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is of type +. We now proceed to show that every element of G is of type +, by
contradiction.

Assume G contains an element b of type —. Then o, = Tar)0d ™ and so
o(bz) = o(b)o(z™") for every z € G. Taking z = b7! gives 1 = o(1) = o(b)?,
therefore o(b) has order 2, for every element b of type —.

On the other hand, if a is any element of G of type +, then o7, = o(a)0
and so o(az) = o(a)o(z) for every z € G. In particular, taking z = a™! gives
1 = o(a)o(a™") and therefore o(a)™! = o(a™!). But instead if z is taken as
any element b of type —, then o(ab) = o(a)o(b) while also o(ab) = o(ba) =
o(b)o(a™"), and thus o(a)™! = o(a™!) = ¢(a). Hence o(a) has order 1 or 2, for
every element a of type +. '

It follows that o(g) has order 1 or 2 for every g € G, and therefore every
element of G has order 1 or 2. In this case however, I~ = I, so we have no
counter-example!

Thus 0"17';(1‘)07“ = I for all @ € G, and in particular, 6(az) = o(a)o(z) for
all a,z € G, showing o € Aut(G).

§3. Isomorphisms of hierarchical Cayley digraphs

We first establish a lemma.

Lemma 1. Suppose that D(G, S§) is strongly connected and D(G, S) =
D(G,T). If for every isomorphism o from D(G,S) to D(G,T) with o(1) = 1,
we have o(ab) = o(a)o(b) for all a and bin S, then o € Aut(G) for all such o.

Proof: For any a,b and ¢ in G, we have

o(gab)
=0 [Tg(abz]
= To(9) Tole) oTg(ab).

Since 7’;(;)079 is an isomorphism from D(&, S) to D(G, T) satisfying (z)arg(l) =

o
1, we have

o(gab)

= Ta(g)’l'a_(lg)OTg(a)T;(;)O'Tg(b)

= o(ga)[o(g)] o (gb).
Since D(G, S) is strongly connected, any element of G can be expressed in the
form []%, a; (a; € S). By applying induction on m and the above equality we
can deduce that o([]~; ai) = [[in, o(a;). Thus o € Aut(G).
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In the following, we always suppose that G is a finite abelian group and
S = {51,952, .5k} is a hierarchical generating subset of (G, meaning that:

(s1) C (s1,52) C -~ C (s1,82, -, sk) = G.

Let D = D(G,S). Suppose that U is a subset of G. Set
NTU)={ve G\U: el st (u,v) € E(D)}.

Theorem 5. Let G be an abelian group and S = {s1,s2, --,s%} be a
hierarchical generating subset of G such that 52 # 53 whenever 1 # j. Then, for

®
any isomorphism D(G,S) = D(G,T) with ¢(1) = 1, we have ¢ € Aut(G).

Proof: We use Lemma 1 to prove the result. Proceeding to this, we make
two observations:

Observation 1. For distinct 7 and j (1 < 4,5 < k), we have | N*(s;) N
N*(s5) < 2.

In fact, let s;5, € NT(s;)(YN*(s;). Then there exists some s, in 5 such
that s;sp = s;8,. Assume, without loss of generality that © < j. We prove that
g€ {i,j} as follows:

Let m = maz{i,],p,q}. As si5p = 3jSq but sm & (51,52, " ,8m-1), Wwe
know m is equal to two of i, j, p, ¢. Clearly p # ¢ (since i < j), so either
m = j = p (in which case g =1) or m = j = ¢.

Observation 2. Every vertex a € N*(5) is the common out-adjacency
vertex of at most three vertices of 5.

In fact, by the proof of Observation 1, we know that if a = s;5, = 5;5, and
i < j, then ¢ = j or ¢ = 1. Thus a is the common out adjacency vertex of at
most three vertices s;, s, and s;.

Now we prove that ¢(sis;) = &(s;)d(s;) for any s;,s; € S by induction
ou i + j. First, s? is the out-adjacency of only one vertex s in S.
(Otherwise, suppose s7 € N¥(s,) with p > 1, then there exists some s, in S
such that s? = s,5,. By our condition, we have p # ¢ and if p < g, then
($1,82, 1 8q—1) = {$1,80, ", 84), & contradiction). Hence ¢(s}) must be the
out-adjacency vertex of only one vertex ¢(s;) in 7. Thus ¢(s?) = [¢(s1)]*.

Assume that the conclusion is already established for all s; and s; in S with
i+j < I. Now we consider the case that :+j = [4+1. Two cases are distinguished.

Case 1. i=7j.
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If s? is the out-adjacency vertex of only one vertex s; in S, then, similarly
to the above, we have that ¢(s?) = [#(s;)]?. Otherwise, by the condition and
Observation 2, we know that s? must be the common out-adjacency vertex of
exactly three vertices, say s;,s4,, 54, in S. Clearly s? = s;,s;, and maz {i,i,} <
i. Hence, ¢(s?) must be the common out-adjacency vertex of exactly three
vertices ¢(s;}, ¢(s;,) and ¢(s;,) in T. Assume that

$(s?) = d(s:)8(s5) = (50, )b(s5,) = b(s0,)8(s5)-
Then {i,%1,%2} = {J1,J2,73}. By the induction hypothesis, ¢>(sf) = (8, 84,)
l?

= (s, )0(si;,), 50 Jo = iy and jz3 = 1, and therefore j1 = 7, and $(s%)
= [#(s4)].
Case 2. i # 5.

Assume, without loss of generality that ¢ < 7. If s;s; is the only common out-
adjacency vertex of s; and s;, then ¢(s;s;) is the only common out-adjacency
vertex of ¢(s;) and ¢(s;). Thus ¢(sis;) = ¢(si)¢(s;). Otherwise, s; and s; have
another common out-adjacency vertex, say u. Then, by Observation 1, we have
that N*(s;)NAN*(s;) = {s:5;,u}, and so ¢(s;)d(s;) € NT(p(s;))NN*F(4(s;)) =
{8(sis5), d(u)}. Since u is a common out-adjacency vertex of s; and s;, we may
suppose that u = s;5, = s;5,. Since S is a hierarchical generating subset of
G and ¢ < 7, we have that ¢ = j, and so ¢ % p and p < j. By the induction
hypothesis, we have that ¢(u) = ¢(s;)d(s,). Since ¢(s:)p(sp) # ¢(s:)p(s;), we
deduce that ¢(s;s;) = ¢(s;)¢(s;).

Thus ¢(sis;) = ¢(s:)¢(s;) for any s; and s; in S. By lemma 1, we are done.

The following example shows that if the condition that s? # s? is not avail-

able, then the conclusion in Theorem 5 does not necessarily hold.

Example 2. Let k > 2 be an integer and n = 2%, Let G = Z,, x Z5.
Then S = {(271,1),(0,1),(1,0)} is a hierarchical generating subset of G. Let
T = {(2¥2,1),(-2F2,1),(1,0)}. Then D(G,S)y 2 D(G,T). In fact, G =
(1, 0)) U({(1,0) + (271, 1)) = ((1,0)) U ({(1,0)) + (2*72,1)) and the mapping

i(1,0) +5(2F71, 1) = 4(1,0) + 52577, 1)
is an isomorphism from D(G, S) to D(G,T). But there is no automorphism of
G mapping S to T since T is not a hierarchical generating subset of G.

We give below some corollaries of Theorem 5.
Corollary 1. Under the conditions of Theorem 1, we have that

Aut[D(G, )] = Y ,Aut(G, S).
9eG
Corollary 2. If G is an abelian group of odd order and S a hierarchical
generating subset of G, then Aut[D(G,S)] =3 5 7, 4ut(G, S).
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Corollary 3. Let S = {s1,s2,-,sx} be a hierarchical generating subset
of the cyclic group Z,. If s? # s? whenever ¢ # j, then Aut[D(Z,,5)] = Z,.

Proof: By Corollary 1, we have that Aut[D(Z,, S)] = 2. ,cz. TaAut(Zn,S).
On the other hand, for any ¢ € Aut(Z,,S), there exists some A prime to n such
that z +% Az (z € Z,). Now, since 0(S5) = S, we have AS = S mod(n). If
there exists some i(1 < ¢ < k) such that As; # s; mod(n), then 5 is not a
hierarchical generating subset of Z,, a contradiction. Thus As; = s; mod(n)
for any i (1 < i < k). Since S is a generating subset of Z,, we have that
ged(sy, sz, -+, sk, n) = 1. Thus, there exist some integers zy, 22, -, such
that Zle z;5; = 1 mod(n). Hence, /\Efsl T8 = Elea:isi mod(n). Thus
) =1 mod(n) and so o = I. This completes the proof.

It is easy to show that a®? # b if a and b are two distinct elements in a
minimal generating subset of a finite cyclic group (see [10]). We thus have the
following:

Corollary 4. If S is a minimal generating subset of the cyclic group Zn,
then Aut[D(Z,,S)] = Zn.

Acknowledgement. The authors wish to express their deep gratitude to the
referee for providing a stronger version of Theorem 4 and a nice proof of this
theorem.
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