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Abstrac~ 

Let G be a 2-connected graph. I~ is proved that iI 

lor each pair oI nonadjacent ver~ices u and v 01 G. INCu) 

U NCv) \ :::: v-o+l. then G is vertex-pancyclic. which implies 

a conjecture 01 R. J. Faudree. R. J. Gould. M. S. Jacobson 

and L. Lesniak. 
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~. ~n~roauc~~on and terminology 

All graphs considered are finite, undirected and 

simple. 

A graph G is said to be vertex-pancyclic if for each 

vertex v in G. v is contained in a cycle o:f length m in G 

for each m such that :$ m :$ vCG). 

We define NCCG) min -( NCx) U NCy) I • Y E VCG). x 

~ y and xy E ECG). And we write NC :for NCCG) when no con-

fusion arises. Let C be a cycle o:f G. Let u be a vertex in 

VCC). We give C an orientation. Then u+ denotes the succe-

ssor or u on C in the orientation and u denotes the prede-

cessor p:f u on C in the orientation. Let S VCC). Then S+ 

= < x+1 XES} and S = { x I XES} Let v be a vertex 

in VCG)'VCC). NCCv) denotes NCv) n VCC). Suppose 

0. An A-structure on NCCv) is a pair of vertices x and y 

such that + Y E NCCv) and x = y. A suc-J-structure on S 

+ + + + is an edge x y such that x.y E S. X ~ Y and y ~ x. A 

pre-J-structure on S is an edge y such that x.y e S. 

x ~ y and y ~ x. Because of the obvious similarity 

between suc-J-structures and pre-J-structures. :for ease o:f 

notation and present..ation. we frequently gi ve proofs only 

using suc-J-struct..ures Cor pre-J-structures). We denote by 

+ C [u,v] the path on C :from u to v in the orientation and 

by C [u.v] the path on C :from u to v in the reverse orien-

tation. The end vertices u and v are included. 
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Le~ G and H be ~wo graphs such ~ha~ ECG) n ECH) = 0. 

We use G+H ~o deno~e ~he graph wi~h vertex se~ VCG) u 

VCH) and edge se~ ECG) u ECH). 

For ~erminology and no~a~ion no~ deli ned in ~his 

paper. ~he reader is rererred ~o [2] 

In 3]. Faudree. Gould. Jacobson and Lesniak conjec

~ured t.ha~ iI G has order v. connect.ivit.y t and sa~isries 

NC v-~ wit.h <5 ~+1 ~hen G is ver~ex-pancyclic. Song 

[5] relormulat.ed their conject.ure on the Chinese Sympo

um on Cycle Problems in Graph Theory in the rorm t.ha~ 

if is 2-connect.ed and NC ~ v-o+l. ~hen G i vert.ex-pan

t.he conjec~-cycl Obviously. Song' conject.ure mpli 

ure by Faudree et. al In this paper. we prove Song's 

conjec~ure The main idea or ~he proor is 

in [1 

mila.r to ~hat 

Lemma 1 Let. .G be a 2-connec~ed graph r NC ~ v-o+l. then 

every vert.ex or G lies on a t.riangle. Furt.hermore. iI v ~ 

4 then every ver~ex oI G lies on a 4-cycle. 

Proal Le~ u be a ver~ex or G. II ~here are ~wo dis~inct. 

vertices x.y in NCu) such ~ha~ xy e ECG) then uxyu is a 

triangle con~aining u. ~herwise INCx) U NCy) ~ v 

INCu) I ~ v-o for any t.wo ver~ices x.y E NCu). cont.radic~

ing NC ~ v-o+1. 
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l"lOW assume v :::::: "Y. rl.rs1;,... we C.LaJ.m 0 :::::: .:5. ;:::.uppose O,-XJ 

~ 2 lor a ver~ex x in G. As vCG) ~ 4 there is a ver~ex y 

such ~ha~ xy ~ ECG). But x,y ~ NCx) u NCy). which con~rad-

ic~s ~he hypo~hesis ~hat INCX) U NCy) I ~ v-6+1 ~ v-2+1 = 

v-1. 

Assume that T = uvwu is a ~riangle containing u. 

Suppose there is no 4-cycle con~aining u. Since 6 ~ 3, 

there s a vertex ~ in NCu)'{v.w}. Then tv, ~w ~ ECG). 

otherwise ~here i a 4-cycle containing u. Now CNC~)'{u}) 

0. o~her-;-

wise there is a 4-cycle containing u. So CNCv) U NC~)) n 

CNCw)"-{u. v}) 0. But v.t ~ NCv) U NC~). Hence INCv) U 

NCt) I v - INCw)"-{u. I {t. v} I = v-dC w) v-6+1. 

contradicting ~he hypothesis. o 

Lemma 2 Le~ G be a 2-connec~ed graph with cycle C and let 

U E V(G)'V(C), Suppose NC ~ v-6+1. 

+ + 
re exis~ ~wo dis~inc~ vertices u

1
' E NCCu) Cor u 1 ' u 2 E 

- + + --NCCu)) such ~ha~ there is no edge 1rom {u
1

,u
Z

) C{u
1

,u2 ») 

to NCu)'VCC). ~hen ~here is a cycle C· 01 leng~h IVeC)I+l 

such tha~ VCC') = vec) u {u). 

PrOal We give C an orien~a~ion. If ~here is an A-s~ruct-

y. Then C· = 

+ C [y.x] + xuy i ~he desired cycle. So suppose ~here is no 

Suppose ~here is a suc-J-structure x+y+ on NCCu). 

+ + + + + 
Then C· = C (y .x] + xuy + C (y.x ] + x Y is the desired 
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cycle. O~herwise. ~here is no suc-J-s~ructure on NCCu). By 

I NCu)'.VCC) I v-dCu) < 

v-6+1. con~radic~ing NC ~ v-6+1. 0 

Theorem 3 Let G be a 2-connected graph. If' NC ~ v-6+1. 

~hen G is vertex-pancyclic. 

Proof' By Lemma 1, when v 3.4 Theorem holds. Thus we 

may assume v ~ 6. 

Suppose G is not vertex-pancyclic. Let v be a vert-ex 

of G which does no~ lie on any cycle of' length r f'or some 

r (3 :$ r v). By Lemma 1. we wi 11 assume ~hat. m i s ~he 

minimum number such that 3 :$ m :$ v-2 and ~here i cycle 

C of' lengt-h m in G containing v but there is no eycl of' 

length m+2 in G con~aining v. We give C an orientation. 

Claim 1 For each u E VCG) ',VCC) • there is no edge f'rom 

N~CU) u N~Cu) to NCu)'VCC) f'or otherwise a cycle of' 

length m+2 containing v results. 

Since G is 2-connected and m :$ v-e. there are two 

distinc~ vertices x,y E VCG)'VCC) such that. NCCx) ~ 0 and 

NCCy) ~ 0. Now we consider ~he following ~wo cases. 

Case 1 There are t-wo distinct vertices x,y E VCG)'VCC) 

Subcase C 1. 1) There are two di sti net- ver~i ces xl' x 2 E 

Ncex) and t-wo distinct vertices Yl' Y2 E NCCy) such tha~ 

I {xl • xc? (') { Y 1 »y 2} I :$ 1. 
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:::::,uDcase 1...:L.l..l.J 

If so, Lhen Lhere is a cycle C o~ leng~h IVeC)I+l 

such ~haL VeC') = vec) u {x}. We give C' an orienLaLion. 

By ~he assumpLion of Case (1.1). eiLher IN~~ey) (I (N~ey) U 

2. By Claim 1 

and Lhe argumenL of Lemma 2 on C'. we have a cycle C .. or 

lengLh m+2 such ~haL V(C") VCC') U {y}. a conLradicLion. 

Subcase Cl.1.2) There is neiLher an A-sLruc~ure on NC(x) , 

WiLhoUL loss or generaliLY, assume I NCCxJ I 

By Claim 1 and Lemma 2 Cand Lhe proof O! Lemma 2), Lhere 

vec) U {x}, We give C an orienLaLion such thaL C' and 

Claim 1 and Lhe argumen~ o~ Lemma 2 on C', we have a cycle 

c .. or lengLh m+2 such LhaL vec") = vec') u -Cy). a conLrad-

ic~ion. 

Since Lhere is no A-sLrucL-

. + 
ure on Ncey). NCCy) = {Yl'Ya}' where Yl E {Xl ,xi ) and Ya E 

+ 
{xa,xa }, BUL I NCCx) 1 ~ I NcCy)I. so Nc(x) = <xi,xa }. There 

are now LWO subcases. 

Subcase Cl.1.2.1) + 
Yl and x 2 
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By Claim 1 and Lemma 2. t.here is a suc-J-st.ruct.ure 

on NC(y) and C· = C+( Yl ] + Yl 
+ 

+ 
• Yl ) + 

+ + o:f lengt.h Y1 Y2 s a cycle m+l cont.aining 'v. We give C· an 

orient.at.ion such t.hat. C· and C have t.he same orient.at.ion 

on 

Claim 1 and Lemma 2, t.here is a cycle C .. of' lengt.h m+2 

cont.aining v. a cont.radict.ion. 

+ 
Subcase C 1. i. 2.2) xi = Yi and 

+ 
Clearl y. it. :follows t.hat. e" C ( • x

1 
J + xl + 

a cont.radict.ion. 

y) 

Subcase (1.2.1) xy e ECG). 

If' or • t.hen it. cont.radict.s Claim 1. 

So the. is no A-st.ruct.ure on NCCx). By Claim 1 and Lemma 

2. t.here is a suc-J-st.ruct.ure x). Then C" 

+ C ( i cycle of' lengt.h 

m+2 c0nt.aining v. a cont.radict.ion. 

Subcase (1 2.2) xy ~ ECG). 

Let. w 
+ 

e {xi' Xl' Then by Claim 1 CNCX) u 

NCy)) n C NC w)'..{ ) 0. Al x.y ~ NCx) u NCy) . So 

I NC x:) u NCy) ! :S v dCw) v-6+1 a cont.radict.ion. 

Case 2 There is at. most. one vert.ex 

Since m v-2 and G i 2-connect.ed. t.here is a vert.ex 

y e YCG)'YCC) such t.hat. INCC 

- + 
Claim 2 YCyC e ECG). 
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:S v -

INCy) + 
!{yc'Yc}I :S v-o, a contradiction. 

Claim 3 E.ECG) if Ycw E ECG) for each w E vec). 

Suppose y~w E ECG). If there is an edge from to 

NCy)'-VCC)>> t.hen there is a cycle C" of length m+2 contain-

lng v. a contradiction. Now suppose + 
yCw <Iii! EC G) + 

NCw ) 

() CNCy)"VCC)) 0. Then NC :S INC 
+ u NCw ) I :S 'I.) INCy) 

'1.)-0 a contradiction. then Cl m 

follows. 

Now by Claims 2 and 3. yc is adjacent to all vertices 

on C. 

Claim 4 For any two distinct vertices U,W VCC) • uw 

E ECG) 

By Claim 3, if either u or W i then the claim 

lows. u and W ~ E EC and 

there i no cycle of length m+2 containing v t must be 

the case that neither u nor W is adjacent to any vertex in 

NC :S I NC u) U NC I :S INC I -

unless uw E ECG). 

Consequentl the graph induced by VC '{ is compl-

Let D the component of C) n1 p 

be shortest path D with := y and 

adjacent to a vertex in VeC) Since y) :::: 1. k 2:: 

2. 

If k 2. a cycle COl of length m+2 such that VCe") 

vec) u results, a contradiction. 
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I~ k = 3 and if ei~her vYl E ECG) or VY3 E ECG). ~hen 

t follows ~hat v lies on a cycle o~ length m+2 which con-

~ains {Yl' Y3) and all vertices bu~ a vertex of C. a 

contradiction. 

O~herwise VYl vY3 ~ ECG). 

Yc? I 2:: 2. and 

v lies on a cycle of length m+2 which con~ains {y
1

• 

and misses a ver~ex in NCC 

::s; 2. I f I VC C) I 

2:: 4 • then v lies on 

a cycle of leng~h m+2 which contains {Yl' Ya' and misses 

exactly one vertex in VCC) , contra.diction. So suppose 

~his is not the case. Then NCv) n CNC )'V(C)) = 0, ~or 

otherwise the case that k 2 results. Additionally. NCv) 

n CNC 'vec)) 0. otherwise. by a similar argument as 

in ~he case ~hat k = 2, v lies on a cycle of length m+2. 

Hence NC ::s; 1NCY1) u NC I ~ v - I NC v) "'.C 

- I{Yl.~(3) I ::s; v-dCv) ~ v-6, a contradiction. 

Suppose k 4 Let u E VCD)'CNCy) U {y.x}). Since 

uw ~ ECG) and NCw) n CNCy),{yC») :::: 0. If' NCu) n CNCy)' 

0. then NC::S; INCu) U NCw) I ::s; v - I NCy)'{yC)I -

I{u w)1 < v-o. a contradiction. Hence NCu) ~ CNCy)"'.{yC») 

jill/! 0 ~or all U E VCD),CNCy) U {yo x}). So k = 4 a.nd x 

Y4' And x is adjacen~ to all ver~ices in VCC)'{YC), other

wise we ~ake a vertex w in VCe) such that xw ~ ECG). then 
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NC ::; INCX) u NCw) I ::; v - I NCy)'.<yC} I - I<x.w) I < 1.'-6, a 

cont.radict.ion. 

We now have a pat.h P = Y1 Y2Y3Y4 in D. where y = Yl 

and x = Y4' By ~ha assump~ion on P. NCCy3 )'<yC} 0. Let. u 

E VCC) '<y c}. 

Suppose NCY3) n CNCu),<yc' 

n CNCu),<yC}) = 0. Thus NC ~ INC 

'<YC' Y4}I - I<Y1 .Y3}I ~ v-dCu) < 

Finally. suppose w e NC 

) 0. Obviously. NCy
1

) 

) U NC Y 3) I ~ v - I NC u) 

1.'-6+1. a cont.radict.ion. 

n CNCu)"<Y
C

'Y4 })' Then 

have a short.er pat.h t.han P in D. cont.radict.ing ~he assump-

t.ion on P. The proof of ~his t.heorem is complet.e. 0 

Remark 1 K shows t.hat. t.he bound on NC in Theorem 3 
m.m 

is ~he best. possible. 

Remark 2 Recently the authors learned that Lin and Song [4] 

have obtained an analogous result for edge pancyclicity. 
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