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ABSTRACT:

An even order graph G with a perfect matching is k-extendable if
for every matching M of size k in G, there exists a perfect matching in
G containing all the edges of M. In this note, we establish a
necessary and sufficient condition for a graph to be k-extendable in

terms of 1ts independence number.

All graphs considered in this note are finite, connected, loopless
and have no multiple edges. For the most part our notation and
terminology follows that of Bondy and Murty f1l. Thus, G is a graph
with vertex set V(G), edge set E(G), v(G) vertices, minimum degree 8(G)
and independence number «(G). For V' & V(G), GIV‘] denotes the
subgraph induced by V‘. The join G v H of disjoint graphs G and H is
the graph obtained from G v H by Jjoining each vertex of G to each
vertex of H. The number of odd components of a graph G ls denoted by
o(G).

Let G be a simple connected graph on 2n vertices with a perfect
matching. For a positive integer k, 1 s k s n - 1, G is k-extendable
if for every matching M of size k in G, there exists a perfect matching

in G containing all the edges of M. Observe that Kn n

®

and KZn are

k-extendable for all k, 1 = k s n - 1. The cycle C2n of order 2n is
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l=—exXiendaovle bDuil not <J-exiendabie. K—-eXlendable grapnhs have been
studied by niany authors. An excellent survey is the paper of Plummer
[21.

In this note we prove the following theorem:

Theorem 1: Let G be a graph on 2n vertices with 8(G) 2 n + k - 1 and
k any positive integer such that 12_1 sksn-2andn -k is even. Then

G is k-extendable if and only if «(G) s n - k.
Our proof makes use of the following two well-known results.

Theorem 2: Tutte's Theorem (see Bondy and Murty [1] p.76)
A graph G has a perfect matching if and only if

o(G - 8) s |S], for all S ¢ V(G). o

Theorem 3: Dirac’'s Theorem (see Bondy and Murty [1] p.54)
If G is a simple graph with v(G) 2 3 and &(G) = %V(G), then G 1is

hamiltonian. a

Our first result provides an wupper bound on «{G) for a
k-extendable graph G on 2n vertices whose mininum degree ls at least

2k+lforgsksn-1.

Lemma 4: If G is a k-extendable graph on 2n vertlces with -g sk s

n - 1 and §{G) = 2k + 1, then «{(G) s n ~ k.
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Proof: Suppose to the contrary that G contains an independent set

S = {ul, Uy, e ’un-k+1} of order n = k + 1. Let F be a perfect
matching containing the edge uyvy - Consider the graph

-

G’ = GIV(G) \ (ul, Uy, U ket Vir Vo oo 'Vn—k+1”’
where uv, € F,1si=sn-~-k+1 Clearly,

M=F\{u1,u2, ,un_k+1,v1,v2....,vn_k+1)

is a perfect matching in G’ and |M| = k - 1.

If e=v1vJeE(GJ for some 1 s 1 # jsn~- k+ 1, then M v {e}
is a matching of size k in G. Further, as G - V(M v {e}) is a graph on
2n - 2k vertices containing the independent set S of order n - k + 1,
this matching does not extend to a perfect matching in G, a

contradiction. Consequently, {vl, Voo } is an independent

*Vn-k+1
set.
Now consider the graph

G” = GIV(M) v (Vi’ v, }1.

2
Observe that G - V(G”) is a graph on 2n - 2k vertices having S as an
independent set of order m - k + 1 and thus cannot contain a perfect
matching. Consequently, G” cannot have a matching of size k. As v(G")
= 2k, Theorem 2 implies that o(G” - S“) > |S”| for some S* ¢ V(G*). In
fact, as |$”] and o(G” - S”) have the same parity we have:

o(G" - 8") = |s”] + 2. (1)

Now since G’ contalns a perfect matching, we have o(G’ - §8') =

|| for every S’ < V(G'). If v, € S”, then

0(G" - ) % 0" - (5% \ {v,}) + 1

slsfl -1+t = s,
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a Lollviadicvion. Hencee, v, € o anQ simiiarly v, &€ o . ihus, o <

1 2

V(G’) and hence

o(G’* - 8") = |s”]. (2)
Now o(G” - S”) = o(G’ - S¥) + 2 = |S$”| + 2 and s0, by (1),

o(G” - 8%) = |s"]| + 2. (3)
Further, [S”] + 2 = 0(G" - S¥) < 0(G’ ~ $”) + 2 and so by (2)

|s”| = olG’ - 5. (4)

Let w be a vertex In an odd component of G’ -~ S, Then, by (3),

viwo# E(G), for { = 1, 2. Moreover, vy and v, are in different
components of G - S$”. Further, v, and v, cannot be Joined to the
same vertices In even components of G - S, Now noting that

{VI,VZ,... } is an Independent set we have

’ vn—k+1

delv)) + de(vy) s 2(n - k + 1) + 2|s"| + (2(k - 1) - |s”]

__O(Gl - SII))
= 2n + |8”] - olG’ - 57)
= 2n (by (4)].

But since &8(G) =z 2k + 1, wehav34k+252nandsak<f23, a
contradiction to the hypothesis of the lemnma. This completes the

proof. 0

Remark 1: The graph KZR v {(n - k)Kz is a k-extendable graph with
minimum degree 2k + 1 containing an independent set of order n - k.
Thus, the upper bound on « of Lemma 4 1is best possible. Further, the
graph 1(2](*’1’2!”1 is k-extendable with minimum degree n = 2k + 1

containing an independent set of order n = 2k + 1 > k + 1 = n - k for

all k 2 1. Thus, the lower bound on k is also best possible.
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The following lemma establishes a sufficient conditlon for a graph
G with 8(G) 2 n + k - 1, 1 s k s n - 2, and n - k even to be

k-extendable.

Lemma 5: Let G be a graph on 2n vertices with &8(G) =z n+k -1,
1 s k s n - 2, and n - k even. If a(G) s n - k, then G is

k-extendable.

Proof: By Theorem 3, G contains a perfect matching. Suppose to the
contrary that M is a matqhing of size k in G that does not extend to a
perfect matching. Thus, the graph G’ = G = V(M) has no perfect
matching. Hence, by Theorem 2, o(G’ - $‘) > |S’| for some §' c V(G').
Further, since |S‘| and o(G’ - S’) have the same parity, o(G' - s') =
8’| + 2. Since choosing one vertex from each component of G’ - S’
yields an independent set of o(G’ - S’) vertices, o(G’ - S’} s a(G) =

n - k. Thus

[s'] +2=0(G" -S') sn~-k
and then

|s’| =n -k - 2. (5)

Let H be a minimum order odd component of G’ - S§’. Noting that

8(6G°) 2n - k - 1 we have for u € V(H)

n-k-1sd,(u) svH) -1+|[S],
and hence

v(H) 2n - k - |s’].
Further, by the choice of H,

[s’| + v(H) (o(G’ - S°)) = 2(n - k).
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Consequently,

|S'| + (n -k - |S’|)(|S'| +2) 52 (n~- k).
Now 1if S’ # ¢ , then it follows from the above inequality that |S’j
zn -k~ 1, contradicting (5). Therefore, S = ¢. Now since 8(G’) =

n - k = 1, G’ consists of two odd components each a Kn_ This

k'
contradicts the fact that n - k is even, completing the proof. ]

Remark 2: The bound on the minimum degree in Lemma 5 is best possible
since there exists a graph with minimum degree n + k - 2 that has
independence number n - k which is not k-extendable. For each k,
1 sk sn-2, suchagraph is G = Kox-1V Kn+k-2 V K, which is drawn
in Figure 1. We adopt the convention that a “"double line" in our

dlagram denotes the join between the corresponding graphs.

7N\

Figure 1
Clearly, G is not k-extendable, since no set of k Independent edges of
Kn+k-2 extends to a perfect matching of G. Further, the condition *

n - k is even "

cannot be dropped since the graph Zl(n__k v KZk has
minimum degree n + k - 1, independence number 2 and is not k-extendable
when n - k is odd.

Lemmas 4 and 5 together yield Theorem 1.
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