


















Take the vertex set {O, 1,2,3,4,5, 6}, and blocks .0,1,2), (6 3,4, 5)} BUY 
where B as III 3.2. The permutations f3 and, of 3.2 fix Y. 
Hence {2, 3, 4, 7} Moreover, Y trades with y' {(6: 0,1,3), (6 : 2,4, 5)}, 
and so 0 153(7). Also U n (Bf3 U yl)1 1 and I(B u n (B U yl)1 5, 
the result follows. 

EXAMPLE 3.4 {O,l, .. ,10, 12}. 

Let the vertex set be and take blocks B follows. 

The set trades with Xl {(I' 0, 8), (0 3,4, (6 : 0,3,8), (4 . 3,6, 8)}; the 
y trades with yl {(2: 1 4,6), (1 : 4,5,6), (7 : 1,4, (5 : 4,6, 7)}; the set Z trades 
with Zl {(5: 0,3,7), (5. 1,6)}; and the set T trades with T' {(6: 1,2,8), (7 : 
0,2,6), (8 : 0,1, 7)}. Also Z and T are disjoint. The intersection values now follow 
from the table below, where numbers in are permutations on Zg. 

blocks intersection 
Bn a 
Bn 758) 1 
BnB(45)(78) 2 
B n B(78) 3 
B n (( B \ (X U Y)) U X, U Y') 4 
B n B(45) 5 
B n ((B \ (X U Z)) U X' U Z') 6 
B n ((B \ (X U T)) U Xl UTI) 7 
Bn((B\X)UX') 8 
Bn((B\T)UTI) 9 
Bn((B\Z)UZ' ) 10 
BnB 12 

D 

EXAMPLE 3.5 /53(10) = {O, 1, ... ,13, 15}. 

Take ZIO and blocks B of Example 3.4 above, together with P = {(9 : 0,1,2), (9 : 
3,4,5), (9 : 6,7, 8)}. The blocks in P are fixed by the above permutations (except 
for (4758)) and by the trades on B, so {3, 4, 6, 7,8,9,10,11,12,13, 15} �~� I S3(10). 
Also P trades with pI = {(9 : 0, 1,3), (9 . 2,4,6), (9 : 5, 7, 8)}, and so in particular 
{O, 1, 5} �~� I S3(10) also. Finally we see that 2 E I S3(10), using 1 E I S3(9) and the 
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trade H!:l : U,l,:l),l!:l : J,4,bH wIth H!:l : U,l,J),l~ : :l,4,5)J. This completes the 
example. 0 

In the general situation we deal with four cases: n 6m, n 6m + 1, n = 6m + 3 
and n 6m + 4. In each case the vertex set is V {(i,j) 11 i ~ 2m, j = 1,2,3}, 
or V U {oo}, or Vi = V U {(2m + 1, j) I j 1,2, 3} or V' U {oo} (respectively). 

when n 6m+ 1, there is a {K7, of Kn with blocks 
{oo} U {(2i - l,j),(2i,j) I j 1,2,3} for 1 m and K3,3 blocks {(a,j) I 
J 2,3} U {(b,j) I j = 1,2,3}, for all 1 ~ a < b ~ 2m, excluding {a,b} 
{2i 1, 2i}, 1 ~ i m. 

From Lemma 1.1 it follows that IS3(6m + 1) JS3(6m + 
Secondly, when n 6m + 4, we use a {KlO, K7, K3,3}-decomposition of Kn, with 

one KID block and m -1 K7 blocks. Once again Lemma 1.1 then yields I S3(6m+4) = 
JS3(6m + 4). 

Thirdly, when n in order to achieve the intersection number "b - 2", with 
all but two blocks in common, since 5 2 3 ¢ we use a {Kg, , 
decomposition of Kn with two Kg blocks and m 3 K6 blocks. This assumes that 
m ~ 3, so n ~ 18; the case of order 12, therefore, must be considered separately. 

for m ~ 3, as before we obtain IS3(6m) JS3(6m). 

Fourthly, when n 6m + 3, we use a K3,3}-decomposition of with 
one Kg block and m - 1 K6 blocks, and obtain IS3(6m + 3) = JS3(6m + 3). 

It now remains to consider the case of order 12. 

EXAMPLE 3.6 I S3(12) {O, 1, ... ,20, 
First, all intersection numbers 20 (that (b 2)) can be achieved with the 
following construction using two designs of order 6 and four lots of decompositions of 
K3,3. Let B, C and D each stand for a set of three vertices. Then on sets {A, 
and place of order 6, and on the sets {A} U {C}, U 

U {C}, and {B} U {D}, S3·-decompositions of The result is an 
of order 12, and we that 

which includes all required intersection numbers 20. 
in order to obtain this intersection note that above 
one of the four decompositions of is on the sets while 

another is on the sets {A} U {D}; there will be two blocks of the form : u, v, 
and : r, s, t). These may be traded with (x : u, v, t) and (x : r, s, w); so we have 
20 E I S3(12) as 0 

The results in this subsection have shown 

THEOREM 3.1 The intersection numbers for S3-designs are given by IS3(n) = 
{O, 1, ... , b 2, b} where n == 0 or 1 (mod 3), n ~ 6 and b = n(n 1)/6, except that 
35lISs(6). 0 
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3.2 S4-designs 

Since the number of blocks in an 84-design of order n is n(n 1)/8, we must have 
n == 0 or 1 (mod 8). First note that once we have intersection numbers 184(8m), 
we can easily obtain I 84( 8m + 1). For in order to construct an 84 -design of order 
8m + 1 from one of order 8m we may simply adjoin one new say x, and 2m 
new blocks of the form {(x : a, b, c,d) I a, b, c, dE V} where V is the vertex set of the 
design of order 8m. Moreover, by judicious interchange of the 2m elements, we see 
that we may construct two 84-designs of order 8m + 1 so that 

184(8m + 1) ~ 184(8m) + {O, 1,2, ... 2m - 2, 2m}. 

Now consider the following examples. 

EXAMPLE 3.7 184(K4,4) ~ {0,4}. 

Imitate the construction in Example 3.1 above, but taking four vertices rather than 
three in each partite set. 0 

EXAMPLE 3.8 184(8) = {0,1,2,3,4, 7}. 

With vertex set {O, 1,2,3,4,5,6, 7}, let blocks B be as follows. 

(0 : 1,2,3, 7), (1 : 2,3,4,7), (2 : 3,4,5, 7), (3 . 4,5,6,7), 
(4 : 5,6,0, 7), (5 : 6,0,1, 7), (6 : 0,1,2, 7). 

The following table shows the intersection values achieved by applying the given 
permutations to the vertices. 

permutation intersection size 
(0123) ° (00 012) 1 
(012) 2 
(00 0) 3 
(01) 4 
identity 7 

EXAMPLE 3.9 184(9) = {O, 1,2,3,4,5,6,7, 9}. 

As indicated in the remark preceding Example 3.7, 

184(9) :) 184(8) + {O, 2} 

{0,1,2,3,4, 7} + {0,2} 

{0,1,2,3,4,5,6,7,9}. 
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!{;XAMPLE 3.10 184(16) {O,I, .. 28,30}. 

First, all intersection numbers except 28 (that (b - 2)) can be achieved with the 
following construction using two designs of order 8 and four lots of decompositions of 
K 4 ,4. Let A, C and D each stand for a set of four vertices. Then on sets {A, B} and 
{e, D}, place of order 8, and on the sets {A}U{C}, {A}U{D}, {B}U{C}, 
and {B} U {D}, place S4-decompositions of K 4,4. The result is an S4-design of order 
16, and we see that 

which includes all required intersection numbers except 28. 
Secondly, in order to obtain this intersection number, take another design of order 16 
with vertex set U {oo} and 30 blocks as follows: 

(i.i+l,i+2,i+3,i+4), (i:i+5,i+6,i 7,(0), iEZ15. 

The two blocks (0 : 1,2,3,4), (0: 5,6,7,00) trade with (0 : 5,6,7,4), (0 : 1,2,3,00), 
changing just two blocks, and thus showing that 28 E 1 s'i(16) as required. 0 

Again, using the remark at the start of this using the above example 
it is easy to obtain 1S4(17) {0,1, .. , 32, 34}. 

Now the construction for order 8m uses a {K16 , Kg, K4,4}-decomposition 
of Ksm with one K16 block and m - 2 Kg blocks. Explicitly, let the vertex set be 
{(i,j) 11 ~ i 2m, 1 ~ j 4}, and let the K16 block be {(i,j) 11 ~ i,j ~ 4}, the 
Kg blocks be {(2i 1,j), (2i,j) 11 j 4} for 3 m, and the K4,4 blocks be 
{( a,j) 11 ~ j 4} U {(b,j) 11 ~ j ~ 4} for all a =I b where a and b are not both first 
components of elements in the same K16 or Kg blocks. Then 1 S4(8m) = J S4(8m). 

The only difference for order 8m + 1 is that, since 184(9) includes all intersection 
numbers expected, including "b - 2", we may merely use a {Kg, K4,4}-decomposition 
of Kgm+l, in order to achieve 1S4(8m + 1) = JS4(8m + 1). 

We have now proved 

THEOREM 3.2 The intersection numbers for S4-designs are given by 1S4(n) 
{O, 1, ... , b - 2, b} where n == 0 or 1 (mod 8), except that 5 rj. 1S4(8). 0 

4 D, a triangle with pendant edge 

Once again, since D has four edges, we find that a D-design of order n contains 
n(n-1)/8 blocks and so n == 0 or 1 (mod 8). However, since D contains an odd cycle 
(a triangle!) there is no D-decomposition of any bipartite graph, so in this case we 
require a D-decomposition of a tripartite graph. 

EXAMPLE 4.1 1 D(K2,2,2) ;2 {0,3}, and 1 D(K4,4,4) ;2 {O, 3, 6, 9, 12}. 
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For K2,2,2, take the vertex sets {I, II} U {2, 2'} U {3, 3/}. Then disjoint D-decomposi­
tiona are given by {(1,3,2)-1 /, (3,2' 1/)-3' (1,2',3')-2} and {(1',3',2 /)-1, (3/,2,1)-
3, (1 /,2, 3)-2'}. Thus {O, 3} ~ I D(K2,2,2)' 

Now let the vertex sets for K4,4,4 be {A, D} U {B, E} U {C, F}, where each letter 
here is itself a set of two points. Then we may take four decompositions of K2,2,2 on 
the four sets A U B U F, A U E U DuB U C and DuE U F, yielding 12 blocks 
for a D-decomposition of K4,4,4' Then using the intersection values for I D(K2,2,2) 
we obtain I D(K4,4,4) ;;2 {O, 3, 6, 9, 12}. 0 

For the general construction, we take the vertex set V {( i, j) 11 :::; i 2m, 1 :::; 
j :::; 4} if n 8m, or V U { oo} if n 8m + l. 

Then if 2m 0 or 2 (mod 6), 2m 6, we may use a GDD with group size 2 
and block size 3 on {1,2, .. ,2m}, while if 2m 4 (mod 6), 2m ~ 10, we may 
use a GDD with one group of size 4 and the rest of size 2, and block size 3 on 
{I, 2, ... , 2m}. These exist; see for instance Lemma 2.1 in [1], or the general result 
in [7]. Then for each group {Xl, ... , Xg} of the GDD, place a D-design on the set 
{( Xi, j) I 1 :::; i g, 1 ~ j ~ 4} or on this set together with 00. Since the group sizes 
are 2 or 4, this means we require D-designs of orders 8, 9, 16 and 17. And for each 
block {a, b, e} of the GDD, place a D-decomposition of on {(a,j) I 1 ~ j :::; 
4} U {(b,j) 11 j 4} U {(e,j) 11 j 4}. 

It now remains to deal with orders 8, 9, 16 and 17. 

EXAMPLE 4.2 I D(8) = {O, 1, .. ,5, 7}. 

Take the vertex set {oo} U Z7, and blocks B {( i, 1 + i, 3 + 
following trades. 

liE Z7}. Note the 

X {(I, 2, 4)-00, (3, 4, 6)-00} trades with X, {(1,2,4)-3, (00, 4, 6)-3}, 
Y = {(2, 3, 5)-00, (4, 5, O)-oo} trades with yl {(2,3,5)-4, (00,5,O)-4}, 
Z = {(5,6,1)-00, (O,1,3)-00} trades with Z, {(5,6,1)-O, (00,1,3)-O}, 
A {(O, 1,3)-00, (2,3,5)-00, (5,6,1)-00} trades with 
AI = {(O,3,1)-00, (2,5,3)-00, (6,1,5)-00}. 

Here X, Y and Z are pairwise disjoint, and A is also disjoint from X. Thus we 
achieve the following intersection values, where a below denotes the permutation 
(100) applied to B. 

trades blocks changed intersection achieved 
Ba 7 0 

X,Y,Z 6 1 
X,A 5 2 
X,Y 4 3 

A 3 4 
X 2 5 

nothing ° 7 

o 
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.t:iXAMPLE 4.~ llJ\ 'oJ) t Uj 1, . .. (, 'oJ j. 

With vertex set Zg, let D {(i,i + 1,i -I- 4)-(i + 6) liE Zg}. The following trades 
are disjoint: 

x {(1, 2, 5)-7, (4,5,8)-1} trades with X' {(8, 4,5)-7, (2,5,1 )-8}, 
Y {(2, 3, 6)-8, (5,6, 0)-2} trades with y' {(3, 6, 2)-0, (0,5, 6)-8}, 
Z {(O, 1,4)-6, (3,4,7)-0, (6, 7,1)-3} trades with 
Z' {(3, 1, 7)-6, (0,7,4)-3, (6,4, 1)-0}. 

N ow denote by a (0 1), fJ (1 2 5), I (1 2 3 4), and let T 
{(7,8, (8,0, 3)-5}. The following table then completes this example. 

blocks intersection size 

DnD, ° 
D n Df3 1 
D n {XI u y' U Z, U T} 2 

DnDa 3 
D n {X U y' U Z' U T} 4 
D n {X' U y' U Z U T} 5 
D n {X U Y U Z' U T} 6 
D n {XI U Y U Z U T} 7 
DnD 9 

EXAMPLE 4.4 I D(16) {O, 1, ... ,30}. 

With vertex set ZIS U {oo}, a design is given by 

{(i,1 + i, 6 -I- i)-(8 -I- i), (i,3 -I- i, 7 -I- i)-oo} where i E :l15. 

Now blocks Ai trade with Ai for ° i ~ 6 where 

Ai {(i,3 + i, 7 + i)-oo, (7 -I- i, 10 -I- i,14 -I- i)-oo} and 

A~ {( i, 3 -I- i, 7 + i)-(10 + i), (7 + i, 00 -I- i, 14 + i)-(lO + i)}. 

o 

Disjoint from these trades are the following five trades, Bi with BL for ° :::; i ~ 4, 
where 

Bi = {( i, 1 -I- i, 6 + i)-(8 -I- i), (5 -I- i, 6 + i, 11 + i)-(13 -I- i), (10 -I- i, 11 -I- i, 1 -I- i)-(3 -I- i)} 

and 

B~ {(i,6 i,1-1-i)-(3-1-i), (5+i,11+i,6+i)-(8+i), (10+i,l+i,11+i)--(13-1-i)} 

(addition in ZIS). Thus we have trades on 2a -I- 3b blocks, where ° ~ a ~ 7 and 
o ~ b :::; 5. This means that we may trade 2a -I- 3b = c blocks for 2 :::; c 29. Thus 
{I, 2, ... , 28} ~ I D(16). And trivially 30 E I D(16). Finally, to show 0 E I D(16), let 

X = {(6, 9,13)-00, (13,1,5)-00, (14,2,6)-00} 
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which trades with 

X' {(14, 2, 6)-9.\, (1,15,13)-9, (13,6,00 )-15}. 

Thus trading {Bi}[=o U {Ai}t=o U {X} will change all the blocks, so 0 E ID(16). 
This concludes the example. 0 

EXAMPLE 4.5 I D(17) {O, 1, ... ,32, 

Let the vertex set be Zn. Then a design is given by 

D = {(i,i + 3,i + 8)-(i + 12), (i,i + l,i + 7)-(i + 9) liE Z17}. 

Let permutations on Z17 be given by 

ao = (012345678), al 

a2=(01)(23456), a3 
(012345678910), 
(0 1) (2 3 4 5), a4 = (0 1 2 3 4). 

Then ID n Dail = i, 0 i 4, so {0,1,2,3,4} ID(17). For the remaining 
intersection values we consider trades as follows. 
The set Ai = {(I, 4, 9)-13, (13,16, 4)-8} + i (mod 17) trades with A~ = {(16, 4,13)-
9, (9,1, 4)-8} + i (mod 17), 0 ~ i ~ 4. Disjoint from this are the blocks 

Bi {(1,2,8)-10, (9, 10, 16)-1} + i (mod 17) 

trading with 
B~ = {(8, 2,1 )-16, (9,16, 10)-8} + i (mod 17), 

o ~ i ~ 7. Also let 

Ci = {(O, 3, 8)-12, (12,15,3)-7, (11,12,1 )-3} + i, 
which trades with 

C: = {(O, 8, 3)-7, (12,15,3)-1, (1,11, 12)-8} + i, 
for 0 ~ i ~ 4. 

Note that Co is disjoint from Ai, 
C1 is disjoint from Ai, 
C2 is disjoint from Ai, 
C3 is disjoint from Ail 
C4 is disjoint from Ai, 

i = 0,1,2,3, 
i 1,2,3,4, 
i = 0,2,3,4, 

0,1,3,4, 
0,1,2,4. 

Thus we may obtain trades of sizes 2, 3, ... ,28, 29, yielding {5, 6, ... ,31, 32} C 

I D(17). Finally, 34 E I D(17) trivially. This completes the example. 0 

N ow combining the results of this section we have 

THEOREM 4.1 The intersection numbers for D-designs are given by ID(n) = {O, 1, 
... , b - 2, b} where b = n( n - 1) /8. 0 
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A Y-design of order n contains n(n - 1)/8 blocks, and so n ° or 1 (mod 8). The 
only ingredients we need are Y-designs of orders 8 and 9, a V-decomposition of K4,4) 

and their intersection numbers. (In fact, it suffices to use IY(K4,4) ;2 {0,4}.) 

EXAMPLE 5.1 IY(K4,4) {0,4}. 

Let the vertex set be {I, 2, 3, 4} U {5,6, 7, 8}. Then two decompositions are 
given by 

{( 4,7,1; 5, 6), (1,8,2; 6, 7), (2,5,3; 7, 8), 6,4; 5, 8)} 

and 
{(8, 3, 5; 1,2), (5,4,6; 2,3), (6,1,7; 3, (7,2,8; 1, 4)}. 

EXAMPLE 5.2 IY(8) {O, 1,2,3,4,5, 7}. 

With vertex set {oo} U take blocks D = AU BUG where 

A 

G 

{(0,1,3j6, (1,2,4;0,00)}, B = {(2,3,5jl, 

{( 4,5, OJ 3, 00), (5,6,1; 4, 00), (6,0,2; 5, 00 n. 
Blocks A trade with A' {(6, 3,1; 0, 2), (3,00,4; 0, 
blocks B trade with B' {(1,5,3j2,4), (5,00,6;2, and 
blocks C trade with G' {(4,5,0;3,2), (4,1,6j5,0), (5,2,O()j1, 

(3,4,6; 2, oo)}, 

o 

Now let a denote the permutation (01) and (3 the (012). We obtain the 
following intersection numbers, which completes the result. 

'blocks .. , 
DnD{3 ° DnDa 1 
D n {A U Bf U G' } 2 
D n {A' U Bf U G} 3 
Dn{AUBUG'} 4 
D n {AU B' U G} 5 
DnD 7 

o 

EXAMPLE 5.3 IY(9) = {O, 1, ... ,7, 9}. 

Let the vertex set be Zg, and blocks be D = {(O + i, 1 + i, 3 + ij 6 + i, 7 + i) liE Zg} 
(addition mod 9). The blocks 

Ai {( iI, i, 2 + ij 5 + i, 6 + i), (i, 1 + i, 3 + i; 6 + i, 7 + in, 1 ~ i ~ 4, 
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trade with 

Ai {( 5 + 2 + i, iii 1, i + 1), (2 + i, 6 + i, 3 + i; 1 + i, 7 + i)}, 1 i ( 4. 

Also the blocks 

Bi {(3i 3,3i - 2, 3ij 3i + 3, 3i + 4), 
(3i 2, 3i - 1, 3i + 1; 3i + 4, 3i + 5), (3i 1 , 3i, 3i + 2 j 3i + 5, 3i + 6)}, 

1 3, trade with the blocks 

{(3i + 3, 3i, 3i 2; 3i 

(3i,3i + 4, 3i + 1; 3i -

3,3i - 1), 

3i + 5), (3i + 3i + 5, 3i + 1 i 3i + 4, 3i - I)}, 

1 ~ i 3. Thus we obtain the required intersection numbers: 

blocks intersection 
D n {Bi u B~ U B~} 0 
D n {{(8, 0, 2; 5, 6)} U {A~ 11 ~ i 4}} 1 
D n {AI U A~ U A~ U Bn 2 
D n {Ai U A~ U A~ U B3} 3 
D n {AI U A2 U A~ U Bn 4 
D n {Ai u A~ U As U B3} 5 
D n {AI U A2 U As U Bn 6 
D n {Ai u u U B3} 7 
DnD 9 

Thanks to Lemma 1.1 we now have 
o 

THEOREM 5.1 The intersection numbers for Y-designs are given by IY(n) = {a, 1, 
... , b 2, b} where b n(n - 1)/8. 0 

6 Summary 

The following table summarises the intersection results for G-designs where G is a 
connected graph on at most four vertices or at most four edges. 

In the table, b denotes the number of blocks in a G-design of order n, and the 
impossible intersection values are b - x where x is as given. A reference is listed if 
the result is not in this paper. 
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G b x Comments Ref 

K2 • • 1)/2 all except b unique design! 

Ps • • • n(n 1)/4 n 0,1 (mod 4) 

P4 n • • • • n(n 1)/6 n 

Ps • • • • • n(n 1)/8 n 

n(n - 1)/6 
n 

18} J, 2, 3,5 

n(n- n 0,1 (mod 8) 

n(n 1)/8 n 0,1 (mod 8) 

n(n 1 )/6 
n 

1)/8 
n 
5 

n(n 1)/8 n 1 (mod 8) [4J 

ISJ n(n 1)/10 
n 0,1 (mod 5), 

K4 - e 1,2 7,8 ~ 1(11) 
[5] 

n 

K4 ~ n(n - 1)/12 1, 2, 3, 4, 5, 7 [6} 
several unknown values 
for n = 25, 3'7. 

-------
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