























t Squares z Ty, Ty, Ta, T4

13=4x3+1[22+374+074+07] 6 [~ {0}&Co], [Cs], [C1 ~ Cs], [0]
19=6x3+1 12+32+32+02 3 [{0}&00&01 ~ Cly ~ 03], [04}, {053, [m
31=10x3+1]224+3%+324+3%2] 17 [~ {0}&Co&Cy ~ Cyl, [C4],
[C4&Cs ~ Cg], [Cs&Cy ~ Cs]
37=12x3+1 17 +62+07+0% |35 [{0}&Cy ~ C1&C; ~ C4,

[~ Ce& Co&Cs&Ca,
[Cs ~ C¢], [C10 ~ C1]

41 =8x5+1 |4*+52 407+ 0% | 7 [~ {0} ~ C1&C&C),
[Ca ~ C4&Cs], [Co ~ C), [0]
43=14x3+1[42+3%4+3%+3% ] 29 [{0}&Co&C, ~ O3],

(C3&Cy ~ Cs&Co ~ C,
[CS]; ['\, 09&010&011&012 ~ 013]
61=12x5+1 6° + 52 + 02 + 0% ] 44 [{0} ~ C70&C‘1 ~ Oy~ 03&04&05&(73]
[C1o], [Cs ~ C7 ~ Cok&C11], [0]

Table 1: Cyclotomic results for some primes.

Lemma 5 There exist T-matrices of order t € {13,19,25,31,37,41,43,61}.

Table 1 gives examples indicating how the required T-matrices are constructed.
This lemma was initially given for the primes p = 13,19, 31,37,41,61 and for the
prime power ¢ = 25. We extended the construction to the case p = 43.

We also present the first rows of the above indicated circulant T-Matrices T4, T5, Ts
and T, in Table 2.

Lemma 6 There ezist JM-matrices of ordern € {5,7,9,11,13,17,19,25,31,37,41,
43,61,71,73,157}.

Use the matrices given in Table 3 as Ay, Ay, Az, A4 in Corollary 1 of Theorem 2.
We note that the weight is 4n — 2. All these constructions are new.

For the prime power cases (n = 9 and n = 25) we selected the fields mod z? 4+ z + 2.
Observe that for these cases the matrices are not circulant.

Note that in our cases where p is prime, the number of solutions is not influenced
by the choice of the primitive root z. This is because if z and Z are two primitive
roots and = z*, ged(t, ef) = 1 must hold. But this means that only the cyclotomic
classes C; get “relabelled”. That is, C; = C,; mod., because 7%+ = glestti and
ged(t, f) = ged(t,e) = 1. The partition of G into classes C;’s or C;’s is the same.

Both searches, the one for T-matrices and the one for J M-matrices, went through all
possible linear combinations of incidence matrices of cyclotomic classes that satisfied
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£ First Rows
i3 ~F5§ 60660 F 000,
6000 + 00000 + O+,
00 4 60 + + — —00 — 0,
0000600000000
iv FFFf—6-F - ~0F —0 000,
50000 + 6000000000 4 +0,
0000000000 + 00 4 0 + 000,
000000606000006G000
i1 T} =60 + 6000 — 000006 + 0 — 00 + 10 F 06600,
000 4 000000000 + 0 -+ 0000000000000G0,
0000 + 00 + 4 + 0000 4 0 — 0 ~ 0 4 0000000 - 00,
000000 + 0000 —~ 400000000 4 00 ~ 0 4+ —0 4 +
37 T 5T F60660 F 000 — 60 — 6000 — 000 & 60 — § — 000 — 0,
00 4 060 + + 4 —00 — G0 4 —000 + 00 + G000GOOUS + +00,
90006 + 000G0 — 0 + 00000 + 0000000 — 00060000,
000000000000000000 ~ 00 4 00 — +00 4 000 — 0000
i1 TG FC00 F —00606 — F00 + 6 F +00000 F 00 — <0 § 400 + 6000,
0600 - +00 + +0 + 400000000 + 0 — 0 ~ 00 + 00 — 00 + 000 + +—,
0 4 00600000 + 0000 —~ 40 + 000 — 0 — 00 — 6000000 — 0 + 008,
0000000000000000600600000060000600000009G
%5 ¥ ¥ F0 =0 + 00000 + 06 — 60006000 — GOOO + 006600 + 066030,
06000 + 0 — +G + 00600 + 400 — 4000 4 0060 + 0 — 0 — 00 — 00 + 0,
00000000000000 + 0006000G00000000 -+ 000000GO0 + 0,
000 — 00000 + 0 + ¢ 4+ 0600 — —00 — 400 4+ 4 ~ 0000 4 0 4 00 + —000
T ¥ I T i TS0 - F 0 -0+ 00406 F 0 ~0F0F0-00— = F0+0+F — —F 060+ 000 + F+ —00,
0000 + 000000000 + 000G 4 00G0G0GI00000000 + 00G00GEO00CE + 00000060060,
000 + 00 + GOO ~ 000000 — 300 + 6 — —00 + 0 — 0 — 0 — 0 — 00000 + 0 + 0000C0 —~ O + — + 0000 + +,
00000000000060000600000060000000000000000600060600000600GCO0C

Table 2: The first rows of particular T-Matrices.

the condition of the four squares adding up to the right number to find solutions.
In general if there was one solution there were many solutions. We shall consider
inequivalence in another paper.

6 Existence of W(4n,4n — 2) and W(4n,2n — 1)

For n odd we use Table 5 with the results noted as ci where Theorem 3, Corollary 2
has been used.

We also consider, in Table 6, existence for even numbers 2¢ where ¢ < 500. This
leaves the following values < 1000 to consider:

() g=4-t, witht=1,...,125
(i) g=8-t,witht =1,...,61;

(1) ¢=2° -4, withs >0,¢ =1, ..., r, where r = [-2—1,0—;%95] or [51;%%] — 1 whichever

is odd.
Thus using Theorem 6 and Corollary 4 with Table 7.1 of [32] we have

Lemma 7 W(4q;4q —2) and W(4q;2q — 1) ezist for all ¢ where 4|g and 49 < 1000
ezcept possibly for

q=4-47, 4-59, 489, 497, 4101, 4-107, 4-109, 8-59, 4-119

which are undecided.
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3 wgRares & Al A2y AY, Ag

5 =2x3+1 32 a7 1 0% 407 2 [~ {0}&C&Cy), [~ {0}&Cp&Cy],
(g ~ €11, [€g ~ €1]

T=2x3+1L 52 412 4+ 0% 4 07 3 [~ {0}&Cq&0,), [{0}&Cy ~ C1],
[Cg ~ €1}, [Go ~ €1]

S=4x241 17 417 4 47 1 47 « [{0}&Co&Cy ~ Cy ~ €3],

[{0}&Co&Cy ~ Oy ~ Cy],
[Co& Oy &0y ~ g,
[Co&e @) ~ CpleCy]

1L =6x2+1

12 117 467 427

[~ {0}ECL&Cy ~ Co&Cy ~ Cgl,
[~ {0380y ~ Cr 8038 Cy ~ Cg),
[~ Co&ClEeCo& Tyl Oy,

[~ Cp& ) ~ CobeCytCyl

13 =4 x3 41

72 417 40?2 5 o7

[{0}£Cp & Cy &0y ~ C3],
{o}&Co&Cy ~ Oy ~ Oyl
[Co ~ Cy ~ Ca&Cy],
[Co ~ Cy ~ Cop2eCy)

17 =4 x &+ 1

FERRT s

[{0}&Co&Cy ~ Cq ~ C3],
[{0}&Cq ~ Oy ~ CoéCyl,
[Co ~ C1&C3&C3),
[Co ~ €1 &0y ~ Cg)

19 =6x3+1

70 4 B2 + 02 4 0%

[{0}&Co&C1&Cp&eCy ~ Cy ~ Cg],
[~ {0}&Co&dy &Cr&Cy ~ Cq ~ Cgl,
[Co&C) ~ Ty ~ C3 ~ Cg&Cyl,
[Co ~ €1 ~ Cy ~ C3&Cu8&Cyl

2 =8x3+41

2312 0% 4 0

[{0r&CotsCy £Cq & Oy
&Cy ~ Cp ~ Cg ~ Cq],
[{0T& Cpae €y &Cy ~ Cg
~Cy ~ CpeOg & Cy),
[Co&Cy ~ Cy ~ CaleCale Oy ~ Cg ~ Oy,
[Cp_r~ CL&Cy ~ Ca&eCy ~ CpleCy ~ O]

31 =6xb+1

112 417 0% 40

11

[{0T&C 4 CL&C &Cy ~ Cy ~ Cgl,
[{0}&ColeCy ~ Cp& 03 ~ Gy ~ Cg],
[Co&Cy ~ Gy ~ Cgde g ~ Cgl,
[Co&Cy ~ Oy ~ Ozl €y ~ Cgl

37 =6 x6+1

T it i

[{0}&Cu&C L &Cqy ~ Cg m~ Cg ~ Cgl,
[{0} ~ Co&Cy&Cqy ~ Ty ~ Ca&Cy),
[ Co ~ CLEC &0 & C3 & Ty,
[Cp&eCy ~ €y ~ O3 o Cy&eCp]

41 =8 X B+ 1

9% 4+ 8% 4 02 4 0%

28

[~ {034 Cp& Cy & CnacCy
& Oy ~ Cp ~ Cg ~ Cyl,
[~ {0} & &Cy ~ Oy
&Cy ~ Oy ~ CgdeCrl,
[Co&CLECLECy ~ Oy ~ Gy ~ Cg ~ C7l,
[Co&Cy ~ Ca&Cy ~ Cy ~ Cg&Cq ~ Cql

=6 x7+1

132 117 102 $ 07

[~ {0}&Cp&Cr &Cou& Ty ~ Gg ~ Oyl
[{0}&Co&Cy ~ Oy ~ T80y ~ Oy,
[Co&C) ~ Cy ~ CgkeCy ~ Cgl,
[Co&Cy ~ Gy ~ CakeCy ~ Cy)

61 =12 x b 1

117 4 117 407 407

[{0}&Co&CL&Cr & Cy & CrliCy
&Ce r~ CT ~ CB -~ C'g o~ GlO ~ Cll]r
[{0}&Co &) &0y & O &C4 8Ty
&Cg r~ Cq ~ Cg ~ Cy ~ C1g ~ Cpy],
[C0&Cy ~ Ch&Cy ~ Cy&ly
~ Cg ~ CpleCgleCy ~ Cyg ~ C14],
[Cg ~ Cp ~ ColeCy ~ CpeCy
~ CgéeCrhCy&Cy ~ Oig m Cy1]

TL= 14 x B 41

e2 412 4+ 102 + 102

[~ {038 Co & Cy & Cp & Cg & Cg & Gy, & Cg
&Gy ~ Cg ~ Cg ~ Cyg ~ Cyy ~ Crp ~ Ci3],
[{0}& Cp& Cr & CrlCy& Cy ~ CpaCg
~ Cp ~ Cg&Cqy ~ Oy ~ Gy ~ Ty ~ Ci3},
[ColeCy m Cp&Cy m CobeCr&Cy
&Cq re CgkCg ~ C10&Cy 3 ~ Ciy ~ Ci3],
[Co&Cy m Oy m C3& CobeOg&Cy
40y ~ Cg&Co&Cig ~ Cyy ~ Cyg ~ O3]

T3 = & X941

177 417 4 6% 4 0%

[~ {0}&Co&CreCiy&Cy

&Cy ~ Cp ~ Cg ~ Cql,

[{0}&CoarC & Cy ~ Cg

&Cy ~ O ~ Cg ~ Cq],
[Co&Cy ~ CuaCy

~ C4 ~ Cp&le ~ C7],
[Cq ~ C1&Cy ~ Cg
N Cy&Cy ~ Ug&Cy)

1B7 = 12 x 13 4 1

262 + 12 + 0% 4 02

B3

[~ {038 Co&Cl Tk Oyt CptcCy
&Cg ~ O7 ~ Cg ~ Cg ~ C1g ~ C11],
[{03&Co& 0y &0y ~ C3kCy ~ Cy
~Cg ~ Cp ~ CgkeCy ~ Cpg&Cyq),
[Co&CLaCy ~ €y ~ C4 ~ Cg
&Cg ~ Gy ~ Cg ~ CgdC10&Cy],
[Co&Cy ~ Cy ~ O3 ~ Cy ~ Cg
&Cp ~ Cp&ly ~ Og&Cy0&C) 1]

Table 3: Cyclotomic results for some primes and prime powers.
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t How| t How| t How| t How| t  How
1 cl 101 g 201 cl 301 cl 401 g
3 ¢l | 103 g |203 g |303 403 g
5 cl 105 g 205 cl 305 405 cl
7 cl 107 g 207 307 cl 407
9 cl 109 209 4 309 cl 409
11 [14] | 111 211 cl 311 411 cl
13 cl 113 c2 213 313 cl 413
15 cl 115 cl 215 315 415 cl
17 (14 | 117 <l | 217 el | 317 417 ¢
19 cl 119 219 319 419 g
21 cl 121 cl 221 321 cl 421 cl
23 c3 123 c3 223 323 g 423
25 cl 125 225 cl 325 425
27 cl 127 227 327 cl 427 cl
29 [14] 129 cl 229 cl 329 429 cl
31 cl 131 g 231 cl 331 cl 431
33 133 233 333 433
35 135 cl 235 335 435
37 cl 137 237 337 cl 437
39 139 cl 239 339 cl 439 cl
41 cl 141 cl 241 341 441 cl
43 143 243 343 443
45 cl 145 cl 245 345 445
47 147 cl 247 347 447
49 cl 149 249 349 449
51 cl 151 251 351 cl 451
53 153 253 353 453
55 cl 155 255 cl 355 cl 455
57 cl 157 cl 257 g 357 457
59 159 cl 259 g 359 459
61 cl 161 g 261 cl 361 461
63 cl | 163 g | 263 g | 363 463
65 165 265 cl 365 cl 465 cl
67 167 267 367 cl 467
69 cl 169 cl 269 369 469 cl
71 171 271 cl 371 471 cl
73 173 273 373 473
75 cl 175 cl 275 375 475
77 177 cl 277 377 477 cl
79 cl 179 279 cl 379 cl 479
81 g 181 cl 281 381 cl 481 cl
83 g 183 283 383 483
85 cl 185 285 cl 385 cl 485
87 cl 187 cl 287 387 cl 487
89 189 289 cl 389 489 cl
91 cl 191 291 391 491
93 193 293 393 493
95 195 cl 295 395 495
97 cl 197 297 cl 397 497
99 cl 199 cl 299 399 cl 499 cl

¢ means a conference matrix of order 2t exists.

g means use Golay sequences see Corollary 5.
Table 5: A W(4t,4t — 2} and a W(4¢,2t — 1) exist.
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t How 1 How t How t How t How
501 601 cl 701 801 cl 901 cl
503 603 703 803 g 903
505 cl 605 705 cl 805 cl 905
507 cl 607 cl 707 807 cl 907
509 609 cl 709 809 909
511 cl 611 711 811 cl 911
513 g 613 c2 713 813 913
515 g 615 cl 715 cl 815 915
517 ¢l | 617 717 el | 817 917
519 619 cl 719 819 cl 919
521 g 621 721 821 921
523 4 623 723 823 923
525 cl 625 cl 725 825 925 cl
527 627 727 cl 827 927
529 629 729 829 cl 929
531 cl 631 731 831 931 cl
533 633 733 833 g 933
535 cl 635 735 835 cl 935
537 637 737 837 937 cl
539 639 cl 739 839 939 cl
541 641 g 741 cl 841 cl 941
543 643 g 743 843 943
545 c3 645 cl 745 cl 845 945 cl
547 cl 647 747 cl 847 cl 947
549 cl 649 cl 749 849 cl 949
551 651 cl 751 851 951 cl
553 653 753 853 953
555 cl 655 755 855 cl 955
557 657 757 857 957 cl
559 cl 659 759 859 959
561 661 cl 761 c2 861 cl 961
563 663 763 863 963
565 cl G665 765 865 965
567 667 767 867 cl 967 cl
569 669 769 869 969
571 671 771 871 ¢l 971
573 673 773 873 973
575 675 775 cl 875 975 cl
577 ¢l | 677 g T el 877 ¢l 977
579 679 E 779 879 979
581 681 cl 781 881 981
583 683 783 883 983
585 685 cl 785 885 985
587 687 cl 787 887 987 cl
589 689 789 889 cl 989
591 cl 691 cl 791 891 991
593 693 793 893 993
595 695 795 895 cl 995
597 ¢l | 697 797 897 997 ¢l
599 699 799 cl 899 999 cl

(Table 5 continued)
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q How q How q How q How | g  How
2.1 sw | 2-101 2-201 2-301 2 - 401
2-3 sw | 2-103 2-203 sy | 2-303 2403
2-5 sw | 2-106 sy | 2-205 2-305 2-405 sy
2-7 sw | 2-107 2-207 sy | 2-307 sy 2-407 sy
29 sw | 2-109 2-209 2-309 2 - 409
2-11 sw | 2-111 sy | 2-211 sy 2-311 2411 sy
2-13 sw [ 2-113 sy |2-213 2-313 sy 2413
2-156  sw | 2-115 sy 2215 sy 2-315 sy 2415 sy
2.17 sw | 2-117 sy | 2-217 sy | 2-317 2-417 sy
2-19  sw | 2-119 2-219 sy | 2-319 2-419
221 sw | 2-121 sy | 2-221 sy 2321 sy 2421 sy
2-23 sW 2-123 sy 2223 2323 sy 2423
2-26 sw | 2-125 sy | 2-225 2325 2-425 sy
227 sz 2-127 sy | 2-227 sy 2327 sy 2427 sy
2-29 sz 2-129 sy | 2-229 2-329 2-429
2-31 8% 2-131 sy |2-231 sy |2-331 2-431 sy
2-33 sy 2-133 sy | 2-233 2333 sy 2433
2-35 sy |2-135 sy |2-235 2-335 2-435
2-37 sy 2-137 sy | 2-237 sy | 2-337 2-437 sy
2-39 sy |2-139 sy |2-239 2-339 sy | 2-439 sy
241 sy 2141 sy | 2-241 sy 2. 341 2441
2:43 sy |2-143 sy | 2-243 sy | 2-343 2-443
2-45 sy | 2145 2245 2345 2-445
2 .47 2-147 sy | 2-247 2-347 2-447 sy
2-49 sy | 2-149 2-249 2- 349 2 - 449
2.51 sy |2-151 2251 2-351 sy | 2-451
2-53 sy | 2-153 2-253 2353 2-453 sy
255 sy 2.155 sy 2 - 255 8y 2 - 355 sy 2-455
257 sy 2-157 sy | 2-257 2-357 sy 2. 457
2-59 2-159 sy | 2-259 2359 2 - 459
2:61 sy |2:161 sy | 2-261 2-361 2461
2863 sy 2-163 sy 2-263 sy 2363 sy 2463
2-66 sy | 2-165 sy | 2-265 2-365 sy | 2-465
2-67 sy | 2-167 2267 sy | 2-367 sy | 2-467 sy
2-69 2-169 2269 2369 2469
2-71 sy 2-171 sy 2-271 sy 2371 sy 2471 sy
273 sy 2-173 sy | 2-273 sy 2-373 2473
2-75 sy 2-175 sy | 2-275 2-375 sy | 2-475
2-77T sy | 2-177 2277 2377 2477 sy
2-7% sy | 2-179 2-279 sy | 2-379 sy 2-479
281 2-181 sy | 2-281 sy | 2-381 sy | 2-481
2-83 sy |2-183 sy | 2-283 2-383 sy | 2-483 sy
2-8 sy |2-185 sy | 2-285 2-385 2-485
2-87 sy |2-187 sy | 2287 2-387 sy | 2-487
2-89 2-189 sy | 2.289 2-389 2-489
2-91 sy | 2-191 2-291 sy | 2-391 2-491
2:93 sy |2-193 2-293 sy |2-393 sy | 2-493
2-95 sy 2.195 sy | 2-295 2-395 sy 2495 sy
2-97 2-197 sy |2-297 sy | 2-397 2-497 sy
2-99 sy | 2-199 sy |2-299 2-399 sy 2-499 sy

Table 6: A skew Hadamard matrix of order 4t = 2 means a W(4g,4q — 2) and a
W (4q,2g — 1) exist. Table 7.1 of [33] is used.
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