






































condition 3(d). It is now clear that the inclusion or omission of the edges (b — 2)b
and (b —1)(b+ 1) can have no effect on the contractibility of edges in C other than
(b—3)(b—2) and (b+1)(b+2). If b > a+3, then {b~3,b—2,a— 1} is always a
cut. If b =a + 3, then (b—1)(b+ 1) is required so that (b —3)(b—2) =a(a+1) is
contractible.

Considering the edge (b + 1)(b + 2), an argument similar to the above when
b € A(g) establishes the remainder of 3(d). B

THE THEOREM
If we let My = J4 U By U Fy U Sy we are now ready to state and prove our

theorem.
Theorem. Cy = My.

Proof. Since we clearly have My C C4, we will complete the proof by starting
with G € C4 and showing that G € My. We easily see that if v = 5, then G is of
the barrier type in My, so we hereafter assume that v > 6.

By the definition of Sy and symmetry we can assume that S = {z,z+1,s}isa
pivot cut with z € [b,c~ 1] and s € [d, a] where P = [, ] is a 2-head and Q = [¢, d]
is its cohead. Moreover, we assume that S is a pivot cut closest to P. Thus, by the
Half Tight Trap Two Lemma and the observation preceding it, we have z = b and
either s = d = a — 2 (Half Tight) or s = a (Tight).

(A) s = a — 2 as in the Half Tight Trap Two Lemma. Thus {b,b+1,d—1}is
a cut trapping one contractible edge in [c,d — 1] unless c =b +1=d —2.

Consider the latter case first. If we have case (1) of the Half Tight Trap Two
Lemma, then G is obtained from K, by a spacer/3-fan modification as described in
Note (5) of that construction with z = a — 1. If we have case (2) of the Half Tight
Trap Two Lemma, then G is obtained from G 1 by a spacer/3-fan modification as
in note (4) of that construction with z = a — 1. If we have case (3) of the Half Tight
Trap Two Lemma, then G is obtained from G, 1,v > 8 by adding the 2-jumper
(b—2)(b+1).

When {b,b+ 1,d — 1} is a cut trapping one contractible edge in le,d — 1], we
apply the Trap One Lemma to [¢,d — 1] to determine the structure of G not already
determined by the Half Tight Trap Two Lemma. Note that when case (1) of the
Trap One Lemma applies, the cut {b,b+1,d} means that d— 1 can only be adjacent
to d,c=d—2andbor b+ 1. Since (b+ 1)c € E,(C), d — 1 is not adjacent to
b, so N(d —1) = {d,d — 2,b+ 1}. Furthermore, (d - 1)d € E,(C). Thus, all the
conclusions of case (2) of the Trap One Lemma are valid here in case (1) also, and
we therefore treat (1) and (2) together. There are six possibilities to consider which
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we label by ordered pairs (4, 7) when we are in case (z) of the Half Tight Trap Two
Lemma and part (7) of the Trap One Lemma.
In case (1,1) ((1,2)), G is obtained from G,,,v = 5(v > 6) by a spacer/3-fan
modification with z = a — 1.
In case (1,3), G is obtained from G}, ;,v > 6 by a spacer/3-fan modification with
z=a-—1
In case (2,1) ((2,2)), G is obtained from G,;,v = 7(v > 8) by a spacer/3-fan
modification with 2 =a — 1.
In case (2, 3), G is obtained from G, 0, > 8 by a spacer/3-fan modification with
z=q-—1
In case (3,1) ((3,2)), G is obtained from G, 1,v > 9(v > 10) by adding a 2-jumper
over b(b—1).
In case (3,3), G is obtained from G, v > 10 by adding a 2-jumper over b(b — 1).
That completes the possibilities with s # a. Thus, by symmetry, we hereafter
assume that {b,b+ 1,a} is a cut and that either {¢c — 1,¢,d} or {d,d + 1,¢} is a
cut. Of course a = d and ¢ = b + 1 are possible, but if a # d, then, by 3(c) of the
Tight Trap Two Lemma, P and @ are each either small 2-heads or totally restricted
spacers; moreover, even when ¢ = d, at least one of them is so (except that the
qualifier “totally” need not necessarily apply) because of the degree restriction in
condition (3a). Accordingly, we continue, by symmetry, with the following cases.
(B) a =d, [bc] C B, and Q is either a small 2-head or a restricted spacer.
Now G[b,c] = [b,c]?, for a missing jumper will put a(a + 1) € E,(C). Thus, by
the Tight Trap Two Lemma, the only remaining structure in question concerns
the edges at a. But if P is a small 2-head or a restricted spacer, then all of them
are allowed (other than to restricted vertices) and we have the simplest of the odd
barrier type (z1 = b,z == ¢,y1 = a). If that isn’t the case, then again by the Tight
Trap Two Lemma, N(a) ={a—1,a+1,a+ 2} and G is a member of C3 modified
by the 2-jumper (b — 2)(b -+ 1). ’
Thus we assume hereafter that a # d and that P and @ are each either small
2-heads or totally restricted spacers.
There are three nonsymmetric possibilities depending on whether 0,1 or 2 of
P and @ are small 2-heads. The three cases are similar so, in order to be more
specific and yet representative, we assume that P is a totally restricted spacer and
that @ is a small 2-head.
(C) {b,b+1,a} and {c — 1,c,d} are cuts with a # d. Thus b = a + 4,d =
c+2,N(c+1)={c—1,¢,c+2} and {b+1} C N(b—2)—{b—3,b—1} C {b+1,a,b}.
Let f = (a—1)a and g = d(d + 1). Of course f = g is possible, but in any
case, the Crossed Cuts Lemma gives A(f) C [b+1,c—~ 1] U {d— 1} and A(g) C
[b+1,c—1]U{a+1}. Moreover, by the Trap One Lemma, d — 1 can only be in A(f)
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ifa=d+2and N(d) ={d—1,d+ 1,a}. (The converse does not hold.) Likewise,
ifo+1¢€ A(g), thena=d+2and N(a) ={d,a—1,a+1}.

Now there exists y € [b, ¢] such that £, N [b,c] = [b,y], that is {z,z+ 1,a} is a
cut for all z € [b,y—1}, but {y,y+1,a} is not a cut. First suppose that y = ¢. Thus
Gb, c] = [b,c]? and, as above, A(f) = {d—1},a = d+2,N(d) = {a,d+1,d—1}. But
now it is clear that the only cut associated with g = d(d+1) is {d,d+1,a+1}, that
is, [d— 1,a+ 1] is a totally restricted spacer. Moreover, because of the existing cuts,
N(a~1)~{a,d} C{c—1,c} and c—1 € N{a—1) in order to have ¢(c-+1) € E,(C).
Since G[b,c] = [b,c]?,G is a special case of a 3-fan from the middle vertex of a
spacer.

Thus we can assume that y < ¢. Likewise, by symmetry, we can assume that
z > b where z € [b,¢] such that $g N [b,¢] = [z,¢]. The Crossed Cuts Lemma also
gives that £ > y — 2 as well as the existence of a t € [d, a — 1] such that {y,y+1,¢}
is a cut, while {y,y + 1,s} is not a cut for any s € [t + 1,a]. Because ¢ was picked
“closest” to a we also have that B, Nfy,c] =0 for all s € [t + 1,a].

Let h = t(t+1) and recall that f = (a—1)a. Now, by the Crossed Cuts Lemma
with respect to {y,v + 1,t} we have A(f) C {y,d — 1} and A(h) C {y,a + 1}.

Suppose first that y & A(f) N A(h). Then, by the Trap One Lemma, [d —
1,a + 1] is a spacer, and hence a totally restricted spacer by the second Crossed
Cuts Corollary. And since y ¢ A(f) N A(k) we have G[b,c] = [b,c]? and that
N(a-1)~{a—-2,a} € {y—1,y,¥ + 1} and must include at least one of the
latter. That is, G is obtained from G,,; (because of the choice of P and Q) by a
spacer/3-fan modification.

So we now assume that y € A(f) N A(h). Thus [t,e] € ,. Moreover, because
of the paired cuts {y —1,y,a} and {a— 1, a,y} we must have (y—1)(a—1) € E(G).
Similarly, we must have (y + 1){¢t + 1) € E(G). Finally, we see that G[b,y] =
[6,y)%,Glt,a] = [t,a]>,y +1 ¢ N(y— 1), t+1 & N(t — 1) and the sets N(a) N [b,v]
and N(y) M [¢, a] are optional. By iteration of this process we see that (7 is of the
odd barrier type.

(D) {b,b+ 1,a} and {d,d + 1,c} are cuts with a # d. As before, there exists
y € [b,¢] such that &, Nb,¢] = [b,y]. And we continue to let f denote the edge
(a — 1)a € E,(C). Now A(f)N [y, c] # 0 by the Crossed Cuts Lemma and we let
u be the member of this set that is “closest” to y, that is u € A(f) N [y, ¢] while
AP 1 [g,0) = 0.

In fact w = y. For if u # y, we consider a cut S = {y,y -+ 1, s}. The associate
sisin[d—1,a— 1] by the Crossed Cuts Lemma applied to S and {b,b+1,a}. By
Crossed Cuts Corollary 1 we now have u >y + 1. Thus S crosses {a — 1,a,u} and
hence we have y + 2 = u = ¢ = s — 1. But now, by Crossed Cuts Corollary 1, any
associate of (¢—1)c must be in [a, b— 1] and hence by the Crossed Cuts Lemma, a is
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an associate of (¢—1)c. Consequently, a is an associate of y(y+ 1) which contradicts
the choice of y.

Thus u = y, including the possibility that y = ¢. As before, there is a vertex
t € [d, a] such that 3, N [d,a] = [t,a]. Moreover, (a — 1)(y — 1) € E(G), Gb,y] =
(b,y]%, Glt,a] = [t,a]?, there is an edge (¢ + 1)w’ with w’ € [y + 1,¢ — 1], and the
sets N{(a) N [b,y] and N(y) N[t a] are optional. If y = ¢, then ¢t = d and G is the
simplest of the even barrier type; if y # ¢, we iterate the process and again conclude
that G is of the even barrier type. ¥

BEYOND C4

In the characterization of C4 graphs on more than 12 vertices, the existence of
pivot cuts was critical in that they separated 2-heads which, by use of the Trapping
Lemmas, were found to be the basic building blocks. However, in Hy, k > 5, a pivot
cut separates heads, not both of which are 2-heads. To overcome this problem we
introduce the following definition which does provide appropriate building blocks
(at least in Cs).

Definition. A k-head P = [a,b], with k > 2, is irreducible iff there exists a
pivot cut S = {z,z+1, s} (assume z € [b,c] and s € [d, a] by symmetry) separating
P from its cohead @ = [e, d] such that S is the only pivot cut with all of its vertices
in [s,z 4+ 1].

Note that this S is “closest” to P in the same sense as for 2-heads and, as in
that case, we easily see that S is either tight or half tight. And again, in the half
tight case, [s — 1,a + 1] is a totally restricted spacer. Also note that the Tight and
Half Tight Trap Two Lemmas describe the structure of irreducible 2-heads. We
now describe the structure of an irreducible k-head for k > 3, noting the strong
similarity with that of an irreducible 2-head.

We consider the tight case first. By symmetry, we let z = b and s = a where
P = a,b] is an irreducible k-head, k > 3.

Either [a,b] contains a noncontractible edge or it does not. Suppose first that
there is a noncontractible edge in @ + 1,6 — 1]. Let u,v € [a,b] be such that
all edges in [a,u] are contractible while all edges in [u,v] are noncontractible and
v(v+1) € E.(C). Let f = (v—1)vand let T = V(f) U {¢} be an associated cut.
Since v(v+1) € E,(C) and P is irreducible, ¢t € [b+1,a]U {u—1}. By the Crossed
Cuts Lemma, if A(f)N{b+1,a] # 0, then V(f)U{a} is a cut unless v = u+1 = a+2.
If V(f) U {a} is a cut, then it must be a cut trapping just one contractible edge
from P, namely, a{a + 1), and thus the structure of G[a,v] is determined by the
Trap One Lemma. In the exceptional case when v =u+1=a+ 2, we must have
dg(a) = 3 and (a — 1)a € E,(C) by the Crossed Cuts Lemma. (And again we have
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the structure of Gla,v].)

Whether @ = u — 1 or not, if there is a noncontractible edge g € [a,b] with
A(g)N{a,a—1} = 0, then by the irreducibility of P and the Crossed Cuts Lemma,
the only cut associated with g is as in (1) of the Trap One Lemma, and hence, by the
second Crossed Cuts Corollary, is an edge of a totally restricted spacer. Moreover,
unless g = (a + 1)(a + 2), there must be a jumper within [a +1,b+1], over g so
that A(g) N {a,a—1} = 0.

Thus if P contains a noncontractible edge, P consists of strings of contractible
edges separated by totally restricted spacers except when (a -+ 1)(a+2) € E,(C),
in which case the initial segment, [a,v] is as determined by (1) or (2) of the Trap
One Lemma. All remaining edges from [a, b + 1] to P are optional, subject only to
the following.

(1) G must be 3-connected; in particular all vertices must be of degree at least
three, '

(2) for each contractible edge and each pair of noncontractible edges in a spacer in
[a+1,b] there must be at least one corresponding jumper over it that is within
[a+1,0+1],

(3) all restricted vertices in the above must remain so, and

(4) those vertices in [a,v] whose neighborhoods are determined by the Trap One
Lemma can have no other neighbors.

If all edges in P are contractible, then all edges in [a, b+ 1] are optional subject
only to Conditions (1) and (2) above.

Likewise, if S is a half tight cut, the only modification to the above is that the
segment [a — 2, v] is determined by (3) of the Trap One Lemma.

Note that the above conditions in themselves guarantee the desired contractibil-
ity of all edges within P and has no effect (by the Crossed Cut Lemma) on the
contractibility of edges outside of . That is, we know the structure of P.

If k = 3 in the above and G € Cs, then @ is a 2-head trapped by S and we

have the remaining structure of G as before.

Claim. All other members of Cs are obtained from C4 graphs by either adding
a 2-jumper over a noncontractible edge (with restrictions like those in going from a
Cs graph to a Cy graph) or by one of the following two operations.

Expanding a spacer/3-fan into a spacer/4-fan. Let G € F4 and let all
vertices in (G be labelled as in the definition of a spacer/3-fan graph; in particular, 2
is the middle vertex of the spacer, 8 is the middle vertex of the fan with b < § < ¢
and where (b - 1)b, ¢(c+1) € E(C) and [c, 8] contains all four contractible edges
of G that are in C. Now “split” 3 into vertices ' and " by replacing the path
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(81,8, 8+ 1) with the path (8—1,0,8",8+1) where  has the same neighbors
(and optional neighbors) within {1, — 1] as B did in G, where §” has the same
neighbors (and optional neighbors) within [8 + 1,v] as 8 did in G, and where all
edges on {a, 3", 3",~,z} are optional subject to the following conditions.

(i) z,0" and " must all be of degree at least three,

(ii) if cry is not selected, then both za and zv must be selected, and

(iii) if B =b =2 (8 = ¢ =v — 1), then at least one of zv or 23" (2c or z/3') must

be selected so that a8’ (§"v) is contractible.

Splitting a barrier at a pivot. Let G € B, and let x be one of the pivot
vertices in the barrier where all vertices are labelled as in the definition of the By
graphs. We consider three nonsymmetric cases: (1) ¢ = z; # b,c (z = y; # d,a
is similar), (2) z = 22 = cand y» = d # a (z = y» = d # a is similar) and (3)
r=y =a=d

In all cases the idea is the same and only varies due to limiting situations.
The common theme is that = is “split” into two vertices z’ and z” with the path
(z —~ 1,2,z + 1) replaced by the path (z — 1,2,z + 1) and with the neighbors
(including optional neighbors) of z divided between z’ and ="’ so that we don't have
a neighbor of 2/ more than two vertices around C (in the positive direction) from
a neighbor of z’. The result is that 2’z is a fifth contractible edge in C;. We now
make this more precise.

(1) z = z; 3 b,c. Thusl < i < k. We form G, from G by deleting = and
adding new vertices z’ and z'. Letting N be the neighborhood function on G, we
take z — 2,z — 1,2” € Ny(z') and o',z + 1,2 + 2 € N, (z"). For the optional edges
(that were incident with z in G) we pick y’ and " € [y;, yi—1] with ¥’ > ¢" — 2 and
make z'y optional for all y € [y, yi—1] and we make 2"y optional for all y € [y, "]
The remaining edges and optional edges of G, (that is, that are not incident with
z’ or z'’) are the same as those in G that are not incident with z.

(2)z =2y =cand y; =d # a. Thus, asis true in (1) as well, (z—~1)(a—1) is a
(P, Q)-splitter in G. In fact, the only difference from (1) is that, if @ is a restricted
spacer, then we can choose y';y" € [¢,a] — {d — 1} with y"" = d + 1 allowed when
y' = g. Of course at least one of the optional edges at 2" must be selected so that
G is 3-connected.

(3) z = y1 = a = d. Thus z; = ¢ here as well as in (2) and the similar
modification holds for the choice of ¥ and y” if @ is a restricted spacer. The new
feature is that the symmetric modification is imposed if P is a restricted spacer and
the optional edges zp and zq in G are replaced by the optional edges z”'p and 2'q
in Gg.
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Proof of the Claim (Outline). First assume that G contains no pivot cuts.
Then, by the No Pivots Lemma we know that v < 15 and that G is one of the
graphs in Ss.

Thus we may assume that G contains a pivot cut and let S be a pivot cut in
G closest to a 2-head (i.e. from all pivot cuts in G, S is closest to its associated
2-head). There we are faced with two possibilities; S is half tight or § is tight
against the 2-head P = [a, B].

1. § = {b,b+1,a—2} is half tight against P. Using the Half Tight Trap Two
Lemma we are able to determine all edges incident with vertices in [a—~2,b—1] and
that [a—3,a+ 1] is a totally restricted spacer. Consequently 5" = {b,b+1,a—3} is
also a pivot cut trapping a 2-head containing the remaining two contractible edges
in C. Let Q = [c,d] be the 2-head so trapped. Thus there is a closest cut to @
trapping it which is either tight or half tight. The possible structures for @ can
now be determined from the appropriate Trap Two Lemma, while the structure of
G between the heads [a — 3,b] and [¢, d] can be determined by similar arguments to
those used in the proof of the C4 theorem. Graphs arising in this case are clearly
obtained as in the claim.

2. S = {bb+1,a} is a tight cut trapping P. Using the Tight Trap Two
Lemma we are able to determine all edges incident with vertices in [a+1,b—1]. We
also note that S traps @ = [c, €], the cohead of P, where @ is either an irreducible
3-head, a case we have already dealt with in the discussion preceding the claim, or
else we have a pivot cut within @ which separates off an irreducible 2-head Q' as
in the Trap Two Lemmas. Now we may proceed as in the C4 case to determine
the structure of G between the 2-heads P and @' and one can easily see that G is
obtained as in the claim. B

A similar approach can be taken in Hy for & > 6, but the new difficulty
is in determining how the irreducible heads “meld together”. An example of an
‘Hg graph is given in Figure 7 where three irreducible 2-heads meld together at a
common barrier.
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Figure 7
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