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Abstract

This paper is concerned with the partition of edges of the complete graph
K, and the complete multipartite graph K,. .. into subgraphs isomor-
phic to cycles. We show that K, and K, . .. can be decomposed into
certain families of cycles by defining a special decomposition which we
call a root path decomposition.

1 Introduction

Let G be a graph (G may have multiple edges and loops). Let P, and C, be a path
and a cycle with n edges respectively and let K,, be the complete graph on n vertices.
Two graphs G and H are said to be isomorphic (written G = H) if there are
bijections O : V(G) — V(H) and & : E(G) — E(H) such that e € E(G) joins
vertices u,v € V(G) if and only if edge ®(e) € E(H) joins vertices ©(u), 8(v) €
V(H).
Let H be a family of graphs consisting of m; graphs H; fori=1,. l By an H

decomposition of a graph G we mean the partition of the edges of G into Z m; edge-

disjoint subgraphs such that m; of them are isomorphic to H; for each 4 i 1,...,L
We write (H|G) or (myHjy,...,mH|G) if an H decomposition of G exists.

In the case when H consist of copies of just one graph H we write (H|G) if
(mH|G) for some m, and talk of an H decomposition.

B. Alspach [1] posed the following conjecture: If n is odd and the integers
ai,...,a,satisfy ay+ag+. .. +a, = % (if nisevenand a;+as+...+ay, = @),
3 < a; < n,does (Cay,...,Ca.|Kn) ((Cap,...,Con|Kn — F), where K, — F is the
corplete graph from which a 1-factor has been removed) where C,, is a cycle of
length a;7?
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For an excellent and recent survey on the uniform cycle decomposition, that is,
Alspach’s conjecture when all the cycles have the same length (i.e. a; = k for all 1),
see [6] which also contains open problems.

In section 2, we prove that Alspach’s conjecture is true for some families of integers
a;, in particular the following cases:

[I] <Cn_1, Cn—-Z; C,,_3, sy 04, C33 GSiKn> Where n 1s Odd,

11} (nCpn,nCry1|Kzni1) where n is odd,

(111} (2C3p—2,2C00—4, . .., 2Cs,3C4| Ky, — F') where n is even.

In order to do this we first prove that a related graph K can be decomposed
into certain set of paths. A similar method has been used before by R. Haggkvist [4]
in the case when n is even and each of the paths is required to be a Hamilton path;
also a similar method is used by B. Alspach and R. Haggkvist [2].

In section 3, we consider the decomposition of K, m into cycles. Partial results
are available on this problem, for example, it is known that (Cy|K,,) if r=s=0
(mod 2), r,s > t and rs = 0 (mod 2t); see (8] for a proof. We shall prove that Kon_.
can be decomposed into certain families of cycles by using the same technique as used
by D.G. Hoffman, C.C. Lindner and C.A. Rodger in [5]. In particular we shall prove
that:

(a) (ﬂt‘;ﬁcs,i(i;los,.“,t—(t—l)Cgm_ﬂKm’»,‘_,m> where m and t are odd and
[ —

t

t,m > 3.

2 Cycle decomposition of K,

We say that K, is path decomposed into P, P,,,..., P, if (P;,P,,...,P,|K,). We
say that K, is root path decomposedif the edges of K,, may be partitioned into paths
P, ,P,,...,P, where each P;, , 1 < j < [ starts at a different vertex; clearly a
necessary condition is that [ < n; we say that K, has n — [ free vertices and we say
that the root path decomposition is complete if | = n, that is K,, has no free vertices.

Lemma 2.1 K,, has a complete root path decomposition into paths:

(¢) Py, Py, Pay, Poyy..., Pa,, P, for any non-negative integers a;,b; such that
a;+b,=m—1,1=1,2,...,n and m = 2n,

(b) Po,Py,..., Py _p withm =2n—1 and

(¢) m copies of P\m| with m odd.

Proof: (a) Take the well known Walecki construction for Hamilton paths. Specif-
ically, with V(K,) = {0,1,...,2n—1}, define P;,_, = (n+1,n,n+2,n—1,n43,n—
2,...,2,0,1) + ¢ (where (a1,02,...,am) + 1 = (a1 + ¢,03 + %,...,08, + 1), reducing
sums modulo 2n) for i =1,2,...,n.

Hence, since Pj,_, begins on vertex n-+i and ends on vertex 1, then (P,,, Py, |Pi. )
for eacht = 1,...,n where P,, and P, start at the beginning and at the end of P},
respectively.
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(b) Remove vertex n from each path P, ; fori=1,...,n and form paths P, for
1=1,...,2n — 2 as follows:

Py = Pr . — {n} starting at vertex 0,

Py 5 = PL_, — {n} starting at vertex 1 and

(Pai-1); Pan—s)- V)| Pinq — {n}) for i = =2,..,n-1 where Pg(,_ 1) and Pz(n“,) 1
start at the beginning and at the end of P}, _; respectwely

(c) Clearly true since all paths are graceful (see [T7]). O

We are now able to prove our first theorem about the cycle decomposition of
complete graphs. The following proof follows closely the ideas introduced in [4].

Theorem 2.2 Let P, ,...,P, form a root path decomposition of K, then
(Cai 42, Cair 41, -« -+ Caiyr2, Coipg1, Cay - -, C3 | Kanyy ) where t = n — L.
R

£

Proof: Label the vertices of Kpnyy with {X}U{y/|i = 1,...,nand j = 1,2};
consider a root path decomposition P, , ..., P, of the complete graph K, (with set of
vertices V(K,) = {Y1,...,Ys}) where each path P;; = (¥4,,. .., th+1) corresponds
in Kyny; to the graph P~'j shown in figure 1.

2

1 1 1 1 1
Vi, Yk, Yis Yk, Yki 4

3 2
Yry ?l]%, y;‘; Yk 5 yki,- +1

Fig.1

We say that the pair of edges {yj,y2,:} and {yf,yk.1} is a cross pair and the
pair of edges {y},yi,1} and {y2,vy2,,} is a straight pair.

We decompose each P,",- into cycles Chi 42 and Cy;4q as follows: cycle Cay; oz is
formed by the edges {X,yi },{X,yZ } followed by all the crossed pair edges in P,
up to yllw,- and y,i,j ending up with the edges {y}nij ,y}wi ,.} and {yﬁii , y,lc‘.j 1) Similarly,
cycle Cy;;41 is formed by the edge {yi, ,yf, }, followed by all the straight pair edges
in F;; up to yk and yk ending up with the edges {yk‘ ,yk‘ ..t and {yk‘ ,yh ot

Flna,lly, for each of the free vertices Y; of K, form a trlangle with the edges
{X, 91}, {X,y?} and {y],y?}, 1 <7 < n. Since each P, starts at different vertex in
K, then we have a partition of edges of Koni1. O

We can also prove a similar result for Ky, — F' using the same method but this
time just asking for the existence of a path decomposition.

Let P? be the graph consisting of two paths P, = {zi,...,2,} and P, =
{¥1,-..,Yn} where the vertices (;,y;+1) and (y:, 1) for 2 = 1,...n — 1 are joined
by an edge.
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Lemma 2.3 (R. Haggkvist [{]) P? can be decomposed into cycles 2C5,, ..., 2Cs,,
where g; are any positive integers such that ¢y + ga + ... + g = n with g; > 2. O

Theorem 2.4 Let P,,...,P, form a path decomposition of K, then
(Cp,,Cp,,-..,Cp, |Ko — F) where each ng represent the following cycles: 2C,:
: 5

2C,p ..., 205gm where q;; are any positive integers such that q}i +qu +ootgl =1y
iy i
with ¢}, > 2 for all1 <l <m and1 <j <r.

Proof: Analogous to theorem 2.2 using lemma 2.3. O

Note that the special case of theorem 2.4 in which each of the paths P; is Hamil-
tonian has been proved using the same method when n = 2p + 1, p € N in [4] and
when n = 2p, p € N in [2]. Alsc note that the construction used in the proof of
theorem 2.2 is similar to that used in the proof of lemma 2.3.

We now give some corollaries of these twe theorems.

Corollary 2.5 (of theorem 2.2) For any integer n > 2 we have
<C31 03: 04) CS) oo ey C2n]K2n+1>~

Proof: By theorem 2.2 it suffices to show that P, 1, FP,_;,..., P, form a root
path decomposition of K,,.

[case 1] n odd. It is given in lemma 2.1 part (b).

[case 2] n even. Consider lemma 2.1 part (a) and put: P,, =0,
Pbl:n—l,Pazzl,sz-:n_Z.;,,Pa f‘—:%"w—l,Pg, :%+1 O

yid n
2 2

Corollary 2.6 (of theorem 2.2) Let n be odd then (nCp,nCri1|Kani1).

Proof: It follows by theorem 2.2 since n is odd and by lemma 2.1 part (c) n
copies of P|n form a root path decomposition of K. O
We close this section with a corollary of theorem 2.4 close related to corollary 2

of [4].

Corollary 2.7 (of theorem 2.4) Let n be any integer then
(2C2n-2,2Cn 4, ... ,2C,3C4| Ky, — F).

Proof: It follows by theorem 2.4 and by lemma 2.1 parts (a) and (b). 0

3 Cycle decomposition of K,

In this section we are interested in the cycle decomposition of the complete multipar-
tite graph. The proof of the following theorem uses the same method as that used
by Hoffman, Lindner, and Rodger in [5], (theorems 2 and 3).

Theorem 3.1 Let P, ,P,,..., P, form a complete root path decomposition of K,,
then <KtT—HCZi1+17gt_2_']"ZCZ"2+1’.‘.,‘t'{%:llczir_‘,l’Km’ ...,m) where m and ¢t are odd
R

i

and t > 3.
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Proof: Let V(Km,...,m) = {(ai,a;)| © € Zrn and j € Z,}. Let {P;,..., P}
(AR

*
be a root path decomposition of K, (with set of vertices V(K.,,) = {ao,.- ., @m-1})
where each path P;; = (ax,,...,as,,) corresponds in K, .. m to the graph P, (%)
7 F

t

with set of vertices {{ag,,an){l=1,...,4;+ 1 and n =0,...,¢ — 1} and set of edges
{(ak, au), (ak,,,,0,)} for all 0 < u # v <t —1and l = 1,...,1;, We decompose
each P/ (t) into 5@;—12 cycles Cy;;41 as follows. For each p = 0,...,t — 2 and each
g=p+1,...,t— 1, form the cycle

(”’ku ap)» ("'k:n a‘q)’ (ak“ap), ceey (ak,»’_l y ap): (akij ’ aq)’ (a'ki,»«u 5 a,)

(ak‘.i} ap), (akijwl,aq), ooy (kg aq), (aky, 0p), (Bky, ag) if 25+ 1is odd

or

(aku a’p)a (ak27 a’q): (aku ”’p)> R (a‘kij—l ) a‘q)» (akij ) ap)r (ak£j+1 ’ ar):

(u‘kij ) 8g), (a’ki"—l s )y« (aky, 8q), (ak,, @p), (ak,, ag) if 15 + 1 is even,

where r = r(p, q) corresponds to the entry a,, of an idempotent symmetric latin
square of order t (there always exists an idempotent symmetric latin square for odd
orders, see [3]); hence, the theorem follows. o

Corollary 3.2 For any integers m,t both odd and m,t > 3 we have
<t(t2—1)03, tﬁt;DCs, AU t(t;l)c’2m_1le’ o )m).

t

Proof: It follows by theorem 3.1 and by lemma 2.1 part (b). O
The following corollary of theorem 3.1 may be found in [5] (theorem 3).

Corollary 3.3 For any integers m,t both odd and m,t > 3 we have
(ConlKm,...,m).
N e
t
Proof: By lemma 2.1 part (c) K, can be complete root path decomposed

into m copies of P{%J. Then by theorem 3.1 <02L1;‘—J+1|Km,...,m> or equivalently
(Com|Kom,...m)- 8]
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