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Abstract. A representation theoretical characterization of

an Hadamard subset is given.

§1. Introduction. A finite group G of order 2n is called an

Hadamard group if G contains an n-subset D and an element e*

such that
(1) D and De*.are disjoint,
(2) D and Da intersect exactly in n/2 elements for any ele-

ment a of G distinct from e* and the identity element e of G,
and

(3) Da and { b, be*} intersect exactly in one element for
any elements a and b of G.

The subset D will be called an Hadamard subset corresponding
to e¥*.

We consider the group ring of G over the field of complex num-
bers. If S is a subset of G, then S also denotes the sum of ele-
ments of S. Now (1) and (2) together will be expressed as
(4) D "D = ne + (n/2)(G - e - e¥*)

We have shown in (2, Proposition 1) that e* is a central in-
volution. For the basic facts on the representations of-finife

groups the reader is referred to our reference (1). Then we have
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that R(e*) = I or -I for any irreducible representation R of G
over the field of complex numbers, where I denotes the identity
matrix of order eqgual to the degree of R. Now from (4) we obtain
that
(1) R(D™'D) = nI if R(e*) = -I, and R(D"'D) = 0 if R(e*) = T
and if R is distinct from the identity representation lG of G.
For a justification of this statement the reader should see (2,
Proposition 4). Now the purpose of this note is to prove the fol-
lowing proposition.
Proposition 1. (I) is sufficient for an n-subset D of G satis-
fying (1) and (3) to be an Hadamard subset corresponding to e*.
Incidentally we have noticed that the similar fact holds for
difference sets. Let E be a (v, k,) )-difference set in a group. H
of order v. Then we have that
(5) E_lE = ke + NM(H - e), where e also denotes the identity
element of H.
So from (5) we obtain that
(11) R(E“lE) = (k -A)I for any irreducible non-identity rep-
resentation R of H.
Then the following proposition holds.
Proposition 2. (II) is sufficient for a k-subset E of H to be
a difference set.

The proof of Proposition 2 is similar to that of Proposition 1.

Actually it is simpler and it will be omitted.

§2. Proof of Proposition 1. Let D be an n-subset of G satisfy-

ing (1), (3) and (I). In this section the summation except the
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last one always runs over G - {e, e*} . Put

D_lD = ne + E;m(g)g, where m(g) denotes the multiplic-

ity of an element g of G in p~1p.

Then by (I) we have that

2 - ) )

(6) n” - n = Eirn(g)lG(g), 0 = Z:m(g)R(g), where R is any ir-
reducible representation of G such that R(e*) = -I, and ~-nlI =
Z:m(g)R(g), where R is any non-identity irreducible represen-

tation of G such that R(e*) = I.

Let h be any fixed element of G distinct from e and e*.

Then
from (6) we get that
(7) n2 - n = Zm(g)lG(gh-l)[ 0 = Zm(g)R(gh_l), where R is
any irreducible representation of G such that R{(e*) = -I, and

—nR(h‘l) = z;m(g)R(gh_l), where R is any non-identity irre-
ducible representation of G such that R(e*) = I.

Let X denote the character of G corresponding to R. Then from

(7) we get that

2 -1 v S|
(8) n® - n =Z m(g)lg(gh™"), 0 =Z m(g)X(gh™ '), where X
corresponds to R such that R(e*) = -I, and —ny(h_l) =
E; m(g)X(gh"l), where X’corresponds to R such that R(e*) = I

and R # lG.
Now from (8) we obtain that

(9) - = Y m(eiglan higle), 0 = ) megX(an"Hxte),
where k’corresponds to R such that R(e*) = -I, and
_nk(h'l)y(e) = zjm(g)y(gh~l)X(e), where X corresponds to R
such that R(e*) = I and R # lG.

Adding up in (9) all irreducible characters and using orthog-

onality relations for irreducible characters, we get that
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2o % (h"lyy(e) = n? = m(n)2n,
Nle*)=)(e)
namely m(h) = n/2, as desired.

We add the following remark: R always can be assumed to be
unitary. Then we have that R(D‘l) = R(D)*, where * denotes the
composition of complex conjugation and transposition. If R(D—lD)
= nI, then R(D)*R(D) = nI, and hence n'(l/z)R(D) is a unitary
matrix.

The propositions above imply the following propositions imme-
diately.

(i) If G is an Hadamard group with prescribed subset D and

L. D_lD, and G is an Hadamard group with

element e*, then DD
prescribed subset bl and element e*.
(ii) If E is an Hadamard difference set in a group H, then

el - E"lE, and £°1

is also an Hadamard difference set in H.
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