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ABSTRACT

Every Steiner triple systems can be co-ordinatised in terms of
a commutative loop, called a sloop. Let (T,¢) be such a sloop. The
set of all elements a € T such that, for all z,y € T, ac(zoy) = (aoz)oy
is called the centre of T. We prove that a given element a belongs
to the centre of T if and only if, for each pair of distinct elements
z,y € T\{e,a}, the three elements a, z, y are contained in at least
one subsystem of order 7. Further we give an alternate set of nec-
essary conditions for the existence of a non-trival centre; namely

v = 3,7(mod 12).

Let S be a set of size v. Then a Steiner triple system, S, is a collections of
3.subsets chosen from § in such a way that each pair of distinct elements ¢,y € 5
occurs in precisely one 3-subset. The 3-subsets are called the blocks of S. The
order of the Steiner triple system is v, the size of the set S. It has been shown that
necessary and sufficient conditions for the existence of a Steiner triple system is
that v = 1 or 3(mod6). Simple counting arguments show that; each element must
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occur in Y blocks, and the Steiner triple system is made up of v(“l__“‘_) blocks.

A Steiner triple system R is said to be a subsystem of S if, R C S and the blocks
of R are also blocks of S. In other words R € S. ‘

If we take the underlying set S of a Steiner triple system, then we can define a
binaty operation based on the incidence of the elements within the blocks of the
design. The binary operation can be defined in such a way that the corresponding
algebra forms a commutative idempotent quasigroup called a squag. These systems
are discussed in (2] pp.3-4. However if we adjoin a neutral element to S, every
Steiner triple system can be co-ordinatised in terms of a commutative loop, called
a sloop. 1t is know that a Steiner triple systemn on 7 points is a projeciive plane.
The corresponding sloop forms a group, (see {2] pp-19), and hence is associative.
Not all sloops are associative and so we define the centre of a sloop to be the set
of elements which associate with elements z,v, for all =,y of the sloop. We show
that a sloop contains a non-trival centre if its corresponding Steiner triple system
has an appropriate number of subsysteins of order 7. Thus we give necessary and
sufficient conditions for the existence of a non-trival centre.

First we give a formal definition of a sloop and its centre.
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DEFINITION 1,[2], pp.3-4: Let S be a Steiner triple system defined on the set 5.
Let T = SU {e}, where e ¢ 5. Define a binary operation o on T by:

(1) if z,y € S and z # y, then zoy = z, where {z,y,2} € S;

(2) forallz € T, zoe =z = eox;

(3) foralle € T, 2oz =e.

Then (T, ) is a commutative loop, known as a Steiner loop or sloop.

The commutativity of o follows naturally. Also it is obvious that whenever
2oy = z, then zoz = y and yoz = z. Consequently zo(zoy) = y, for all z,y € §.
These identities form a basis for the variety of all sloops.

THEOREM 2,[2], pp.3-4. A basis for the variety of all sloops is given by:
(1) zoe=um,
(2) @oy = you,
(3) zo(zey) =y,

where z,y € S.

Bruck [1], pp.57 defines the nucleus of a loop to be all elements a of the loop
such that, for all elements z,y of the loop, (acz)ey = ao(zey), (zsa)ey = zo(acy)
and (zoy)ea = zo(yoa). He goes on to define the centre of the loop to be all elements
a of the nucleus such that aex = zoa, for all z in the loop. A Steiner loop or sloop is
commutative on all elements. Hence we give the following definition for the center
of a sloop.

DEFINITION 3: Let T be any sloop. The set of all a € T such that, forall z,y € T,
G,o(:zcy) = ((Lo:l})cy
is defined to be the centre of T.

The following theorem gives necessary and suflicient conditions for the existence
on a non-trival centre of a sloop.

THEOREM 4. Let (T,0) be a sloop based on a Steiner triple system S, with |S| > 7.
A given element a belongs to the centre of T' if and only if for each pair of distinct
elements z,y € T \ {e,a}, the three elements a,z,y are contained in at least one
subsystem, of order 7, of S.

PROOF: Assume there exists an element @ € T such that, forallz,y € T, aec(zoy) =
(aoz)oy. Choose any pair of distinct elements z,y € T'\ {¢,a}. Then there are two
cases to consider. Case 1): The three elements a,z,y occur together as a block of
the corresponding Steiner triple system, S. Case 2): The three elements a,z,y do
not constitute a block of S.

Case 1): Recall |§| > 7. If the Steiner triple system contains the block azy, then
there exist elements r,s € § such that & must also contain blocks of the form:

ary ars
zTT o zsf3
yry yséb

acp afo,
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for suitable elements o, B, 7, &, p, © of S. It follows from the properties of a
Steiner triple system that element o and @ must be distinct. However we go on to
show that ¢ = § = a and p =7 = . At this point the block aap can be rewritten
as aaf oras ac (. A Steiner triple system contains no repeated blocks. Hence
the blocks aap and af o arein fact the same block and it occurs precisely once.

Let us begin the proof by considering the three elements a,z,c. We have as-
sumed that

(aoz)oa = ao(zocr).

But goz =y and zoa =T S0,

Yolr = qoT.

We also know that aor = s, implying
Yoo =8 OF YoS = Q.

However in the above blocks we have set yos = §, 50 § = o. Now take the three
elements a, z,3. Applying a similar procedure we oblain

(aox)off =ao(zof)

yofl = @es =71 oOr Yor = f.

In the original blocks we set yor =7, and so v = . Finally take the three elements
a,7,a. We observe that

(aoa)o?‘ :‘«ac(ac‘l‘)

potT = aol =Y or ToYy = pP.

Once again the above Dblocks give roy =y =B and so p = (3 and o = a. This gives
the distinct blocks , : ‘

azry ars

zro ‘ zsf
yrp ysa
aaf.

This is a subsystem, of order 7, based on the set {a,,y,7, s, 0,0}

Case 2): Assuine the threé elements a,z,y do not constitute a block of §. Since
|§] > 7, there exists suitable elements 7, s, t, @, B, v of § such that S contains
blocks of the form:

azT ays
zyt ) rsa
yrp 787,
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where the elements z,y,7,s,¢, a are all distinct. We will show that 8 = a and
v = t. Further we show that these blocks imnply the existence of a block of the form
ata.

Counsider the three elements a,z, . We have assumed that

(aoz)oo =ao(woar)

Todt = Qo8 =Y OF YoF = Q.
But yor = 3, therefore § = o. Now take the three elements a, z,y. We obtain

(lo(zay) :(ao:ﬂ)oy
aot =roy = 3 = a.

It follows that S must contain the block at a. Finally we consider the three elements
a,z,s and equations

ao(zos) =(aox)os

Aol =To8 = 7.

However the inclusion of the block at a implies that v = ¢. It follows that § must
contain the blocks

azT ays
Tyt TS
yra T8t
aat.

These seven blocks from a subsystem, based on the seven elements a, z, y, 7, s,
t, a.

Conversely, assume that for any pair of distinct elements z,y € T \ {e,a},
the three elements a,z,y are contained in at least one subsystem of S, where the
order of the snubsystem is 7. Fix such a subsystem and denote it by Sy. Up to
isomorphism there is only one Steiner triple system on seven points and this is a
projective plane. As stated earlier, the correspouding sloop is associative. Hence,
for all 7,5, € Sy, To(sot) = (ros)et. It is iminediate from this that

(aox)oy = ao(;l:oy).
We note that if z = y or 2 = a or e, then, by the properties of a sloop, (@ox)oy =
ao(zoy). Hence the element a is a member of the centre of the sloop.
The result now follows.
The above theorem can be restated in terms of loops and subgroups of order

8. It should be noted that this subgroup is the elementary abelian group on 8
elements. :
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THEOREM 5. Let (T,0) be a totally symmetric loop. A given element a belongs to
the centre of T if and only if for each pair of distinct elements x,y € T\ {¢,a}, the
three elements a, , y are contained in at least one subgroup, of order 8, of T'.

We illustrate Theorem 4 with the following examples.

ExXAMPLE 6: The projective spaces over GF [2] corresponds to Steiner triple sys-
tems, of order 2™ — 1. It is relatively easy to show that any three points of a
projective space, over G F[2], generate a projective plane of order 7. The subvari-
ety of sloops defined by the projective space, over GF[2], is characterized, among
all sloops, by the associative law, (see [2] pp.19). For each of these sloops the centre
is the entire set S.

EXAMPLE 7: [3] pp.19 Take the Steiner triple system on 15 points with the fol-
lowing blocks:

123 145 167 189 11011 11213 11415
246 257 2 810 2911 21214 21315 347
356 3811 3910 31215 31314 4 812 4 913
41014 41115 5 813 5 912 51015 51114 6 815

6914 61013 61112 7814 7915 71012 71113.

This Steiner triple system contains exactly 7 subsystems, of order 7, each of
which is listed below.

R={1,2,3,4,5,6,7}

Blocks 123 145 167

246 257 356
, 347

R= {1,2,3,8,9,10,11}

Blocks 123 189 11011
2 810 2 911 3910
3 811

R= {1,2,3,12,13,14,15} »

Blocks 123 11213 11415
21214 21315 31314
31215

R= {1,4,5,8,9,12,13}

Blocks 145 189 11213
4812 4913 5912
5813 '

R= {1,4,5,10,11,14,15}

Blocks 145 11011 11415
41014 41115 51114

51015
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R= {1,6,7,8,9,14,15}

Blocks 167 189 11415
6 815 6 914 7915
7 814

R= {1,6,7,10,11,12,13}

Blocks 167 11011 11213
61013 61211 71013
71113

It is easy to check that the element 1 is a member of each of the above subsystems
and that each of the three element sets 1,z,y, where ¢ # y and ¢,y € {2,...,15},
occurs in at least one of the subsytems above. A little bit of work will show
that for all z,y € {1,...,15} U {e}, lo(mey) = (loz)oy. (This fact was originally
found by a computer program.) If we consider any of the elements 2,...,15, then
these elements do not associate with all other elements of the sloop. For example
20(8012) = 204 = 6, while (208)012 = 10012 = 7. Hence these elements do not
belong to the center of the sloop. Therefore the corresponding sloop has a non-
trivial centre cousisting of the elements e, 1.

Assume we have a Steiner triple system which contains two subsystems, of
order 7, both of which contain the blocks abc and ade. The original Steiner triple
system must contain blocks of the form, bd., be., cd. and ce..In addition these
blocks must occur in both subsystems. It now follows that the two subsysterus are
in fact the same subsystem. Hence any two distinct subsystemns, of order 7, have at
most one block in common. Further, it follows that any two subsystems, of order
7, have at most three elements in common.

We will go on to apply a counting argument to the results stated in Theorem
4. Hence we obtain alternate necessary conditions for the existence of a non-trival
centre. We show that the order of the Steiner triple system must be congruent to
3, 7(mod 12).

Assume we have a Steiner triple system which has a corresponding sloop with
a non-trival centre. Further assume element a of the Steiner triple system is a

member of the centre. In any Steiner triple system the element a must occur in
v—1 )

blocks. Represent these blocks as {ollows:

axry Y

aTs Yz

ATn Yn,

v—1 .
where n = —5 If the elements a,z; occur in a subsystem, of order 7, then such

a subsystem must contain the block a z; y; and hence all three elements a,z;,y;.
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If we consider the three elements a,z1,z, for all z # a,21,91, then by Theorem
4 these three elements must occur together in at least one subsystem, of order 7.
As stated above, any two subsytem, of order 7, have at most three elements in
common. Each of these subsystems already contains the elements a,21,¥: and so
the remaining four elements must be distinct. Therefore there are v — 3 possible
choices for z to be partitioned into sets of size four. Hence v = 3(mod4), but we
already know that v = 1,3(mod 6). Putting these two results together we obtain
the following corollary.

COROLLARY 8: Let (T,0) be a sloop based on Steiner triple system S, with |[§] > 7.
If T contains a non-trival centre, then the order of the Steiner triple system, S, is
congruent to 3,7(mod 12).
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