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ABSTRACT: Let H be an abelian group of order v. If X = (f(hy + b)) (hyhpe H) isav Xy
design, then X = (f(hy + hy +...+ hy)) is a proper n-dimensional design. A difficulty with
this construction is that it can only be applied to a small number of (2-dimensional) designs.
This paper develops a very general technique for generating a proper n-dimensional design
from 2-dimensional designs. Indeed, it is shown that Drake's generalised Hadamard matrices,
Berman's nega-cyclic and w-cyclic (generalised) weighing matrices and both of the orthogonal
designs of order 4 and type (1,1,1,1) can be extended to give proper n-dimensional designs. In
addition, this technique leads to a representation of 2-dimensional designs which generalises
the concept of a difference set. This representation is interesting because of its brevity and its
wide applicability.

1. INTRODUCTION

Let H be a group of finite order v, and let S be a set. Also, let X be a v X v matrix, indexed over
H, of elements of S such that, for some £ : H-S, X = (f(hy + hp)) (hy,hy € H). In this paper,
we say X is a matrix developed modulo the group H. Now, let Xy = (f(hy + hy +...+ hy))
(KpisavXXvX.Xyv n-dimensional array of elements of 9), and consider the 2-dimensional
subarrays of Xy, obtained by fixing all but two indicies. We call these subarrays sections of Xp.
Hammer and Seberry (1979, Theorem 4) noted that, if X = (f(h; + hy)) is a Hadamard matrix
which can be developed modulo an abelian group, then Xp = (f(hy + hyp + ... + hy)) is a proper
n-dimensional Hadamard matrix. Indeed, X, will have the same rows and columns as X.
Hence, if X is a design whose defining properties depend only on its set of rows, then Xpisan n-
dimensional array whose faces are all designs of the same sort. An n-dimensional désign whose
sections are designs of a given sort is said to be a proper n-dimensional design

This generalisation of Hammer and Seberry's construction is attractive because of its simplicity
and because of its applicability to different kinds of designs. However, designs which are
developed modulo a group are often not available. Indeed, for certain types of designs, concepts
which are slightly different to the development of matrices modulo a group are more useful in
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generating families of designs.  For example, Berman (1978) exhibits large families of
negacyclic weighing matrices and w-cyclic generalised weighing matrices (negacyclic and -
cyclic matrices are similar to cyclic matrices except that as an entry is shifted to the first
column it is multiplied by -1 and @ respectively). Delsarte, Goethals and Seidel (1971)
construct negacyclic conference matrices, and many Hadamard matrices are obtained by
combining negacyclic and cyclic matrices.

This paper extends Hammer and Seberry's construction to obtain a method of developing proper
n-dimensional designs from large classes of many types of 2-dimensional designs. In particular,
the technique applies to all the designs mentioned in the previous paragraph as well as to well
known orthogonal designs and generalised Hadamard matrices which are not developed
modulo a group.

In the next section, we formalise the concept of a design whose defining properties depend only
on its set of rows and columns, and we introduce the idea of a collapsable function. In section
three, we develop the concept of an extension function, and show how to construct families of
collapsable functions. Finally, in section four, we show that our technique applies to
Drake's (1979) generalised Hadamard matrix, to the two orthogonal designs of order four and
type (1,1,1,1), and to any negacyclic or @-cyclic design.

2. COLLAPSABLE FUNCTIONS AND DESIGNS

Definition 2.1: Let v be an integer, and let S be a finite set. Also, let IIg and Ilc be two
permutation groups on S. A (v, IIg I1c,B ,S) - design is a v X v array, X, of elements of S in
which every pair of distinct rows obeys a set of "balance" rules, B , which are invariant under

(¢))] the permutation of a row or column of X,

(i1}  the application of any map in IR to all of the entries in any row of X, and

(iii)  the application of any map in Il to all of the entries in any column of X.

When I = ITg = I, we use the notation "(v,I1,B,8) - design”.

Example 2.2 An SBIBD (v,k,A) is a (v,IL,3,S) - design where
(i) S= {01},
(ii) Iz =Tl = {identify map},
(iii) P is the set of rules: (1) each row and column contains precisely k non-zero
entries; and (2) each pair of distinct rows has inner product equal to A.

Example 2.3: An orthogonal design of order v and type (81,52,-.-,81) (81>0) on the commuting

variables X1 X2,..., x;is a (v,I1, B,5) - design where
M S={tx | i=12..1},
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(ii) Mg =I¢ = (71,71}, where my is multiplication by x,
(iii) P is the set of rules: (1} each row and column contains =X; precisely s; times
(i=1,....); and (2) each pair of distinct rows has inner product equal to zero.

Example 2.4: If G is a group of order g, then a balanced genervalised weighing matrix,
BGW(v,k,\,G) (see de Launey (1984) for a definition), is a (v,IIg , T1¢, B.S)-design where
) 5= {0} UG
(ii)  Ilr={pn | he G} where py, : $—8 is premultiplication by h, and
e = {on lhe G} where Oy, : S—§ is postmultiplication by h.
(iii) P is the set of rules : (1) each row and column contains exactly k non-zero entries;
and (2) over Z(G) (the group ring of G over the integers Z), each pair of distinct rows

has inner product equal to AG/ g.

Other examples are generalised Hadamard matrices (GH(n;G)), generalised weighing matrices
(GW(n k:G)) (see de Launey (1984) for definitions), and weighing matrices (W(nk)).

Definition 2.5: Let X and Y be (v, ITg Tl¢, B ,S) - designs. We say X is equivalent to Y if X can
be obtained from Y by applying a sequence of operations (i), (ii) and (iii) of Definition 2.1.

Often the transpose of a (v, [Ig JTlc,B ,5)- design is also a (v, TIg J1eB 5)- design.

Definition 2.6: A (v, ITg Tlc,B ,9) - design. X, is transposable if its transpose, X7 is also a (v,
TIg J1c,B ,S) - design.

Ordinary Hadamard and weighing matrices, orthogonal designs and SBIBD's are all
transposable designs. Also, if G is abelian, GHm;G), BGW(v,k,A,G) and GW(v k;G) are
transposable. However, if G is non-abelian these designs may not be transposable.

Definition 2.7: AV XV X..X v (n times) array, X, of elements of S is said to be a proper n-
dimensional design, (V,HR,Hc,ﬂ,S)n - design, if, for every 2-dimensional submatrix, A, of X '
which is obtained by fixing all but two ordinates, either Aor AT is a (v,JIr,I1c,B,S) - design.
We call these submatrices sections.

We now make a definition basic to our construction of proper n-dimensional designs. If S is a set,
we let Pg denote the set of invertible maps f : §—S.
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Definition 2.8: Let H be a finite group; let S be a set, and let Ps denote the set of invertible
maps on S. Let H be the set of all finite tuples of elements of the additive group H. We say

f : H—S is collapsable if it has the following properties:
(i) For each integer n 2 2, there exists a function pp, : H X H-—Pg such that
f(h1,hg,.. ) = pr(hy,h)(E(hy + hohs,.hy));
(ii) For each integer n 2 2, there exists a function gy : H X H —Psg, such that
f(hlyh%m»hn) = Qn(hn—lvhn)(f(hlahL---:hn.l + hn))~

We shall return to discuss these functions later. For the moment let us consider their utility.

Theorem 2.9: Suppose f: H—>S§ is collapsable, and that Xq = (f (hy, hp)) is a (v,IIg,I1c,B,S)-
design.  Also, suppose pi(H X H)CIIR and qi(H x H)cIle @ = 1,...,n); then X, = (f(hy,
ha,...,hn)) is a proper (v,IIg,I1c, B, S)" - design.

Proof It is sufficient to prove that every 2 - dimensional sub matrix of the form
Y = (yn ) = (f(hy,ho,. by hy, hn)) G>1)
is a (v,ITg,I1c, B, S) - design. Now put
Q(hy) = gnj+a(bn-1,hn) © Qujr1(hno,hn 1 + hy) o0 q3(hy,hjry +.4 hy),
P(bi) = pa(hy,h2) © pra(hy + hy,hs) oo preaChy, + ot hjg,hy);
then

Yii by = P(hy) o Qhy )(f(hy, +...+ hj.1,hyj +...+ hy)).

So 'Y is equivalent to X. This completes the proof.

3. EXTENSION FUNCTIONS AND COLLAPSABLE FUNCTIONS

Our aim will be to obtain a widely applicable way of constructing, via extension functions (see
Definition 3.2), collapsable functions which are derived from suitably structured 2-dimensional
designs. So, although any collapsable function, which meets the conditions of Theorem 2.9,
implies the existence of a nicely structured n-dimensional design, we will only study a subset of
these functions. In particular, the collapsable functions will be uniform in the sense that, for

some p: Hx H-S,

qi (hy, hg) =pj(hy, hg) =p(hy, hy) ij =1,2,...
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Throughout this section, we will use the following notation.

Notation 3.1: Let H, %, Ps and S be as defined in Definition 2.8. If p: HX H—Pgis a map and
f: H—S is a map, we let Cp¢: H—>S and Dy g: 248 be defined iteratively as follows : for n22
and hy, ho,....hy€ H,set

Cp.¢ (h1) = Dy (1) = f(hy),

and put ‘
Cp.s(hy,h2,...10) = p(h1,h2)(Cp (hy + ha,h3,h4,...,h0))
Dp.s(hy,ha,.hy) = p(ha-1,hn)(Dp ey, ho, sy 2, g + o)),

Also, we use TT 33 to denote an indexed composition of maps in the same way that ITE denotes
an indexed summation. So

Cyp,e(hy,ha,....h0) —{H p(E hyhx)] (f(z hy), and

i=2 =1

Dy e n>—[n oth, 3 1) }(f(ilhj»,

=n-1 j=i+l

The ordering of the indices is important; [I8pi=piop2o-oPnmay not equal
H . Pi = Pn ©Pn-1 00 P1

Definition 3.2: Let p: H x H—Ps be a map. We say p is an extension function if, for all f:
H—S, Cp,f is collapsable. If p(0,0) is the identity map, then p is said to be a normalised

extension function.

Lemma 3.3: Let H be an additive group, S be a set, and Pg be the set of invertible maps on S.

Also, suppose p:HxH—Psis an extension function with Z = p(0,0). Then, for all
hj,hphs € H,

p(h1,0) = p(O,hy) =Z, 3.1
Z o p(hg,hz) = p(hy,h3) 0 Z, (3.2)
p(hy,hg) o p(hy + ha,ha) = p(hp,hs) o p(hy, hy + hs), (3.3)

and, in particular, Z-1 o p is a normalised extension function.
Proof. Now, forall f: H—S, Cpf H—S is collapsable. Hence, by Definitions 3.2and 2.8,

p(hy,hy) o p(hy + ha,h3)(fChy + hy + ha)) = p(ha,hs) o phyhz + ha)(E(hy +hy + h3)).
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But, since f is arbitrary, this means

p(hy,h2) o p(hy + hy,ha) = p(ha,h3) o p(hy,hy + h3),
for all hy,ha,hs € H. This proves (3.3).
Now put hy = hy = 0 and hy = hy = 0 in (3.3). We obtain

Z o p(0,hz) = p(0,h3) o p(0,h3),
p(h1,0) o p(hy,0) = Z o p(hy,0),

and, since p(hy,h2) is always invertible, we obtain (3.1). Finally, to obtain (3.2), puth; =0 in
(3.3), and use (3.1).

Theorem 3.4: Let H be an additive group, S be a set, Pg be the set of invertible maps on S, and

let p:HXH—Psbe a map. The following four statements are equivalent.

(a)  pis an extension map.

(b)  Foranymap f:H—S, Cpris collapsable.
(©) For any map f:H-3§, Dpis collapsable.
(d)  Foranymap f:H—-S, Cpr= Dpr.

Proof (a)¢=>(b) : By definition.
(b)y=>(d)and(c):  For all f:H->S, Cps is collapsable. So, for all i22, there exist
q; : H X H—Pg such that, for all hy, hy,....,h; € H,

Cp.e(h1, ha,....hy) = qi(hi_y,h) (fChy,...hio.hig + hy) (3.4)
Hence, for all hy, ho, € H,
plhyho)(f(hy + hy)) = qathy,h)(E(hy + hy)).

But f is arbitrary; so gy = p. Now suppose q; = p, for i = 2,...,n~1 then, applying (3.4)
iteratively with 1= 2,..., n, we have

p(hy;hg) oo plhy + ..t hoip,hn) = Galhn.1,ho) © plhn-2,hnog + hy) 0.0 plhy,hg +..4+ hy).
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Now puthy = hy =.. = hy2 = 0. By (3.1) and (3.2),
p(hn1,hn) 0 2% = Z"2 0 p(hy.1,hn) = Qn(hp-1,hn) 0 Z72
Hence, because Z*2 is invertible, n = P. So, by (3.4),

Cahiha,....hn) = plhnt,hn) op(hnahat + hay e-op(hphz + hy +-+ ho)(f(hy +...+hy)
= Dpi(hlsh?.’“"hn)v

by Notation 3.1. This proves (d). Also, by (b), Cp¢ is collapsable; hence Dp(=Cp ) is
collapsable. This proves (c). '

(€)=>(d) : We just proved (b)=>(d). A similar argument can be used to prove (¢)=>(d).

(d)=>(b) : By the definition of Cprand Dy, if Cp¢= Dy then Cp.f must be collapsable.
Hence (d) implies (b). This completes the proof of the theorem.

Definition 3.5: Letp:H x H—>Pg be a map. We say p is abelian if, for all hy,hy,ha,hg € H,
p(h1,h2) o p(h3,hg) = p(ha,hg) o p(hy,hy)-

Theorem 3.6: Let H be an additive group, S be a set, Pg be the set of invertible maps on S, and p :

H X H—Ps be an abelian map. Then p is an extension function if and only if, for all
hy,hp,hs,e H, (33) holds; ie,

p(hy,hg) o plhy + hy,h3) = p(hy,ha) o p(hy,hy + h3)-
Proof By Lemma 3.3, we need only prove sufficiency, and, by Theorem 3.6, it is sufficient to
prove that Cp ¢ =Dy g; ie,

H p(Z hyhy) = H pihi, 3 by, 35)
j=i+l
Now by (3.3),
i i+1
p(Y, hihie) o p(D hy, 2 b)) = p(hie1, 2 h)op(E h;, Z hy).
j=1 =i j=ie2 J=i+2 j=itl
Hence

{Hz p(i hj,hm)} [ﬁp(ﬁﬁ b 3 h)} [II plhiss, 3 hp] [H p(Z by 3 h,)}

i=1 j=1 =i j=i+2 j=i+2 i=1 j=i j=i+1
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So, because p is an abelian map,

2 Jd n-1 n-2 n n
[H} p>. hj.hm)}p(}: hj,ha) =[Hl p(hist, 2, h_o]o p(hy, Y, hy).
i= i=1 i=

j=1 j= j=it2 i=2
This simplifies to give (3.5).

Notes 3.7: Equation (3.3) has a number of interpretations.
(i) Any bilinear function p : H x H—Ps is an extension function. So (3.3) may be
regarded as a weak bilinearity condition.
(i) If p(H x H)cHCPs, we may think of p as a multiplication 'X ' on H which obeys,
with respect to group addition, a weak left and right distributivity; viz.,

hy x hy + (hy + hy) X hy = hy % h3 + hy X (hy +h3). (3.6)

Indeed, any ring muliplication on HCPg defines an extension function, and any extension

function p where p(H x HYCHCPs defines a weak (possibly non-associative) ring
multiplication on H.

(ifi) The relation (3.3) is equivalent to|HP linear equations involving the |H?
guantities p(hy,ha) (hy,hoe H) over the integers. So, in principle, we can use linear
algebra to find all abelian extension functions.

Whenever H is cyclic, we are able to determine all of the abelian extension functions
p:HxH—-Ps.

Theorem 3.8: Let S be any set, and let H be the additive cyclic group of order v. If
p : Hx H—Pg is an abelian extension map, then, for all s,te H,

-1 k
p(s,t) = p(0,0) o [i—l() (G P(S+i,1))}. 37

Conversely, if Ag,A1,...,Ay.1 are commuting invertible maps on S, which are indexed by the
elements of H, then q : H X H—Ps where

-1
q(s,t) = Ago [Ho (Aito As+i)}
i=

is an extension of a function.
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Proof By (3,1), equation (3.7) is true for t=0. Now suppose it is true for 0 <t < n; we show it
applies when t = n+1. By (3.3) (with hy = s, hy =n and h3 = 1), we have

p(s,n+1) = p(s,n) o p(n, 1)1 o p(s+n,1).
Now use the formula to expand p(s,n) to obtain the result for p(s,n+1). This proves (3.7).

To prove the second part of the theorem, it is sufficient to verify that q satisfies (3.3). First we
note that, if t' =t (mod v), then
-1 t-1
I A oA =TT Al o Agyy 3.8)
i=0 i=0

This observation allows us to do the following calculation.

t—-1 u-1
q(s,t) o g(s+t,u) = Ag o {H (Ao As+i)} oAgpo [H (Ao As+x+i)J

1=0 1=0
t-1 u-1 u-1
=AgeAgo| [T (At o Ag)|o| IT (At o Aui) o Ho (Aui™ o Agpn)
i=0 i=0 i=

u-1 u+t-1
=(Ago [I}) (Ao Am)]) o (Ag 0[ I}) (Ao As+i)})
= q(t,u) o q(s,t+u).

This verifies (3.3), and completes the proof of the theorem.

We note that (3.8) allows us to define extension functions over the additive group of integers via
(3.7).

Theorem 3.9: Supposep : HX H—Psand q: KX K—Psare abelian extension functions.
Define p®@q : (HOK) x (HEK)—Ps by

p@q((h1.k1), (ha.kg)) = p(hy,hy) 0 qlky,k2),

for allhy,hoe Hand ki,koe K. If the maps p(hy,hy) and q(ky ko) commute for all hy,hoe H
and kq,ko€ K, then p@q is an abelian extension function over HOK.

Proof Immediate from (3.3) and Theorem 3.6.
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Theorems 3.8 and 3.9 ensure that for any abelian group, there are many extension functions: any
abelian group H may be written as a direct sum of cyclic groups, and (3.7) can be applied
independently to each cyclic component as in Theorem 3.9. Example 3.10, below, indicates that,
if H is not cyclic, not all extension functions can be obtained in this way.

Example 3.10: Let H = {e,a,b,ab} be the elementary abelian group of order 4 (Z2 X Z3). By
solving the 64 equations referred to in Notes 3.7(iif), we obtained the following
"muliplication” table for the general extension function over H.

t
] 2 a b ab
e Z Z VA Z
ps,b: a Z A El  AZE
b Z B-! F BZF
ab zZ ABZ EFZ AEFZB

where A,BEF and Z are many commuting invertible maps such that Ec E=B o B.
4, DESIGNS AND EXTENSION FUNCTIONS

In this section, we use extension functions to construct proper n-dimensional designs. We will
restrict our attention to designs with IIg = Ilc = IL

Definition 4.1: Let X be a (v,I1,B,S)-design. We say X has an extension function p : H x H—Pg
if p is an extension function, and there exists a map f: H—S such that X = (p(hy,hy)
(f(hy +h2))). ¥ p(H x H)e I, we say p is suitable.

Theorem 4.2: Let X be a (v,I1,B,8)-design with a suitable extension function p : H X H—>S such
that X = (p(hyhp)(f(hy,h2))). Then (Cp(hyhg,.hy))is a proper n-dimensional

(V’Hsﬁ,s)ndesign.

Proof By Definition 3.2, C, f is collapsable. So by Theorem 2.9, (Cp ¢(hy,hy,...hy)) is a proper
(V,H,B,S)n-design.

Example 4.3: In this example, we index certain 4 x 4 designs with the elements, e,a,b,ab of
Z3 X Zy, and we show how these designs all have suitable extension functions. Now, Example

3.10 gives the multiplication table for the general extension function over Zq X Zy. To specify
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an extension function over Zox Ly, itis therefore sufficient to specify A,BEF, and Z. We do
this for each of the designs below.

(i) A Hadamard matrix of order 4. 1111
f(e) = f(a) = f(b) = f(ab) = 1; 11 - -
B.E and F are multiplication by -1, 1 — -1
and A and Z are the identity. 1-1-

(i) A generalised Hadamard matrix of order 4. e ee¢e

f(e) = f(a) = f(b) = f(ab) = e, e a bab
A,B.EF and Z are multiplication eaba b’
by a,ab,b,a, and e respectively. e bab a
k @iii) Both orthogonal designs of type (1,1,1,1)
and order 4. Here § = {tatb,kc,td].
(@) f(e)=a @ = b, KB =c, fab) = abod
a) f(e) = a, f(a) =b, f(b) =¢, f(ab) = d; _
ABEFandZ are multiplication b ;ﬁd cb
by -1,1,-1,-1, and 1 respectively. ¢ d-a-
d-cb-a
(b)fboAB,EFdZ abcd
as above; A,B.EF and Z are
multiplication by ~1,1,-1~1, b :3 d ;
and 1 respectively. ¢ -d-a
d c-b-a

All of these extension maps are suitable. Hence, Theorem 4.2 may be used to construct proper n-
dimensional designs of the various sorts.

Example 4.4: If X is based on a difference set, then, for some group H and some map { : H-S,
X = (f(hy + hp)) (h1.hae H). So the trivial extension function p : H x H—Pg (where p(hy,h2)
is the identity map for all hy,hoe H) is a suitable extension function for X. Thus our construction
generalises Hammer and Seberry’s construction.

Let q be a prime power, and let EA(q) denote the elementary abelian group of order q. Let Xbe a
muliplication table of GF(q) (ie, X = (h1h) (hy,hoe EA(Q))). Drake (1979) showed that X is a
generalised Hadamard matrix (written GH(q;EA(Q)) of order q over the additive group, EA(qQ),
of GF(q).
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Theorem 4.5: The GH(Q;EA(Q), X = (hihy) (h;,hpe EA(Q)) has a suitable extension function
over EA(q).

Proof Let ty:EA(qQ) —EA(Q) be multiplication by h. X is a (q,I1,B,EA(q))-design with
= {n, | heEA(q)). Define p:EA(q) x EA(q) —Pga) so that, for all hyhpeH,
p(hy,hy) = mpp,- Sop(hy,ho)e Il for all hy,hoe EA(q). Also p is a ring multiplication over an
isomorphic image of EA(q) contained in Pga(q); s0, by Notes 3.7 (ii), p is an extension function.
But X = (p(hy,h2)(f(hy + hy))), where f(h) = e for all he H; so p is a suitable extension function
for GH(g;EA(q)).

We show that negacyclic weighing matrices and w-cyclic generalised weighing matrices may
be used in Theorem 4.2 to give proper n-dimensional designs of a particularly simple form.

Thorem 4.6: Let X be a back negacyclic weighing matrix or a back ®-circulant generalised
weighing matrix; then Xo has a suitable extension function. Hence, if there exists a negacyclic
W(v,k) matrix or an w-circulant GW(v,k;G), then there exists a proper n-dimensional design of
the same sort. Indeed, there exists a periodic function F:Z—{-1,0,1) (respectively F.Z—~>{0}UG)
such that Xy = (F(s1 + s + 83 +....+ 85p)) (0 <55 € v=1).

Proof: A v X v matrix is back @-circulant if the (i+1)th row of A is
i, 8j+15...,4y.1,M0a0,0081,...,0085.1,

where a1, a3,...,4y is the first row of A. Now, in (3.7) put p(1,1) = p(2,1) =.... p(v-2,1) = R, and
put p(v-1,1) = g, . Also, put f(s+t) = a541. Then A = p(s,1) o f(s+t). Also, Tee I1; so p is
suitable. Hence Xy = (Cp (h1,h2,....hp))is a proper n-dimensional design. This proves the
first part of the theorem for w-circulant matrices. To prove this part for negacyclic matrices
pute=-1.

Now we prove the second part of the theorem. Let v be a positive integer, and let a be any

integer. Let {a}, be the integer x = a (mod v) such that 0 £x < v-1, and let [a)y be the greatest
integer not greater than a/v. Then )

hi + hy +h3z = v[hy + hplv + {h; + ha}y +h3,

indeed,

i hy = vlhy +ho] + vI{hy +ha}y +ha), +v{hy +hy +h3} +hg]

i=1

n-2
ot [{Z hi}, +ha] + {hy +..+ hny} + by

i=1
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So

. ,
[2, b, =[hy + bl + [(h +ha} +hs] +[(hy +hy +h3) + hal, +..
i=1
+ [{hy +hp +..+ ha_1} + hy],.

Hence,

p(1,v=1)IZ ™ = p(hy,hy) 0 plhy + hohs) .o PRy + hy 4.t By, hy),
So

Cpsthi,ha o h) = p(Lv-1)IZ P (£(hy + hy ..+ hp)).
Now define F:Z— {0} UG so that, for all se Z,
F(s) = ol*M({s},)

then Xp = (F(s1 + 52 +...+ 5p)) (0 € 51 £ v—1,5€ Z). We note that, if © has order m, then F
has period mv. For negacyclic matrices put ® = -1 and G = (-1,1). In this case m = 2. This
completes the proof.

Now suppose Xo is negacyclic, and consider the map Fz:ZxZ—{~1,0,1} where
Fy(hy,hy) = F(hy + hy). We can obtain an infinite 2-dimensional "checkerboard” pattern of
coloured cells if we, say, colour the (i,j)th cell white, red or black according to whether
Fa(i,j) = —1,0 or 1. The faces of X;, can then be obtained by sliding a v X v window around the
pattern. Shlicta (1979) noted that some of his higher dimensional Hadamard matrices had
this "periodic” property. Theorem 4.6 provides examples for various types of designs including
conference matrices.

Finally, we remark that Theorem 3.9 may be used to generate suitable extension functions for |

the Kronecker product of (generalised) weighing matrices which have suitable extension
functions. We demonstrate this with a theorem and an example.

Theorem 4.7: Let F : Z'—>{~1,1) be the map such that, for alli,iz,...1i€ Z,

t
F(iy,igseodt) = I'{ (Db,
=

Then (F((i11,i125+-oi1t) + (21,1220c-2020 +oct (nioin2se-oind))) (O L i 1) s a proper
n-dimensional Hadamard matrix of order 2%

Proof The initial row 1, 1 generates a negacyclic Hadamard matrix Hj of order 2. The

negacyclic extension function with v = 2 can be used to extend this design to n-dimensions. Now
apply Theorem 3.9 t-1 times to obtain the direct product extension function for
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Hy = Hy X Ha X...xX Hj (t times). The argument in the proof of Theorem 4.6 applies to each
componentof (i1,12,-..,11).

Example 4.8: Let ] be the 3 X 3 matrix whose entries are all 1. The following Hadamard matrix
of order 12 was obtained by substituting a set of Williamson matrices of the order 3 (namely:
], 21-], 21-], 2I-]) for the indeterminants a, b, ¢ and d in the orthogonal design in Example
4.3(iii)(a).

b 21-1 2I-T1 2147
2I-1 -3 J21 21
21-3 217 -1 J20
21-J J-21 21-} -}

H=

Let EAM) =Z X Zy={a,b | ab=ba, a2 = b2 =¢) andlet Z3 = {0 | @*=e¢)
Define f : EA(4) X Z3 — {~1,1] so that

f -1 for x = aw,am?,bw,bw?,abw,abm?
f(x) = ‘

1 otherwise

Finally, let p(s,t) be the extension function defined in Example 4.3(iii)(a), and, let q be the
trivial extension function over Z3 (For all s,te Z3, q(s,t) is the identity map on {1,-1}). Now,
index H with the elements of the group EA(4) X Z3 in the following order: e,m,(oz,a,am,a(nz,
b,bw,bw? ab,abw,abw?. Then

H = (p®q(s,))(f(s+1))) (s,te EA(4) X Z3),
and p®q is a suitable function of H.
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