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Abstract

We address the chromatic number of a class of Euclidean distance graphs
having vertex set Q?, the 3-dimensional rational space. It is shown that
if s is any positive integer with no prime factors congruent to 2 (mod 3),
and G is the graph with vertex set Q3 where any two vertices are adjacent
if and only if they are distance v/2s apart, then G has chromatic number
4. Along the way, we obtain a few results on the chromatic numbers of
certain Euclidean distance graphs having vertex set Z3, the 3-dimensional
integer space. We conclude by constructing an example (possibly the
first) of a triangle-free, 4-chromatic distance graph in Q3.

1 Definitions

Suppose (X, p) is a metric space and d > 0. Let G(X,d) be the graph with vertex
set X where any two vertices are adjacent if and only if they are distant d apart.
Define x(X,d) to be the chromatic number of G(X, d) — that is to say, the minimum
number of colors needed to color X such that any two vertices distance d apart
receive different colors. As is customary, we will use R, QQ, and Z to denote the
rings of real numbers, rational numbers, and integers, respectively. Throughout this
paper, if X C R", the distance function used will be the usual Euclidean distance
metric. Also throughout this paper, we will make use of two non-standard bits
of notation. We designate by S the set of all positive, square-free integers whose
prime factorization consists solely of factors congruent to 1 (mod 3). For any vector
v = {(a,b,c) with a,b,c € Q, we write ®, to denote the set of all vectors formed by
permuting the entries of v along with replacing any number of those entries with
their negatives. Just to make sure the previous notation is clear, as an example if
v =(1,0,0), then ®, = {(1,0,0), (0, 1,0), (0,0, 1), (-1,0,0),(0,—1,0), (0,0, —1)}. If
v =(1,2,3), then ®, consists of forty-eight vectors which we decline to write out.
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2 Introduction and Preliminaries

Although coloring Q" does not get the same publicity as coloring R™ (see [8], [12], or
[14] for a historical perspective), the subject has been around for quite a while.
Woodall introduced the matter as a secondary result in a 1973 paper [15], off-
handedly showing that y(Q* 1) = 2. Benda and Perles also focused on the unit
distance in [1], showing that, among other results, x(Q3,1) = 2 as well. The follow-
ing question remained unaddressed for some time however, and is in fact still open
today:

Given an arbitrary distance d, what is x(Q?,d)?

It is readily seen that for any distance d and any q € QT, the graphs G(Q3,d) and
G(Q?, qd) are isomorphic. This is a straightforward observation, but it leads to the
following lemma which we state for easy reference in later sections of the paper.

Lemma 2.1 For any dy,dy > 0, x(Q3,dy) = x(Q3 ds) if dy and dy are rational
multiples of each other.

Any distance realized in Q? is of the form /¢ for some ¢ € Q*. So to completely
resolve the above question, it suffices to determine (Q?,+/z) for every positive,
square-free integer z. Fortunately, a lot of the work has already been done. In
[9] Johnson showed that for any odd integer p such that ,/p is a distance actually
realized in Q*, x(Q*, \/p) = 2. In [3], Chow showed that for any odd, positive integer
p, X(Q3 +/2p) > 3. And in [7], Johnson, Schneider, and Tiemeyer provide an upper
bound for the chromatic numbers in question, demonstrating that for any d > 0,
x(Q3,d) < 4. Putting these facts together, the original question is narrowed down
to the following:

Given any odd, positive, square-free integer p,

does Y(Q%, /2p) = 3 or does x(Q%, v/2p) = 47

The main result of this paper is that for all such values of p whose prime factorization

contains no factors congruent to 2 (mod 3), x(Q?, /2p) = 4. We obtain this conclu-

sion by proving two slightly stronger results concerning colorings of Z3?. Although

we find a large class of distances d such that x(Z?,d) = 3 (see Theorem 3.2), it is

ultimately still an open question whether there exists d such that y(Q3,d) = 3.
Our arguments will make frequent use of the following lemma.

Lemma 2.2 Let v = (a,b,c) where a,b,c € Z such that gcd(a,b,c¢) =1 and a + b+
¢ =0 (mod 2). Let V' be the group of vectors generated by those in ®, under the
usual vector addition. Then V = {(x,y,2) 1 x,y,z € Z and x +y+ 2z =0 (mod 2)}.

Proof Clearly V C {(x,y,2) : z,y,2 € Z and x +y + 2z = 0 (mod 2)}. Since
ged(a,b,c) =1 and a + b+ ¢ = 0 (mod 2), it must be the case that exactly two of
a, b, c are odd. Note that if (v1,ve,v3) € V and o is any permutation of the sequence
(v1,v9,v3), then (£o(vy), £o(v2), £o(vs3)) € V. Note also that for any even integers
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m,n, and p, (ma,0,0), (nb,0,0), (pc,0,0) € V. Since ged(a,b,c) = 1, there exist
integers r, s, t such that ra + sb+tc = 1. But this gives us (2ra,0,0) + (2sb,0,0) +
(2tc,0,0) = (2,0,0). Thus (+2,0,0), (0,42,0), (0,0,4+2) € V. So given any vector
(x,y, z) satisfying x,y,z € Z and x+y+ 2z =0 (mod 2), we can select (0,0, 0) or an
appropriate vector from those used to generate V' and add to it some combination
of multiples of (+2,0,0), (0,42,0), (0,0,+2) to construct (z,y, z). O

In a series of recent papers (see [5] and [6]), Ionascu gives a complete characteri-
zation of equilateral triangles whose vertices are points of Z3. Central to his work in
[5] is the following lemma which will feature prominently here as well.

Lemma 2.3 A square-free positive integer n can be represented as n = a* + ab + b?
for some a,b € Z if and only if n has no prime factor congruent to 2 (mod 3).

Ionascu attributes this result to Euler. However, the author’s own efforts to track
down its genesis were ultimately unsuccessful. In any case, this lemma appears to
be a fairly well-known fact and can be gleaned from the material presented in many
introductory number theory texts or any work focusing on representations of integers
using quadratic forms ([2], for example). For our purposes, the following consequence
of Lemma 2.3 will suffice.

Lemma 2.4 Let n be a square-free positive integer which contains no prime factor
congruent to 2 (mod 3). Then there exist a,b,c € Z such that
a2+ +cE=2nanda+b+c=0.

Proof Given some n as described above, by Lemma 2.3 there exist a,b € Z such
that a® + ab + b*> = n. We then have 2a® + 2ab + 2b> = 2n which implies that
a? + b* + (—a — b)? = 2n. Now letting ¢ = —a — b we have that a? + b* + ¢ = 2n
and a +b+c=0. O

We feel that before venturing forward it is worthwhile to mention that in the case
of p =1, it is trivial to find a 4-chromatic subgraph of G(Q3,/2p). It is well-known
that the points (0,0,0), (1,0,1), (1,1,0), and (0,1,1) constitute the vertices of a
regular tetrahedron of edge-length v/2, or in other words, a copy of the complete
graph K, appearing as a subgraph of G(Q?,+/2). It is shown in [5], however, that
there is no other square-free integer p where this occurs.

3 Results
Theorem 3.1 For every s € S, x(Z°,1/2s) = 4.

Proof Let s € S. As x(Q%, v/2s) < 4 [7], clearly x(Z?,/2s) < 4 as well. By Lemma
2.4 there exists a,b,c € Z such that a®? + b* + ¢ = 2s and a + b + ¢ = 0. Thus the
vectors {(a,b,c), (b,c,a), and {(c,a,b) each have length v/2s and together sum to the
zero vector. We can use these vectors to create the pair of equilateral triangles in
Figure 1, each with side length v/2s and vertices in Z?.
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(a,b,c) V2s (2a+b, 2b+c, a+2c)

(0,0,0) V2s (a+b, b+c, atc) = (-c,-a,-b)

Figure 1

We will now assume there exists some proper 3-coloring of G(Z?*, v/2s) and obtain
a contradiction. The diagram in Figure 1 shows that in any proper 3-coloring of
G(73,/2s), the vertices (0,0,0) and (2a+b, 2b+c, a+2c) must receive the same color.
Furthermore, any arrow in Z? representing the vector v = (2a+b, 20+ c, a+ 2c) must
have initial and terminal point colored the same color. By permuting the coordinates
and changing the sign of some of the coordinates in the above construction, it can
be seen that each of the vectors of ®, must also have initial and terminal point
colored the same color. Let V be the group of Z* vectors generated under vector
addition by those of ®,. In any proper 3-coloring of G(Z3,+/2s), any vector in V'
must have initial and terminal point colored the same color. Note that (2a + b)? +
(20 + ¢)? + (a + 2¢)* = 65 and since 6s = 2 (mod 4), it must be the case that
exactly two of (2a + b),(2b + ¢), (a + 2¢) are odd. Also, since 6s is square-free,
ged(2a + b,2b+ ¢,a + 2¢) = 1. Then by Lemma 2.2, V = {(z,y,2) : z,y,z € Z and
r+y+ 2z =0 (mod 2)}. This means that (a,b,¢) € V and thus that (0,0,0) and
(a,b,c) must be colored the same color which is our desired contradiction. Hence

X(Z3,V/2s) = 4. O

It would appear that the next logical step in uncovering 4-chromatic subgraphs
of Q3 would be focusing on the graph G(Z3,1/6s). However, it just so happens to be
the case that y(Z3,v/6s) # 4. The proof of this fact we include below as a matter of

secondary interest.
Theorem 3.2 For every s € S, x(Z*,/6s) = 3.

Proof Let s € S. By Lemma 2.4, there exist a, b, ¢ € Z such that a® + b* + ¢ = 6s
and a + b+ ¢ = 0. Just as in the proof of Theorem 3.1, we can use the vectors
{a,b,¢), (b,c,a), and {c,a,b) to create a 3-cycle in G(Z?,+/6s), thus ensuring that
X(Z3,v/65) > 3. Let X,Y € Z3 where X = (x1,29,23) and Y = (y1,¥2,y3). Let
A; = x; —y; for i € {1,2,3} and suppose that X and Y are adjacent in G(Z?, /6s).
Then (A1)*+(A2)*+(A3)? = 6s. This means that (A;)?+(Az)?+(A3)? =0 (mod 3)
but (A1)*+ (A2)*+ (A3)* £ 0 (mod 9), which in turn implies that A; #Z 0 (mod 3)
for i € {1,2,3}. Note here that we are using the fact that for any integer n such
that n #Z 0 (mod 3), n> = 1 (mod 3). So in order to properly 3-color G(Z3,/6s),
we need only use ¢ : Z> — {0,1,2} where for every X = (21,22, 73), o(X) = 1,
(mod 3). O
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Theorem 3.3 For every s € S, x(Z?,3v/6s) = 4.

Proof Let s € S. Again, by the results of [7] we have that y(Z3, 3/65s)

< 4. By Lemmas 2.3 and 2.4, there exist a, b, ¢ € Z such that a® +ab+ b* = 3s, a® +
b*>+c* = 6s, and a+b+c = 0. From this we obtain two facts. First notice that (3a)*+
(3b)% + (3¢)?* = H4s implying that the vertices (0,0,0) and (3a, 3b,3c) are adjacent
in G(Z3, 3v/6s). Secondly, the points in Figure 2 define an equilateral triangle with
side length 3v/6s and vertices in Z®. We note that this triangle parameterization
(and others like it) is given in [6].

(-4a-3b, -a+3b, a)

(-3a+b, 3a+4b, -b)

Figure 2

We can extend Figure 2 into three equilateral triangles each with side length 31/6s
and vertices in Z? as is done in Figure 3.

(-a-4b, -da-b, a+b) (-4a-3b, -a+3b, a)

(0,0,0) (-3a+b, 3a+4b, -b)

(a+4b, 4a+b, -a-b)

Figure 3

Let V; be the vector with initial point (a + 4b,4a + b, —a — b) and terminal point
(—4a — 3b,—a + 3b,a). Let V5 be the vector with initial point (—3a + b, 3a + 4b, —b)
and terminal point (—a — 4b, —4a — b,a + b). Using the same strategy as that in
the proof of Theorem 3.1, we will again suppose that y(Z3, 3\/@) = 3 and obtain a
contradiction. In any proper 3-coloring of G(Z?,3v/6s) the initial and terminal point
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of V; must be colored the same color and the initial and terminal point of V5, must
be colored the same color. Writing V; and V5 in component form we have that

Vi = (=ba — 7b, —5a + 2b, 2a + b)
Vo = (2a — 5b, —Ta — 5b, a + 2b)

We know that a? + ab+ b*> = 3s. This implies that ged(a,b) = 1 and either a and
b are both congruent to 1 (mod 3) or a and b are both congruent to 2 (mod 3). Also
note that since a = b (mod 3), the individual entries of V; and the individual entries
of V, are each congruent to 0 (mod 3). We now desire to show that at least one of V;
and V5 has all three entries not congruent to 0 (mod 9). This can be done through
simple inspection. The chart in Figure 4 lists all possible congruences modulo 9 for
a and b along with a vector V; or V5 whose individual entries are each not congruent
to 0 (mod 9).

With this information in mind, and also considering that V; and V5 both have
length 9v/2s, it must be the case that at least one of Vi,V can be written as
(3x,3y, 3z) for some z,y,z € Z where z +y + 2z = 0 (mod 2) and ged(z,y,2) = 1.
Letting v = (3x, 3y, 3z) and again using the same ideas as in the proof of Theorem
3.1, we have that in any proper 3-coloring of G(Z?*,3v/65s) each vector of ®, must
have initial and terminal point colored the same color.

a b Vector whose entries are each
not congruent to 0 (mod 9)
1 (mod 9) | 1 (mod 9) Vs
1 (mod 9) | 4 (mod 9) Vi
1 (mod 9) | 7 (mod 9) Vs
4 (mod 9) | 1 (mod 9) Vs
4 (mod 9) | 4 (mod 9) Vi
4 (mod 9) | 7 (mod 9) Vi
7 (mod 9) | 1 (mod 9) Vi
7 (mod 9) | 4 (mod 9) Vs
7 (mod 9) | 7 (mod 9) Vi
2 (mod 9) | 2 (mod 9) Vi
2 (mod 9) | 5 (mod 9) Vs
2 (mod 9) | 8 (mod 9) Vi
5 (mod 9) | 2 (mod 9) Vi
5 (mod 9) | 5 (mod 9) Vi
5 (mod 9) | 8 (mod 9) Vs
8 (mod 9) | 2 (mod 9) Va
8 (mod 9) | 5 (mod 9) Vi
8 (mod 9) | 8 (mod 9) Vi

Figure 4
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Let V be the group of vectors generated by those of ®, under vector addition. By
applying Lemma 2.2, we have that V' = {(3m,3n,3p) : m,n,p € Zand m+n+p =0
(mod 2)}. Any vector in V' must have initial and terminal point colored the same
color. But (3a,3b,3c) € V and (0,0,0) is adjacent to (3a,3b,3c) in G(Z?,3v/6s).
This contradiction implies that x(Z3, 3v/6s) = 4. 0

To now establish the main result of this section, we need only do a little book-
keeping with previous theorems.

Theorem 3.4 Let p be any positive integer which contains no prime factor congruent
to 2 (mod 3). Then x(Q3,+/2p) = 4.

Proof If p is not divisible by 3, we have

4

Vv

X(Q®, \/2p) ([7])
X(Z%,\/2p)
"

v

(Theorem 3.1)

If p is divisible by 3, we have

4

Y]

(Q% v/2p) ([71)
(Q°, 3\/2_P) (Lemma 2.1)
(Z*,3/2p)

: (Theorem 3.3)

AVARI
=< >

I
W

4 Extensions

In this section we denote by T the set of all odd, positive, square-free integers whose
prime factorization contains at least one factor congruent to 2 (mod 3). We now
return to the question presented in Section 2, that of determining x(Q3, d) for ar-
bitrary distance d. In light of Theorem 3.4, it suffices to determine x(Q?, v/2t) for
eacht eT.

As a consequence of [5], we have that each graph G(Q?, v/2t) is triangle-free. This
fact in itself has no bearing on x(Q?, v/2t) as there exist triangle-free graphs of arbi-
trarily large chromatic number (see [10]). It does ensure that no direct application
of the technique used in Theorems 3.1 and 3.3 is possible. We can however, offer a
modified version of this technique that is shown to be successful in the specific case

of G(Q?,V/10).
Theorem 4.1 x(Q* v/10) = 4.
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Proof Consider the graph G given in Figure 5. It is known alternately as the
Grotzsch graph or as the Mycielskian graph, and is shown in [4] to be the unique
triangle-free, 4-chromatic graph with minimum vertex set.

Figure 5

Whether or not G' appears as a subgraph of G(Q?, v/10) (or of any other G(Q?, v/2t))
we cannot say. We were, however, able to embed a particular subgraph of G in

G(Q?,1/10). We denote this graph G’, and it is given in Figure 6 with the aforemen-
tioned representation.

(0,0,0)

(1,0,-3 (3.5, -3) , (0,-1,-3) (4,32,-3)

57 5

/-\
e
clon
e
=
-

(-2,-1,-3) (-1,2,-3)

Figure 6

Since G’ contains an odd cycle and is a proper subgraph of G, we have that
X(G') = 3. Any proper 3-coloring of G’ has the property that the vertices u = (0,0, 0)
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and v = (gg, ’229, ’2%4) must be colored the same color. To see this, suppose that G’

has been 3-colored, say with the colors red, blue, and green, and suppose that v and v

have been colored red and blue, respectively. It follows that (g, g, —3) and (0, —1, —3)

must each be colored green. Vertices (3,2, 51) and (£, 532, 5+) cannot then both be

colored red as that would force the adjacent vertices (—2, —1,—3) and (—1,2,—3) to

both be colored blue. Similarly, the vertices (g, g, _3 ) and (15, _1256, %1) cannot both
be colored green as that would force each of the vertices (1,0, 3) and (3, 22, —3) to
be colored blue, which would in turn force (—2,—1, —3) and (—1,2, —3) to both be
colored red. Regarding the symmetry of G’, we may assume that (% g ?1) is colored
green and (T, 522, 5t) is colored red. We are then forced to color (=2, —1, —3) blue,

which results in (1,0, —3) being adjacent to vertices colored red, blue, and green,
and requiring the use of a fourth color.

We now assume x(Q?,v/10) = 3 and use the same strategy as that used in the
proofs of Theorems 3.1 and 3.3. Let w be the vector with initial point v and terminal
point v, and note that w = <g§, _2}59, _2?9,4) The preceding arguments show that in any
3-coloring of G(Q?,/10), any arrow representing the vector w must have initial and
terminal point colored the same color. It follows that the vector w’ = (57, —19, —24)
must also have initial and terminal point colored the same color, and furthermore that
any vector in ®,» must have initial and terminal point colored the same color. Letting
W denote the group of vectors generated by those of ®,, under vector addition, and
observing that |w'| = /4186 = v/2-7- 13- 23, we may use Lemma 2.2 to conclude
that (3,1,0) € W. This contradiction, along with the previously mentioned results

of [7], gives us that x(Q%,v/10) = 4. O

The proof of Theorem 4.1 is satisfactory in showing that y(Q?*, v/10) = 4, and
we include it as is due to the fact that it uses the machinery already put in place
by the proofs of Theorems 3.1 and 3.3. However, it is a bit unsatisfying in the fact
that no 4-chromatic subgraph of G(Q?, /10) is explicitly produced. Fortunately, this
issue can be addressed with an application of Rodrigues’ well-known rotation formula
(originally appearing in [13]) which is usually presented in the following form. For
vectors vy, vy € R? with |v;| = |v|, a rotational matrix R mapping v; to vy is given
by

R=1+ (sina)K + (1 — cosa)K?

where « is the angle between v; and v, and

0 —ks ko
K= | ks 0 -k
—koy ki 0

1
|v1><v2|

with k = (kq, ko, k3) where either k = W
on the orientation of the vectors v; and v,.
Observing the basic identities cos a =

(vy X wy) or k = (vy X v1), depending

V12 |v1 X va|
[v]|vz] [v1|lvz| ?

v1,v2 € Q3, the entries of the matrix R are rational. In other words, for vy, v, € Q3
with |v1| = |vs|, there is a rotation mapping v; to vy which is a bijection on Q3.

we have that for

and sino =
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Now returning to the proof of Theorem 4.1, it was shown that if there was a proper
3-coloring of G(Q?,v/10), in such a coloring the vector w = (3, =12 =24) must have
initial point and terminal point colored the same color. The above observations
concerning isometries of Q® extend this claim, showing that in a proper 3-coloring
of G(Q% v/10), any Q* vector of length |w| must have initial and terminal point

colored the same color. As we desire to construct an explicit 4-chromatic subgraph

of G(Q?3,/10), our next question is to ask how many vectors of length |w| = 4/ 12%2 are

needed to create a vector of length 1/10. It turns out that three vectors are required.

- _ /64 9 3 /=57 19 24 _ /8 39 -51
Letting w1 = (53,55, 33), W2 = (53 330 53/» and ws = (53, 53, 53 ), we have that

]w1| = |U}2| = "UJ3| — /182 and W1 +wWe+ws = <%7 g—;, E-?> with |w1+w2—|—w3‘ = \/m

Incidentally, it is impossible to have two Q* vectors of length Wthh together

sum to a vector of length v/10. Proof of this fact is omitted, but we remark that it
can be shown by applying the results found in Chapter 5 of [11].
We now return to the graph G’ in Figure 6 and consider two rotations of Q3. R,

rotates about the origin v and maps v to the point v/ = (2%, %, _2—?,)1) Ry rotates
about the point v and maps u to the point u” = (;—37, _2—%8, _2—237) Note that the vector

with initial point «” and terminal point v is equal to w;, the vector with initial
point v and terminal point u is equal to wsy, and the vector with initial point u and
terminal point v’ is equal to ws. Thus an induced subgraph of G(Q?,/10) whose
vertices are those of G' along with their images under the mappings R; and Ry must
have chromatic number 4.

The vertex set and edge set of the subgraph we have produced are given below.
Any vertex of the form 2’ or z” indicates the image of vertex x under the mapping
Ry or R,, respectively. Note that there is no vertex labeled u' or v as R fixes u
and Ry fixes v.

Vertex Set of a 4-chromatic Subgraph of G(Q?,/10)

u = (0,0,0) = (—%, -8, -2

57 19 _ 24 8
v=(F -5 -3 V=G5 -H
237 237 23 23’ 237
a=(1,0,—3) :( 937497 41983 162996) (3231632 5419943 _38895)
D 429065 33005’ 85813 16346337 1634633° 71071
_(_9 _1 _ — 11339 _ 494 _ 5007 _ 179936 _ 7725314 _ 4019760
b=(-2-1,-3) = (= 37317 287’ 3731) = (= 1634633 1634633’ 1634633)
—(_ _ _ (_ 13523 227 1818 _ 481328 7296249 1122741
c=(=1,2,-3) = (= 3731 7 2877 3731) = (= 16346337 1634633’ 1634633)
d = (g _3 -3) = (- 177453 5080 194391) — (16409552 __ 5505756 _418062)
5 57 85813 ’ 6601’ 85813 8173165 * 1634633 355355
e = (§ 4 -3) _ (_2455 1323 _1056) _ (124904 _ 64243 6813)
—\575” - 943 7 9437 943 ~ \89815 > 17963’ 89815
f= (g 5 _;) :( 731099 152186 207293) :( 751768 _ 6398174 3155528)
303" 3 1287195 99015 ’ 257439 4903899’ 4903899’ 4903899
_ (_l _26 _;) = 24569 25945 _326422) = 1364824 7856995 _71644877)
9= 157 157 3 — \257439° " 19803’ ~ 257439 — \24519495° 4903899’ ~ 24519495
— _1 — — (259 _ 12 _ 51 _ (26968 _ 67072 _ 32544
h = (0’ L 3) — ( 1157 115’ 23) — (17965’ 17963 17963)

Explicitly stated, the edge set of the subgraph we have constructed is given by
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E ={ab,af,au,be,be,bg,cd, cf,ch,dg,du,eu, ev, fu, gu, hu, hv,a't/, d’ ', d'u,
PN NN A N AW B A | BN B BN i N BN | AW A /) / /S A J AN AW BN A N 1,0 1t e ",
b, ve by, dd,df, /W, dqg, du,eu, v, f'v ¢v' hu, kv d"b" a” 7 a"u",
b//C//, b//ell7 b//g//7 C//Cl//7 C//f”, C”h”, d//g//’ d//u//7 e//u//7 €HU7 f”U, gNU, h//u//7 h//,U7 UI/U/}.

We close by remarking that to our knowledge this is the first example given of a
triangle-free, 4-chromatic distance graph in Q3.

Acknowledgements

The author thanks Jonathan Joe of Middle Georgia State University for his invaluable
assistance in the discovery and creation of the distance graphs presented in Section 4.

References

[1] M. Benda and M. Perles, Colorings of metric spaces, Geombinatorics 1X (3)
(2000), 113-126.

[2] D.A. Buell, Binary Quadratic Forms: Classical Theory and Modern Computa-
tions, Springer-Verlag, New York, 19809.

[3] T. Chow, Distances forbidden by two-colorings of Q3 and A,,, Discrete Math.
115 (1993), 95-102.

[4] V. Chvétal, The minimality of the Mycielski graph, Graphs and Combinatorics
(Proc. Capital Conf., George Washington Univ., Washington, D.C., 1973), Lec.
Notes in Math. 406, Springer-Verlag, pp. 243-246.

[5] E.J. Ionascu, A parametrization of equilateral triangles having integer coordi-
nates, J. Integer Sequences 10 (2007), #07.6.7.

[6] E.J. Tonascu, Counting all equilateral triangles in {0,1,...,n}?, Acta Math.
Univ. Comenianae LXXVII (1) (2008), 129-140.

[7] P.D. Johnson, A. Schneider and M. Tiemeyer, B;(Q3) = 4, Geombinatorics
XVI(4) (2007), 356-362.

[8] P.D. Johnson Jr., Euclidean distance graphs on the rational points, Ramsey
Theory: Yesterday, Today, and Tomorrow, A. Soifer (ed.), Progress in Mathe-
matics 285 (2010), Birkhauser, 97-113.

[9] P.D. Johnson Jr., Two-colorings of a dense subgroup of Q" that forbid many
distances, Discrete Math. 79 (1989/1990), 191-195.

[10] J. Myecielski, Sur le coloriage des graphes, Colloquium Mathematicum 3 (1955),
161-162.

[11] M. Noble, Colorful results on Euclidean distance graphs and their chromatic
numbers, Ph.D. Dissertation, Auburn University, 2012



M. NOBLE / AUSTRALAS. J. COMBIN. 65 (1) (2016), 59-70 70
[12] A.M. Raigorodskii, Coloring distance graphs and graphs of diameters, Thirty
Essays on Geometric Graph Theory, J. Pach (ed.), Springer, 2013, 429-460.

[13] O. Rodrigues, Des lois géométriques qui régissent les déplacements d’un systéme
solide dans l'espace, et de la variation des coordonnées provenant de ces
déplacements considérés indépendamment des causes qui peuvent les produire,
J. de Mathématiques 5 (1840), 380-440.

[14] A. Soifer, The Mathematical Coloring Book, Springer, 2009.

[15] D.R. Woodall, Distances realized by sets covering the plane, J. Combin. Theory
Ser. A 14 (1973), 187-200.

(Received 22 July 2015; revised 10 Feb 2016)



